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TD 5
Électrodynamique

Exercice 5.1

Deux couches sphériques concentriques métalliques (rayons a et b, a < b) sont séparées par
un matériau faiblement conducteur, de conductivité σ.

(a) Si elles sont maintenues à une différence de potentiel V, quel courant circule d’une couche
à l’autre ?

(b) Quelle est la résistance entre les couches ?

Exercice 5.2

Une capacité C a été chargée à un potentiel V0. À l’instant t = 0, la capacité est connectée à
une résistance R et commence à se décharger [voir Fig. 1(a)].7.1. ELECTROMOTIVE FORCE
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(b) What was the original energy stored in the capacitor (Eq. 2.55)? By integrating Eq. 7.7,
confinn that the heat delivered to the resistor is equal to the energy lost by the capacitor.
Now imagine charging up the capacitor, by connecting it (and the resistor) to a battery of

fixed voltage Va, at time t = 0 (Fig. 7.5b).
(c) Again, determine Q(t) and I (t).
(d) Find the total energy output of the battery (j Vol dt). Detennine the heat delivered to the
resistor. What is the final energy stored in the capacitor? What fraction of the work done by
the battery shows up as energy in the capacitor? [Notice that the answer is independent of R!]

Problem 7.3
(a) Two metal objects are embedded in weakly conducting material ofconductivity u (Fig. 7.6).
Show that the resistance between them is related to the capacitance of the arrangement by

- uC'

(b) Suppose you connected a battery between I and 2 and charged them up to a potential
difference Va. If you then disconnect the battery, the charge will gradually leak off. Show that
V (t) = Vae-t IT, and find the time constant, T, in tenns of EO and u.

Figure 7.6

Problem 7.4 Suppose the conductivity of the material separating the cylinders in Ex. 7.2 is
not unifonn; specifically, u(s) = kls. for some constant k. Find the resistance between the
cylinders. [Hint: Because u is a function of position, Eq. 7.5 does not hold, the charge density
is not zero in the resistive medium, and E does not go like lis. But we do know that for steady
currents I is the same across each cylindrical surface. Take it from there.]

Fig. 1: c© D. J. Griffiths

(a) Déterminez la charge sur la capacité en fonction du temps, Q(t). Quel est le courant à
travers la résistance, I(t) ?

(b) Quelle était l’énergie originale stockée dans la capacité ? En intégrant P = VI = I2R,
confirmez que la chaleur délivrée à la résistance est égale à l’énergie perdue par la capacité.

Imaginons maintenant que l’on charge la capacité en la connectant (ainsi que la résistance), à
t = 0, à une batterie maintenue à un voltage V0 [cf. Fig. 1(b)].

(c) Déterminez à nouveau Q(t) et I(t).

(d) Calculez l’énergie totale délivrée par la batterie,
∫

dt V0 I. Déterminez la chaleur délivrée à
la résistance. Quelle est l’énergie finale stockée dans la capacité ? Quelle fraction du travail
délivré par la batterie se retrouve comme énergie dans la capacité ? [Notez que la réponse
est indépendante de R !]
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Exercice 5.3

(a) Deux objets métalliques sont immergés dans un milieu
faiblement conducteur, de conductivité σ (Fig. 2). Mon-
trez que la résistance entre les deux objets est reliée à la
capacité du dispositif par R = ε0/σC.

(b) Supposons maintenant qu’une batterie est connectée
entre les objets 1 et 2 et que celle-ci charge le disposi-
tif à une différence de potentiel V0. Si l’on débranche la
batterie, la charge va alors graduellement s’écouler. Mon-
trez que V(t) = V0 exp (−t/τ) et déterminez la constante
de temps τ en fonction de ε0 et σ.

7.1. ELECTROMOTIVE FORCE

+Q
=:=-Q

(a)

R

Figure 7.5

(b)

]!Qc
-Q

R

291

(b) What was the original energy stored in the capacitor (Eq. 2.55)? By integrating Eq. 7.7,
confinn that the heat delivered to the resistor is equal to the energy lost by the capacitor.
Now imagine charging up the capacitor, by connecting it (and the resistor) to a battery of

fixed voltage Va, at time t = 0 (Fig. 7.5b).
(c) Again, determine Q(t) and I (t).
(d) Find the total energy output of the battery (j Vol dt). Detennine the heat delivered to the
resistor. What is the final energy stored in the capacitor? What fraction of the work done by
the battery shows up as energy in the capacitor? [Notice that the answer is independent of R!]

