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Feuille d’exercices � calculs de base � no 4
Intégrales curvilignes

On définit l’intégrale curviligne d’un champ de vecteur v d’un point a à un point b de
l’espace comme ∫ b

a
v · dl,

où dl = dx x̂ + dy ŷ + dz ẑ est un vecteur infinitésimal 1 qui parcourt le chemin C de a à b,
chemin qui est à spécifier afin d’évaluer l’intégrale [voir Fig. 1(a)]. Si le chemin C forme une
boucle fermée, (c’est-à-dire, si a = b), on note alors l’intégrale curviligne∮

v · dl.
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integral is independent of path and is determined entirely by the end points. It will
be our business in due course to characterize this special class of vectors. (A force
that has this property is called conservative.)

Example 1.6. Calculate the line integral of the function v = y2 x̂ + 2x(y + 1) ŷ
from the point a = (1, 1, 0) to the point b = (2, 2, 0), along the paths (1) and (2)
in Fig. 1.21. What is

∮
v · dl for the loop that goes from a to b along (1) and

returns to a along (2)?

Solution
As always, dl = dx x̂ + dy ŷ + dz ẑ. Path (1) consists of two parts. Along the
“horizontal” segment, dy = dz = 0, so

(i) dl = dx x̂, y = 1, v · dl = y2 dx = dx, so
∫

v · dl =
∫ 2

1 dx = 1.

On the “vertical” stretch, dx = dz = 0, so

(ii) dl = dy ŷ, x = 2, v · dl = 2x(y + 1) dy = 4(y + 1) dy, so
∫

v · dl = 4
∫ 2

1
(y + 1) dy = 10.

By path (1), then,
∫ b

a
v · dl = 1 + 10 = 11.

Meanwhile, on path (2) x = y, dx = dy, and dz = 0, so
dl = dx x̂ + dx ŷ, v · dl = x2 dx + 2x(x + 1) dx = (3x2 + 2x) dx,

and
∫ b

a
v · dl =

∫ 2

1
(3x2 + 2x) dx = (x3 + x2)

∣∣2
1 = 10.

(The strategy here is to get everything in terms of one variable; I could just as well
have eliminated x in favor of y.)
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(b) Show that F3 = yz x̂ + zx ŷ + xy ẑ can be written both as the gradient of a
scalar and as the curl of a vector. Find scalar and vector potentials for this func-
tion.

Problem 1.51 For Theorem 1, show that (d) ⇒ (a), (a) ⇒ (c), (c) ⇒ (b), (b) ⇒ (c),
and (c) ⇒ (a).

Problem 1.52 For Theorem 2, show that (d) ⇒ (a), (a) ⇒ (c), (c) ⇒ (b), (b) ⇒ (c),
and (c) ⇒ (a).

Problem 1.53

(a) Which of the vectors in Problem 1.15 can be expressed as the gradient of a
scalar? Find a scalar function that does the job.

(b) Which can be expressed as the curl of a vector? Find such a vector.

More Problems on Chapter 1

Problem 1.54 Check the divergence theorem for the function

v = r 2 cos θ r̂ + r 2 cos φ θ̂ − r 2 cos θ sin φ φ̂,

using as your volume one octant of the sphere of radius R (Fig. 1.48). Make sure
you include the entire surface. [Answer: π R4/4]

Problem 1.55 Check Stokes’ theorem using the function v = ay x̂ + bx ŷ (a and
b are constants) and the circular path of radius R, centered at the origin in the xy
plane. [Answer: π R2(b − a)]

Problem 1.56 Compute the line integral of

v = 6 x̂ + yz2 ŷ + (3y + z) ẑ

along the triangular path shown in Fig. 1.49. Check your answer using Stokes’
theorem. [Answer: 8/3]

Problem 1.57 Compute the line integral of

v = (r cos2 θ) r̂ − (r cos θ sin θ) θ̂ + 3r φ̂

around the path shown in Fig. 1.50 (the points are labeled by their Cartesian coor-
dinates). Do it either in cylindrical or in spherical coordinates. Check your answer,
using Stokes’ theorem. [Answer: 3π/2]
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Exemple

Calculons l’intégrale curviligne du champ de vecteur v = y2 x̂ + 2x(y + 1) ŷ du point a =
(1, 1, 0) au point b = (2, 2, 0) le long des chemins (1) et (2) représentés sur la Fig. 1(b). Calculons
également l’intégrale

∮
v · dl pour la boucle fermée qui emprunte d’abord le chemin (1) de a à

b puis retourne à a par le chemin (2).

Chemin (1)

Le chemin (1) consiste en deux parties.
• Pour la partie (i), on a y = 1 et z = 0 (dy = dz = 0), de sorte que v·dl = (x̂+4x ŷ)·dx x̂ =

dx, et donc ∫
v · dl =

∫ 2

1
dx = 1.

• Pour la partie (ii), on a x = 2 et z = 0 (dx = dz = 0), de sorte que v · dl = [y2 x̂ + 4(y +
1) ŷ] · dy ŷ = 4(y + 1)dy, et donc∫

v · dl = 4

∫ 2

1
(y + 1)dy = 10.

Le long du chemin (1), on a finalement∫ b

a
v · dl = 1 + 10 = 11.

1. Pour l’expression de dl dans des systèmes de coordonnées autres que cartésiennes, se reporter au formulaire.
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Chemin (2)

Pour le chemin (2), on a x = y et z = 0 (et donc dx = dy, dz = 0), de sorte que v · dl =
[x2 x̂ + 2x(x + 1) ŷ] · (dx x̂ + dx ŷ) = x2 dx + 2x(x + 1) dx = (3x2 + 2x) dx. D’où∫ b

a
v · dl =

∫ 2

1
(3x2 + 2x) dx = 10.

Notez que la stratégie est d’éliminer une variable en faveur de l’autre (ici y en faveur de x). On
aurait bien sûr pu faire l’inverse.

Boucle fermée

Pour la boucle fermée qui emprunte d’abord le chemin (1) de a à b puis retourne à a par le
chemin (2), on a ∮

v · dl = 11− 10 = 1.

Exercice 1

Calculez l’intégrale curviligne du champ de vecteur v = x2 x̂ + 2yz ŷ + y2 ẑ de l’origine des
coordonnées au point (1, 1, 1) par les trois chemins suivants :

(a) (0, 0, 0)→ (1, 0, 0)→ (1, 1, 0)→ (1, 1, 1).

(b) (0, 0, 0)→ (0, 0, 1)→ (0, 1, 1)→ (1, 1, 1).

(c) Le chemin rectiligne direct.

Quelle est l’intégrale rectiligne de v selon le chemin fermé qui emprunte d’abord le chemin (a),
et ensuite le chemin (b) ?

Exercice 2

Calculez l’intégrale curviligne du champ de vecteur v = 6 x̂ + yz2 ŷ + (3y + z) ẑ selon le
chemin triangulaire fermé de la Fig. 1(c).
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