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Travaux dirigés de mécanique lagrangienne

1 Équations d’Euler–Lagrange

Exercice 1

Un pendule est constitué d’une masse m ponctuelle et d’une tige
rigide de longueur l. Le support du pendule oscille horizontalement,
avec une position donnée par xs(t) = x0 cos (ωt) (voir Fig. 1). On
cherche dans cet exercice à déterminer l’angle θ(t) que fait le pen-
dule avec la verticale.

(a) Écrire le lagrangien du système.

(b) En déduire l’équation du mouvement.

(c) Résoudre cette équation dans la limite θ � 1. On posera comme
conditions initiales θ(0) = θ0 et θ̇(0) = θ̇0.
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Second proof: Our “Lagrangian,” L = f (y)
√

1 + y′2, is independent of x.
Therefore, in analogy with the conserved energy given in Eq. (6.52), the quantity

E ≡ y′
∂L
∂y′
− L = −f (y)

√
1 + y′2

(6.92)

is independent of x. Call it 1/
√

B. Then we have easily reproduced Eq. (6.91).
For practice, you can also prove this lemma by considering x to be a function of
y, as we did in the second solution in the minimal-surface example above.

6.9 Problems

Section 6.1: The Euler–Lagrange equations

6.1. Moving plane **
A block of mass m is held motionless on a frictionless plane of mass M
and angle of inclination θ (see Fig. 6.8). The plane rests on a frictionless

m

M
u

Fig. 6.8

horizontal surface. The block is released. What is the horizontal accel-
eration of the plane? (This problem already showed up as Problem 3.8.
If you haven’t already done so, try solving it using F = ma. You will
then have a greater appreciation for the Lagrangian method.)

6.2. Two falling sticks **
Two massless sticks of length 2r, each with a mass m fixed at its middle,
are hinged at an end. One stands on top of the other, as shown in Fig. 6.9.
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Fig. 6.9

The bottom end of the lower stick is hinged at the ground. They are held
such that the lower stick is vertical, and the upper one is tilted at a
small angle ϵ with respect to the vertical. They are then released. At this
instant, what are the angular accelerations of the two sticks? Work in
the approximation where ϵ is very small.

6.3. Pendulum with an oscillating support **
A pendulum consists of a mass m and a massless stick of length ℓ.
The pendulum support oscillates horizontally with a position given by
x(t) = A cos(ωt); see Fig. 6.10. What is the general solution for the

l

m

Fig. 6.10 angle of the pendulum as a function of time?

6.4. Two masses, one swinging ***
Two equal masses m, connected by a massless string, hang over two
pulleys (of negligible size), as shown in Fig. 6.11. The left one moves

m
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m

u

Fig. 6.11

in a vertical line, but the right one is free to swing back and forth in the
plane of the masses and pulleys. Find the equations of motion for r and
θ , as shown.

Assume that the left mass starts at rest, and the right mass undergoes
small oscillations with angular amplitude ϵ (with ϵ ≪ 1). What is the

Figure 1

Exercice 2

Un bloc de masse m est maintenu immobile sur un plan incliné de
masse M et d’angle d’inclinaison θ (voir Fig. 2). Le plan incliné est
initialement au repos sur une surface horizontale. Dans la suite, on
néglige toutes forces de friction entre le bloc et le plan incliné, et
le plan incliné et la surface horizontale. On lâche alors le bloc. On
cherche dans cet exercice à déterminer l’accélération horizontale du
plan incliné.
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small angle ϵ with respect to the vertical. They are then released. At this
instant, what are the angular accelerations of the two sticks? Work in
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6.4. Two masses, one swinging ***
Two equal masses m, connected by a massless string, hang over two
pulleys (of negligible size), as shown in Fig. 6.11. The left one moves
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in a vertical line, but the right one is free to swing back and forth in the
plane of the masses and pulleys. Find the equations of motion for r and
θ , as shown.