Problem 7.3
(a) Two metal objects are embedded in weakly conducting material ofconductivity u (Fig. 7.6).
Show that the resistance between them is related to the capacitance of the arrangement by

- uC'

(b) Suppose you connected a battery between I and 2 and charged them up to a potential
difference Va. If you then disconnect the battery, the charge will gradually leak off. Show that
V (t) = Vae-t IT, and find the time constant, T, in tenns of EO and u.

Figure 7.6

Problem 7.4 Suppose the conductivity of the material separating the cylinders in Ex. 7.2 is
not unifonn; specifically, u(s) = kls. for some constant k. Find the resistance between the
cylinders. [Hint: Because u is a function of position, Eq. 7.5 does not hold, the charge density
is not zero in the resistive medium, and E does not go like lis. But we do know that for steady
currents I is the same across each cylindrical surface. Take it from there.]

Fig. 2: c© D. J. Griffiths

Exercice 5.4

Supposons que la conductivité du matériau séparant les cylindres de l’Exemple 5.2 du cours
soit non-uniforme. En particulier, considérons que σ(r) = k/r, avec k une constante. Calculez
la résistance entre les deux cylindres.

Exercice 5.5

Une batterie de force électromotrice E et de résistance interne r est accrochée à une résistance
de « charge » R. Si vous voulez délivrer une puissance maximale à cette dernière, quelle
résistance R devez-vous choisir ? (Vous ne pouvez bien sûr pas changer E et r !)

Exercice 5.6
Une boucle rectangulaire de courant est placée de telle
sorte que l’un des côtés (de hauteur h) se situe entre les
plaques d’un condensateur plan (Fig. 3), orienté paral-
lèle au champ E. L’autre côté se situe à l’extérieur, où le
champ est essentiellement nul. Quelle est la force élec-
tromotrice dans la boucle ? Si la résistance totale de la
boucle est R, quel est le courant circulant dans celle-ci ?
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7.1.3 Motional emf

Figure 7.9

R

In the last section I listed several possible sources ofelectromotive force in a circuit, batterie\
being the most familiar. But I did not mention the most common one of all: the generator.
Generators exploit motional emf's, which arise when you move a wire through a magnetic
field. Figure 7.10 shows a primitive model for a generator. In the shaded region there is a
uniform magnetic field B, pointing into the page, and the resistor R represents whatever it
is (maybe a light bulb or a toaster) we're trying to drive current through. If the entire loop
is pulled to the right with speed v, the charges in segment ab experience a magnetic force
whose vertical component qvB drives current around the loop, in the clockwise direction.
The emf is

[; = f fmag . dl = vBh, (7.111

where h is the width of the loop. (The horizontal segments be and ad contribute nothing.
since the force here is perpendicular to the wire.)

Notice that the integral you perform to calculate [; (Eq. 7.9 or 7.11) is carried out at 0111'
instant of time-take a "snapshot" of the loop, if you like, and work from that. Thus dL for
the segment ab in Fig. 7.10, points straight up, even though the loop is moving to the right.
You can't quarrel with this-it's simply the way emf is defined-but it is important to be
clear about it.

c

d

h R

Figure 7.10

Fig. 3: c© D. J. Griffiths

Exercice 5.7

Une barre métallique de masse m glisse sans friction sur deux rails parallèles conducteurs
séparés d’une distance l (Fig. 4). Une résistance R est connectée entre les rails, et un champ
magnétique uniforme B pointant vers la feuille rempli tout l’espace.

7.1. ELECTROMOTIVE FORCE

(a)

Figure 7.15
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(b)

aluminum disk mounted as a pendulum on a horizontal axis swings down and passes between
the poles of a magnet (Fig. 7.lSa). When it enters the field region it suddenly slows way down.
To confirm that eddy currents are responsible, one repeats the process using a disk that has
many slots cut in it, to prevent the flow of large-scale currents (Fig. 7.ISb). This time the disk
swings freely, unimpeded by the field.

