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Licence MPA, L2–S4 c© T. Allard, G. Weick

TD 5
Notions de mécanique analytique

Exercice 1

Un pendule est constitué d’une masse m ponctuelle et d’une tige
rigide de longueur l. Le support du pendule oscille horizontalement,
avec une position donnée par xs(t) = x0 cos (ωt) (voir Fig. 1). On
cherche dans cet exercice à déterminer l’angle θ(t) que fait le pen-
dule avec la verticale.

(a) Écrire le lagrangien du système.

(b) En déduire l’équation du mouvement.

(c) Résoudre cette équation dans la limite θ � 1. On posera comme
conditions initiales θ(0) = θ0 et θ̇(0) = θ̇0.
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Second proof: Our “Lagrangian,” L = f (y)
√

1 + y′2, is independent of x.
Therefore, in analogy with the conserved energy given in Eq. (6.52), the quantity

E ≡ y′
∂L
∂y′
− L = −f (y)

√
1 + y′2

(6.92)

is independent of x. Call it 1/
√

B. Then we have easily reproduced Eq. (6.91).
For practice, you can also prove this lemma by considering x to be a function of
y, as we did in the second solution in the minimal-surface example above.

6.9 Problems

Section 6.1: The Euler–Lagrange equations

6.1. Moving plane **
A block of mass m is held motionless on a frictionless plane of mass M
and angle of inclination θ (see Fig. 6.8). The plane rests on a frictionless
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Fig. 6.8

horizontal surface. The block is released. What is the horizontal accel-
eration of the plane? (This problem already showed up as Problem 3.8.
If you haven’t already done so, try solving it using F = ma. You will
then have a greater appreciation for the Lagrangian method.)

6.2. Two falling sticks **
Two massless sticks of length 2r, each with a mass m fixed at its middle,
are hinged at an end. One stands on top of the other, as shown in Fig. 6.9.
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Fig. 6.9

The bottom end of the lower stick is hinged at the ground. They are held
such that the lower stick is vertical, and the upper one is tilted at a
small angle ϵ with respect to the vertical. They are then released. At this
instant, what are the angular accelerations of the two sticks? Work in
the approximation where ϵ is very small.

6.3. Pendulum with an oscillating support **
A pendulum consists of a mass m and a massless stick of length ℓ.
The pendulum support oscillates horizontally with a position given by
x(t) = A cos(ωt); see Fig. 6.10. What is the general solution for the
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Fig. 6.10 angle of the pendulum as a function of time?

6.4. Two masses, one swinging ***
Two equal masses m, connected by a massless string, hang over two
pulleys (of negligible size), as shown in Fig. 6.11. The left one moves
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Fig. 6.11

in a vertical line, but the right one is free to swing back and forth in the
plane of the masses and pulleys. Find the equations of motion for r and
θ , as shown.

Assume that the left mass starts at rest, and the right mass undergoes
small oscillations with angular amplitude ϵ (with ϵ ≪ 1). What is the

Figure 1

Exercice 2

Un bloc de masse m est maintenu immobile sur un plan incliné de
masse M et d’angle d’inclinaison θ (voir Fig. 2). Le plan incliné est
initialement au repos sur une surface horizontale. Dans la suite, on
néglige toutes forces de friction entre le bloc et le plan incliné, et
le plan incliné et la surface horizontale. On lâche alors le bloc. On
cherche dans cet exercice à déterminer l’accélération horizontale du
plan incliné.
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horizontal surface. The block is released. What is the horizontal accel-
eration of the plane? (This problem already showed up as Problem 3.8.
If you haven’t already done so, try solving it using F = ma. You will
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The bottom end of the lower stick is hinged at the ground. They are held
such that the lower stick is vertical, and the upper one is tilted at a
small angle ϵ with respect to the vertical. They are then released. At this
instant, what are the angular accelerations of the two sticks? Work in
the approximation where ϵ is very small.
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A pendulum consists of a mass m and a massless stick of length ℓ.
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6.4. Two masses, one swinging ***
Two equal masses m, connected by a massless string, hang over two
pulleys (of negligible size), as shown in Fig. 6.11. The left one moves
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in a vertical line, but the right one is free to swing back and forth in the
plane of the masses and pulleys. Find the equations of motion for r and
θ , as shown.

Assume that the left mass starts at rest, and the right mass undergoes
small oscillations with angular amplitude ϵ (with ϵ ≪ 1). What is the

Figure 2

(a) Soient x1 la coordonnée horizontale du plan incliné (avec x1 > 0 vers la gauche) et x2 la
coordonnée horizontale du bloc (avec x2 > 0 vers la droite). Montrez que la distance verticale
dont tombe le bloc est (x1 + x2) tan θ.

(b) Déterminez l’énergie cinétique T et l’énergie potentielle V du système total (bloc + plan
incliné). En déduire le lagrangien L du système.

(c) À l’aide des équations d’Euler–Lagrange, déterminez les équations du mouvement du système.

(d) En déduire l’accélération horizontale ẍ1 du plan incliné.

(e) Pour m et M donnés, quel est l’angle θ0 qui maximise ẍ1 ? Discutez les cas limites m�M
et m�M .

Exercice 3

Deux tiges sans masse de longueur 2r, chacune ayant une masse m
fixée en leurs milieux, sont reliées par un bras articulé. L’une des
tiges se situe au-dessus de l’autre, comme le montre la Fig. 3. La
tige du dessous est elle-même reliée au sol par un bras articulé. Les
deux tiges sont maintenues de telle sorte que la tige du bas soit
verticale, alors que celle du haut forme un angle ε avec la verticale.
Les tiges sont alors lâchées. À cet instant, on cherche à déterminer
les accélérations angulaires des deux tiges. On se placera dans la
limite où ε� 1.
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in a vertical line, but the right one is free to swing back and forth in the
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Assume that the left mass starts at rest, and the right mass undergoes
small oscillations with angular amplitude ϵ (with ϵ ≪ 1). What is the

Figure 3

(a) Soient θ1 (θ2) l’angle que forme la tige du bas (du haut) avec la verticale juste après le
lâcher. Déterminez les positions (en coordonnées cartésiennes) des deux masses.

(b) En déduire l’énergie potentielle du système.

(c) Quelle est l’énergie cinétique de la masse du bas ? Du haut ?

1



(d) En supposant que θ1 � 1 et θ2 � 1, montrez que le lagrangien du système s’écrit

L ' 1

2
mr2

(
5θ̇21 − 4θ̇1θ̇2 + θ̇22

)
−mgr

(
4− 3

2
θ21 −

1

2
θ22

)
.

(e) Écrire les équations du mouvement et en déduire θ̈1 et θ̈2 juste après le lâcher.
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