Assume that the left mass starts at rest, and the right mass undergoes
small oscillations with angular amplitude ϵ (with ϵ ≪ 1). What is the

Figure 2

(a) Soient x1 la coordonnée horizontale du plan incliné (avec x1 > 0 vers la gauche) et x2 la
coordonnée horizontale du bloc (avec x2 > 0 vers la droite). Montrez que la distance verticale
dont tombe le bloc est (x1 + x2) tan θ.

(b) Déterminez l’énergie cinétique T et l’énergie potentielle V du système total (bloc + plan
incliné). En déduire le lagrangien L du système.

(c) À l’aide des équations d’Euler–Lagrange, déterminez les équations du mouvement du système.

(d) En déduire l’accélération horizontale ẍ1 du plan incliné.

(e) Pour m et M donnés, quel est l’angle θ0 qui maximise ẍ1 ? Discutez les cas limites m�M
et m�M .

Exercice 3

Deux tiges sans masse de longueur 2r, chacune ayant une masse m
fixée en leurs milieux, sont reliées par un bras articulé. L’une des
tiges se situe au-dessus de l’autre, comme le montre la Fig. 3. La
tige du dessous est elle-même reliée au sol par un bras articulé. Les
deux tiges sont maintenues de telle sorte que la tige du bas soit
verticale, alors que celle du haut forme un angle ε avec la verticale.
Les tiges sont alors lâchées. À cet instant, on cherche à déterminer
les accélérations angulaires des deux tiges. On se placera dans la
limite où ε� 1.
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in a vertical line, but the right one is free to swing back and forth in the
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Assume that the left mass starts at rest, and the right mass undergoes
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Figure 3

(a) Soient θ1 (θ2) l’angle que forme la tige du bas (du haut) avec la verticale juste après le
lâcher. Déterminez les positions (en coordonnées cartésiennes) des deux masses.

(b) En déduire l’énergie potentielle du système.

1



(c) Quelle est l’énergie cinétique de la masse du bas ? Du haut ?

(d) En supposant que θ1 � 1 et θ2 � 1, montrez que le lagrangien du système s’écrit

L ' 1

2
mr2

(
5θ̇21 − 4θ̇1θ̇2 + θ̇22

)
−mgr

(
4− 3

2
θ21 −

1

2
θ22

)
.

(e) Écrire les équations du mouvement et en déduire θ̈1 et θ̈2 juste après le lâcher.

2 Principe d’action stationnaire

Exercice 1

On considère l’action S, d’un temps t = 0 à t = 1, d’une masse ponctuelle m dans le champ
gravitationnel, initialement au repos et lâchée à l’instant initial de l’origine du repère. On néglige
les frottements. D’après les équations d’Euler–Lagrange, nous savons que la trajectoire de la
masse, donnée par y(t) = −gt2/2, où g est l’accélération de la pesanteur, correspond à une
valeur stationnaire de l’action. Montrez que la fonction y(t) = −gt2/2 + εt(t − 1) donne une
action qui n’a pas de dépendance linéaire en ε.

Exercice 2

On lance en l’air (vers le haut) un ballon (considéré comme une masse ponctuelle m) et l’on
suppose que la trajectoire est de la forme z(t) = a2t

2 + a1t+ a0. On néglige tout frottement de
l’air.

(a) En supposant que z(0) = z(T ) = 0, montrez que z(t) = a2(t
2 − Tt).

(b) Calculez l’action entre les instants t = 0 et t = T , et montrez que celle-ci est minimale
lorsque a2 = −g/2, où g est l’accélération de la pesanteur.

Exercice 3

Démontrez que pour une masse ponctuelle m lancée en l’air, la valeur stationnaire de l’action
correspond toujours à un minimum.

3 Forces de contrainte

Exercice 1

Une particule ponctuelle de masse m glisse sans frottement sur un plan incliné faisant un angle θ
avec l’horizontal. Déterminez, grâce à la méthode vue en cours, la force de contrainte F qu’exerce
le plan incliné sur la particule, de deux façons différentes :

(a) en utilisant les coordonnées généralisées le long du plan incliné (w) et perpendiculaire au
plan (z) ;

(b) en utilisant les coordonnées cartésiennes horizontale (x) et verticale (y).