Problem 7.7 A metal bar of mass m slides frictionlessly on two parallel conducting rails a
distance I apart (Fig. 7.16). A resistor R is connected across the rails and a uniform magnetic
field B, pointing into the page, fills the entire region.

t
R

v

m

Figure 7.16Fig. 4: c© D. J. Griffiths
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(a) Si la barre se déplace vers la droite à une vitesse v, quel est le courant au travers de la
résistance ? Quel est sa direction ?

(b) Quelle est la force magnétique exercée sur la barre ? Dans quelle direction ?

(c) Si la barre démarre à l’instant t = 0 avec une vitesse v0, quelle est sa vitesse à l’instant t ?

(d) L’énergie cinétique initiale de la barre est, bien sûr, 1
2 mv2

0. Vérifiez que l’énergie délivrée à
la résistance est exactement 1

2 mv2
0.

Exercice 5.8
Une boucle carrée (côté a) se situe à une distance s d’un
fil de longueur infini parcouru par un courant I (Fig. 5).

(a) Trouvez le flux du champ B au travers de la boucle.

(b) Si l’on éloigne maintenant verticalement la boucle
du fil à une vitesse v, quelle force électromotrice est
générée ? Dans quelle direction le courant s’écoule-
t-il (sens horaire ou anti-horaire) ?

(c) Que se passe-t-il si l’on tire maintenant la boucle
vers la droite, et non vers le haut ?

300 CHAPTER 7. ELECTRODYNAMICS

(a) If the bar moves to the right at speed v, what is the current in the resistor? In what direction
does it flow?

(b) What is the magnetic force on the bar? In what direction?

(c) If the bar starts out with speed vo at time t = 0, and is left to slide, what is its speed at a
later time t?

(d) The initial kinetic energy of the bar was, of course, imvo2. Check that the energy delivered
to the resistor is exactly imvo2.

Problem 7.8 A square loop of wire (side a) lies on a table, a distance s from a very long straight
wire, which carries a current I, as shown in Fig. 7.17.

(a) Find the flux of B through the loop.

(b) If someone now pulls the loop directly away from the wire, at speed v, what emf i,
generated? In what direction (clockwise or counterclockwise) does the current flow?

(c) What if the loop is pulled to the right at speed v, instead of away?

a

s
I

I

Figure 7.17

Problem 7.9 An infinite number of different surfaces can be fit to a given boundary line, and
yet, in defining the magnetic flux through a loop, <I> = JB .da, I never specified the particular
surface to be used. Justify this apparent oversight.

Problem 7.10 A square loop (side a) is mounted on a vertical shaft and rotated at angular
velocity w (Fig. 7.18). A uniform magnetic field B points to the right. Find the £ (t) for thi,
alternating current generator.

Problem 7.11 A square loop is cut out of a thick sheet of aluminum. It is then placed so that the
top portion is in a uniform magnetic field B, and allowed to fall under gravity (Fig. 7.19). (In
the diagram, shading indicates the field region; B points into the page.) If the magnetic field
is 1T (a pretty standard laboratory field), find the terminal velocity of the loop (in m/s). Find
the velocity of the loop as a function of time. How long does it take (in seconds) to reach,
90% of the terminal velocity? What would happen if you cut a tiny slit in the ring, breaking
the circuit? [Note: The dimensions of the loop cancel out; determine the actual numbers. in
the units indicated.]

Fig. 5: c© D. J. Griffiths

Exercice 5.9

Considérez le dispositif de la Fig. 6 : une boucle carrée de côté a
tournant à une vitesse angulaire ω dans un champ magnétique
uniforme B pointant vers la droite. Déterminez la force électro-
motrice E(t) de ce générateur de courant alternatif.

7.2. ELECTROMAGNETIC INDUCTION

a

a

Figure 7.18

".2 Electromagnetic Induction

7.2.1 Faraday's Law

Figure 7.19
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In 1831 Michael Faraday reported on a series of experiments, including three that (with
some violence to history) can be characterized as follows:

Experiment 1. He pulled a loop of wire to the right through a magnetic field (Fig. 7.20a).
A current flowed in the loop.

Experiment 2. He moved the magnet to the left, holding the loop still (Fig. 7.20b). Again,
a current flowed in the loop.

Experiment 3. With both the loop and the magnet at rest (Fig. 7.20c), he changed the
strength of the field (he used an electromagnet, and varied the current in the coil).
Once again, current flowed in the loop.

(a) (b)
changing

magnetic field

Figure 7.20

Fig. 6: c© D. J. Griffiths

Exercice 5.10

Un long solénoïde de rayon a est parcouru par un courant alternatif tel que le champ magné-
tique en son intérieur soit sinusoïdal : B(t) = B0 cos (ωt)ẑ. Une boucle circulaire, de rayon
a/2 et de résistance R, est placée de façon coaxiale à l’intérieur du solénoïde. Déterminez le
courant induit dans la boucle en fonction du temps.

Exercice 5.11

Une boucle de courant carrée, de côté a, se situe dans le premier quadrant du plan xy, avec
l’un de ses coins à l’origine. Dans cette région règne un champ magnétique non-uniforme et
dépendant du temps, B(y, t) = ky3t2 ẑ, avec k une constante. Calculez la force électromotrice
induite dans la boucle.
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Exercice 5.12

Un solénoïde infiniment long de rayon a comporant n spires par unité de longueur est par-
couru par un courant dépendant du temps I(t) dans la direction θ̂. Déterminez le champ
électrique (magnitude et direction) à une distance r de l’axe, à l’intérieur et à l’extérieur du so-
lénoïde, dans l’approximation quasistatique (approximation des régimes quasi stationnaires).

Exercice 5.13

Un courant alternatif I(t) = I0 cos (ωt) parcourt un long fil rectiligne, et retourne le long d’un
tube coaxial de rayon a.

(a) Dans quelle direction le champ électrique induit pointe-t-il ?

(b) Supposant que le champ électrique s’annule à l’infini, déterminez E(r, t).

Exercice 5.14
Un solénoïde infiniment long, de rayon a et com-
portant n spires par unité de longueur, est entouré
par un fil de résistance R (Fig. 7).

(a) Si le courant dans le solénoïde augmente au
cours du temps de façon constante (dI/dt = k),
quel courant parcourt la boucle, et dans quel
sens ?

(b) Si le courant dans le solénoïde est constant,
mais que l’on tire celui-ci hors de la boucle et
que l’on le réinsère dans la direction opposée,
quelle est la charge totale passant au travers de
la résistance ?

7.2. ELECTROMAGNETIC INDUCTION 309

Equation 7.19 has the peculiar implication that E blows up as s goes to infinity. That can't
be true ... What's gone wrong? Answer: We have overstepped the limits of the quasistatic
approximation. As we shall see in Chapter 9, electromagnetic "news" travels at the speed of
light, and at large distances B depends not on the current now, but on the current as it was at
some earlier time (indeed, a whole range of earlier times, since different points on the wire are
different distances away). If r is the time it takes 1 to change substantially, then the quasistatic
approximation should hold only for

s « cr,

and hence Eq. 7.19 simply does not apply, at extremely large s.

(7.20)

Problem 7.15A long solenoid with radius a and n turns per unit length carries a time-dependent
current 1 (t) in the ti> direction. Find the electric field (magnitude and direction) at a distance
s from the axis (both inside and outside the solenoid), in the quasistatic approximation.

Problem 7.16 An alternating current 1 = 10 cos (wt) flows down a long straight wire, and
returns along a coaxial conducting tube of radius a.

(a) In what direction does the induced electric field point (radial, circumferential, or longitu-
dinal)?

(b) Assuming that the field goes to zero as s 00, find E(s, t). [Incidentally, this is not at
all the way electric fields actually behave in coaxial cables, for reasons suggested in footnote
10. See Sect. 9.5.3, or J. G. Cherveniak, Am. J. Phys., 54, 946 (1986), for a more realistic
treatment.]

Problem 7.17 A long solenoid of radius a, carrying n turns per unit length, is looped by a wire
with resistance R, as shown in Fig. 7.27.

(a) If the current in the solenoid is increasing at a constant rate (dl jdt = k), what current
flows in the loop, and which way (left or right) does it pass through the resistor?

(b) If the current 1 in the solenoid is constant but the solenoid is pulled out of the loop and
reinserted in the opposite direction, what total charge passes through the resistor?

R

Figure 7.27Fig. 7: c© D. J. Griffiths

Exercice 5.15
Une boucle carrée, de rayon a et de résistance R,
se trouve à une distance s d’un fil rectiligne infini-
ment long parcouru par un courant I (Fig. 8). À un
certain moment, quelqu’un coupe le fil de telle sorte
que le courant chute à zéro. Dans quelle direction le
courant induit dans la boucle s’écoule-t-il, et quelle
charge totale passe en un point donné de la boucle
pendant que le courant s’écoule ? Si vous n’aimez
pas le modèle du ciseau, supposez que l’on coupe
le courant graduellement de la sorte :

I(t) =

{
(1− αt)I, 0 6 t 6 1/α,

0, t > 1/α.
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s
I

Figure 7.28

Problem 7.18 A square loop, side a, resistance R, lies a distance s from an infinite straight
wire that canies current I (Fig. 7.28). Now someone cuts the wire, so that I drops to zero. In
what direction does the induced current in the square loop flow, and what total charge passes a
given point in the loop during the time this current flows? If you don't like the scissors model.
tum the current down gradually:

I(t) = { (1 - at)I,
0,

forO t lla,
for t > I/a.

Problem 7.19 A toroidal coil has a rectangular cross section, with inner radius a, outer radim
a + w, and height h. It canies a total of N tightly wound turns, and the current is increasing
at a constant rate (dlldt = k). If wand h are both much less than a, find the electric field at a
point z above the center of the toroid. [Hint: exploit the analogy between Faraday fields and
magnetostatic fields, and refer to Ex. 5.6.]

7.2.3 Inductance
Suppose you have two loops of wire, at rest (Fig. 7.29). If you run a steady current II
around loop 1, it produces a magnetic field B]. Some of the field lines pass through loop
2; let <1>2 be the flux ofB] through 2. You might have a tough time actually calculating B I •
but a glance at the Biot-Savart law,

reveals one significant fact about this field: It is proportional to the current h. Therefore.
so too is the flux through loop 2:

Fig. 8: c© D. J. Griffiths
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Exercice 5.16
Une petite boucle de courant (de rayon a) se trouve à une dis-
tance z au-dessus du centre d’une grande boucle (de rayon
b), cf. Fig. 9. Les plans formés par les deux boucles sont pa-
rallèles, et perpendiculaires à l’axe commun.

(a) Supposez qu’un courant I1 circule dans la grande boucle.
Déterminez le flux φ2 au travers de la petite boucle. (La
petite boucle est si petite que vous pouvez considérez
le champ de la grande boucle comme essentiellement
constant.)

(b) Supposez maintenant qu’un courant I2 circule dans la pe-
tite boucle. Déterminez le flux φ1 au travers de la grande
boucle. (La petite boucle est si petite que vous pouvez la
traitez comme un dipôle magnétique.) [Indication : utili-
sez le théorème de Stokes pour calculer φ1.]

(c) Déterminez l’inductance mutuelle du système, et confir-
mez que M12 = M21.
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a

z

b

Figure 7.36

C_I dD

Figure 7.37

Problem 7.21 A square loop of wire, of side a, lies midway between two long wires, 3a apart.
and in the same plane. (Actually, the long wires are sides of a large rectangular loop, but the
short ends are so far away that they can be neglected.) A clockwise current I in the square
loop is gradually increasing: dl/dt = k (a constant). Find the emf induced in the big loop.
Which way will the induced current flow?

Problem 7.22 Find the self-inductance per unit length of a long solenoid, of radius R, carrying
n turns per unit length.

Problem 7.23 Try to compute the self-inductance of the "hairpin" loop shown in Fig. 7.37.
(Neglect the contribution from the ends; most of the flux comes from the long straight section.)
You'll run into a snag that is characteristic of many self-inductance calculations. To get a
definite answer, assume the wire has a tiny radius E, and ignore any flux through the wire itself.

Problem 7.24 An alternating current 10 cos(wt) (amplitude 0.5 A, frequency 60 Hz)
down a straight wire, which runs along the axis of a toroidal coil with rectangular cross section
(inner radius 1 cm, outer radius 2 cm, height 1 cm, 1000 turns). The coil is connected to a 500
Q resistor.

(a) In the quasistatic approximation, what emf is induced in the toroid? Find the current, I r (tj.
in the resistor.

(b) Calculate the back emf in the coil, due to the current IrCt). What is the ratio of the
amplitudes ofthis back emf and the "direct" emf in (a)?

Problem 7.25 A capacitor C is charged up to a potential V and connected to an inductor L.
as shown schematically in Fig. 7.38. At time t = athe switch S is closed. Find the current in
the circuit as a function of time. How does your answer change if a resistor R is included in
series with C and L?

Fig. 9: c© D. J. Griffiths

Exercice 5.17

Une boucle carrée de courant, de côté a, se situe à mi-chemin entre deux fils très longs,
séparés d’une distance 3a. (En réalité, les fils forment les côtés longs d’une grande boucle
rectangulaire, mais les deux côtés courts sont si éloignés qu’ils peuvent être négligés.) Un
courant I circulant dans le sens des aiguilles d’une montre dans la boucle carrée augmente
graduellement, dI/dt = k, avec k une constante. Déterminez la force électromotrice induite
dans la grande boucle rectangulaire. Dans quel sens le courant induit circule-t-il ?

Exercice 5.18

Calculez l’inductance propre par unité de longueur d’un solénoïde infiniment long, de rayon
R et comportant n spires par unité de longueur.

Exercice 5.19
Essayez de déterminer l’inductance propre de
l’épingle à cheveux de la Fig. 10. (Négligez la
contribution des extrémités ; la plus part du
flux provient des longues parties rectilignes.)
En faisant cela, vous allez tombez sur une ab-
surdité, caractéristique de beaucoup de calculs
d’inductances propres. Reprenez le calcul en
supposant cette fois que le fil a un rayon in-
finitésimal ε et en négligeant le flux au travers
du fil.
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a

z

b

Figure 7.36
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Figure 7.37

Problem 7.21 A square loop of wire, of side a, lies midway between two long wires, 3a apart.
and in the same plane. (Actually, the long wires are sides of a large rectangular loop, but the
short ends are so far away that they can be neglected.) A clockwise current I in the square
loop is gradually increasing: dl/dt = k (a constant). Find the emf induced in the big loop.
Which way will the induced current flow?

Problem 7.22 Find the self-inductance per unit length of a long solenoid, of radius R, carrying
n turns per unit length.

Problem 7.23 Try to compute the self-inductance of the "hairpin" loop shown in Fig. 7.37.
(Neglect the contribution from the ends; most of the flux comes from the long straight section.)
You'll run into a snag that is characteristic of many self-inductance calculations. To get a
definite answer, assume the wire has a tiny radius E, and ignore any flux through the wire itself.

Problem 7.24 An alternating current 10 cos(wt) (amplitude 0.5 A, frequency 60 Hz)
down a straight wire, which runs along the axis of a toroidal coil with rectangular cross section
(inner radius 1 cm, outer radius 2 cm, height 1 cm, 1000 turns). The coil is connected to a 500
Q resistor.

(a) In the quasistatic approximation, what emf is induced in the toroid? Find the current, I r (tj.
in the resistor.

(b) Calculate the back emf in the coil, due to the current IrCt). What is the ratio of the
amplitudes ofthis back emf and the "direct" emf in (a)?

Problem 7.25 A capacitor C is charged up to a potential V and connected to an inductor L.
as shown schematically in Fig. 7.38. At time t = athe switch S is closed. Find the current in
the circuit as a function of time. How does your answer change if a resistor R is included in
series with C and L?

Fig. 10: c© D. J. Griffiths
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Exercice 5.20

Une capacité C est chargé à un potentiel V et connectée à une in-
ductance L (Fig. 11). À l’instant t = 0, l’interrupteur S est fermé.
Déterminez le courant dans le circuit en fonction du temps. Com-
ment votre réponse change-t-elle si une résistance est incluse en
série avec C et L ?

7.2. ELECTROMAGNETIC INDUCTION

s

L
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Figure 7.38

7.2.4 Energy in Magnetic Fields
It takes a certain amount of energy to start a current flowing in a circuit. I'm not talking
about the energy delivered to the resistors and converted into heat-that is irretrievably lost
as far as the circuit is concerned and can be large or small, depending on how long you let
the current run. What I am concerned with, rather, is the work you must do against the back
emf to get the current going. This is afixed amount, and it is recoverable: you get it back
when the current is turned off. In the meantime it represents energy latent in the circuit; as
we'll see in a moment, it can be regarded as energy stored in the magnetic field.

The work done on a unit charge, against the back emf, in one trip around the circuit is
-E (the minus sign records the fact that this is the work done by you against the emf, not
the work done by the emf). The amount of charge per unit time passing down the wire is I.
So the total work done per unit time is

dW dI
- = -EI=LI-.
dt dt

If we start with zero current and build it up to a final value I, the work done (integrating
the last equation over time) is

IW = (7.29)

It does not depend on how long we take to crank up the current, only on the geometry of
the loop (in the form of L) and the final current I.

There is a nicer way to write W, which has the advantage that it is readily generalized
to surface and volume currents. Remember that the flux <l> through the loop is equal to LI
(Eq. 7.25). On the other hand,

<l> = LB. da =L(V x A) . da =£A . dl,
where P is the perimeter of the loop and S is any surface bounded by P. Thus,

LI = fA. dl,

Fig. 11: c©D. J. Griffiths

Exercice 5.21

Déterminez l’énergie stockée dans une section de longueur l d’un solénoïde (rayon R, courant
I, n spires par unité de longueur),

(a) en partant de l’équation W = 1
2 LI2 ;

(b) en partant de l’équation W = 1
2

∮
dl A · I ;

(c) en partant de l’équation W = 1
2µ0

∫
R3 dτ B2 ;

(d) en partant de l’équation W = 1
2µ0

[∫
V dτ B2 −

∮
S da · (A× B)

]
(on prendra comme volume

V un tube cylindrique de longueur l, de rayon interne a < R et de rayon externe b > R).

Exercice 5.22

Un long câble cylindrique de rayon R est parcouru dans une direction par un courant unifor-
mément réparti sur sa section. Le courant retourne sur la surface du câble (il existe une fine
couche isolante séparant les courants dans un sens et dans l’autre.) Déterminez l’inductance
propre par unité de longueur de ce système.

Exercice 5.23

Supposons que le circuit de la Fig. 12 ait été connecté pour
un temps très long à la batterie de force électromotrice E0, et
que soudainement, à t = 0, l’interrupteur S soit abaissé.

(a) Quel est le courant pour t > 0 ?

(b) Quelle est l’énergie totale délivrée à la résistance ?

(c) Montrez que celle-ci est égale à l’énergie initialement sto-
ckée dans l’inductance.
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Integrating from a to b, we have:

w = /lOI
2
I In .

4rr a

By the way, this suggests a very simple way to calculate the self-inductance of the cable.
According to Eq. 7.29, the energy can also be written as Comparing the two expres-
sions,12

L = /lO/ln .
2rr a

This method of calculating self-inductance is especially useful when the current is not confined
to a single path, but spreads over some surface or volume. In such cases different parts of the
current may circle different amounts of flux, and it can be very tricky to get L directly from
Eq.7.25.

Prpblem 7.26 Find the energy stored in a section of length I of a long solenoid (radius R.
current I, n turns per unit length), (a) using Eq. 7.29 (you found Lin Prob. 7.22); (b) using
Eq. 7.30 (we worked out A in Ex. 5.12); (c) using Eq. 7.34; (d) using Eq. 7.33 (take as your
volume the cylindrical tube from radius a < R out to radius b > R).

Problem 7.27 Calculate the energy stored in the toroidal coil of Ex. 7.11, by applying Eq. 7.34.
Use the answer to check Eq. 7.27.

Problem 7.28 A long cable carries current in one direction uniformly distributed over its
(circular) cross section. The current returns along the surface (there is a very thin insulating
sheath separating the currents). Find the self-inductance per unit length.

Problem 7.29 Suppose the circuit in Fig. 7.40 has been connected for a long time when
suddenly, at time t = 0, switch S is thrown, bypassing the battery.

S

L

R

Figure 7.40

12Notice the similarity to Eg. 7.27-in a sense, the rectangular toroid is a short coaxial cable, turned on its side.

Fig. 12: c© D. J. Griffiths

Exercice 5.24

Deux petites boucles de courant, d’aires a1 et a2, sont séparées d’un vecteur r (Fig. 13). Dé-
terminez leur inductance mutuelle. [Indication : traitez les boucles comme des dipôles magné-
tiques.] Votre résultat est-t-il en accord avec le fait que M12 = M21 ?

6
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Figure 7.41

(a) What is the current at any subsequent time t?

(b) What is the total energy delivered to the resistor?

(c) Show that this is equal to the energy originally stored in the inductor.
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Problem 7.30 Two tiny wire loops, with areas a[ and a2, are situated a displacement 4 apart
(Fig. 7.41).

(a) Find their mutual inductance. [Hint: Treat them as magnetic dipoles, and use Eq. 5.87.] Is
your formula consistent with Eq. 7.23?

(b) Suppose a current I[ is flowing in loop 1, and we propose to tum on a current h in loop
2. How much work must be done, against the mutually induced emf, to keep the current II
flowing in loop I? In light of this result, comment on Eq. 6.35.

7.3 Maxwell's Equations

7.3.1 Electrodynamics Before Maxwell

So far, we have encountered the following laws, specifying the divergence and curl of
electric and magnetic fields:

(i)

(ii)

(iii)

(iv)

1V·E= -p
EO

V ·B=O

aBVxE=--at
v x B = fLoJ

(Gauss's law),

(no name),

(Faraday's law),

(Ampere's law).

These equations represent the state of electromagnetic theory over a century ago, when
Maxwell began his work. They were not written in so compact a form in those days, but
their physical content was familiar. Now, it happens there is a fatal inconsistency in these

Fig. 13: c© D. J. Griffiths

Exercice 5.25

Un large fil de rayon a est parcouru par un courant I, uniformément réparti dans sa section.
Le fil comporte une coupure de largeur w � a qui forme un condensateur plan (Fig. 14).
Déterminez le champ magnétique dans la coupure, à une distance r < a de l’axe du fil.
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draw them that way, but the calculation is simpler if you assume this), then the electric field
between them is

I I Q
E=-cr=--

EO EO A'

where Q is the charge on the plate and A is its area. Thus, between the plates

aE I dQ I
-=--=-1.
at EoA dt EoA

Now, Eq. 7.36 reads, in integral form,

f B . dl = {tolenc + {tOEOf .da. (7.38)

If we choose the flat surface, then E = 0 and Ienc = I. If, on the other hand, we use the
balloon-shaped surface, then Ienc = 0, but !(aElat). da = IIEo. So we get the same
answer for either surface, though in the first case it comes from the genuine current and in
the second from the displacement current.

Problem 7.31 A fat wire, radius a, carries a constant current I, uniformly distributed over it'>
cross section. A narrow gap in the wire, of width w « a, forms a parallel-plate capacitor. a"
shown in Fig. 7.43. Find the magnetic field in the gap, at a distance s < a from the axis.

a

Figure 7.43

Problem 7.32 The preceding problem was an artificial model for the charging capacitor, de-
signed to avoid complications associated with the current spreading out over the surface of
the plates. For a more realistic model, imagine thin wires that connect to the centers of the
plates (Fig. 7.44a). Again, the current I is constant, the radius of the capacitor is a, and the
separation of the plates is w « a. Assume that the current flows out over the plates in such a
way that the surface charge is uniform, at any given time, and is zero at t = O.

(a) Find the electric field between the plates, as a function of t.

Fig. 14: c© D. J. Griffiths

Exercice 5.26

On se réfère à l’Exercice 5.13, dont la réponse correcte s’écrit

E(r, t) =


µ0 I0ω

2π
sin (ωt) ln

( a
r

)
ẑ, , r < a,

0, , r > a.

(a) Calculez la densité de courant de déplacement Jd.

(b) Intégrez ce résultat afin d’obtenir le courant de déplacement, Id =
∫

da · Jd.

(c) Comparez Id et I (calculez leur rapport.) Supposons que le cylindre extérieur ait 2 mm
de diamètre. Quelle devrait être la fréquence pour que Id/I = 1 % ? Faraday était-il un
mauvais expérimentateur pour ne pas avoir mesuré les courants de déplacement ?
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