Exercice 2

Une perle de masse m glisse sans frottement avec une vitesse v le long d’un cerceau de rayon R.
En ignorant le champ de pesanteur, déterminez la force de contrainte qu’exerce le cerceau sur
la perle.

2



Exercice 3

On considère la machine d’Atwood de la Fig. 4 constituée de deux
masses ponctuelles m1 et m2 reliées via une poulie par un fil non-
élastique. On néglige dans la suite la masse de la poulie, ainsi que
celle du fil. Déterminez la tension F qu’exercent les deux masses
sur le fil.
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6.33. Second-order change *
Let xa(t) ≡ x0(t) + aβ(t). Equation (6.19) gives the first derivative of
the action with respect to a. Show that the second derivative is

d2

da2 S[xa(t)] =
∫ t2

t1

(
∂2L
∂x2 β

2 + 2
∂2L
∂x∂ ẋ

ββ̇ + ∂2L
∂ ẋ2 β̇

2
)

dt. (6.96)

6.34. ẍ dependence *
Assume that there is ẍ dependence (in addition to x, ẋ, t dependence) in
the Lagrangian in Theorem 6.1. There will then be the additional term
(∂L/∂ ẍa)β̈ in Eq. (6.19). It is tempting to integrate this term by parts
twice, and then arrive at a modified form of Eq. (6.22):

∂L
∂x0
− d

dt

(
∂L
∂ ẋ0

)
+ d2

dt2

(
∂L
∂ ẍ0

)
= 0. (6.97)

Is this a valid result? If not, where is the error in the reasoning?

Section 6.3: Forces of constraint

6.35. Constraint on a circle *
A bead of mass m slides with speed v around a horizontal hoop of
radius R. What force does the hoop apply to the bead? (Ignore gravity.)

6.36. Atwood’s machine *
Consider the standard Atwood’s machine in Fig. 6.31, with masses m1

m1 m2

Fig. 6.31

and m2. Find the tension in the string.

6.37. Cartesian coordinates **
In Eq. (6.35), take two time derivatives of the

√
x2 + y2 − R = 0

equation to obtain

R2(xẍ + yÿ) + (xẏ − yẋ)2 = 0, (6.98)

and then combine this with the other two equations to solve for F in terms
of x, y, ẋ, ẏ. Convert the result to polar coordinates (with θ measured
from the vertical) and show that it agrees with Eq. (6.32).

6.38. Constraint on a curve ***
Let the horizontal plane be the x-y plane. A bead of mass m slides with
speed v along a curve described by the function y = f (x). What force
does the curve apply to the bead? (Ignore gravity.)

Figure 4

4 Théorème de Noether

Exercice 1

On considère la machine d’Atwood de la Fig. 5 constituée de trois
masses ponctuelles 4m, 3m et m reliées via des poulies par un câble
non-élastique. On néglige dans la suite la masse des poulies, ainsi
que celle du câble.
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Section 6.6: Noether’s theorem

6.9. Atwood’s machine **
Consider the Atwood’s machine shown in Fig. 6.13. The masses are

x y
4m 3m m

Fig. 6.13

4m, 3m, and m. Let x and y be the heights of the left and right masses,
relative to their initial positions. Find the conserved momentum.

Section 6.7: Small oscillations

6.10. Hoop and pulley **
A mass M is attached to a massless hoop of radius R that lies in a vertical
plane. The hoop is free to rotate about its fixed center. M is tied to a
string which winds part way around the hoop, then rises vertically up
and over a massless pulley. A mass m hangs on the other end of the string
(see Fig. 6.14). Find the equation of motion for the angle of rotation of

R
M

m

Fig. 6.14
the hoop. What is the frequency of small oscillations? Assume that m
moves only vertically, and assume M > m.

6.11. Bead on a rotating hoop **
A bead is free to slide along a frictionless hoop of radius R. The hoop
rotates with constant angular speed ω around a vertical diameter (see
Fig. 6.15). Find the equation of motion for the angle θ shown. What are
the equilibrium positions? What is the frequency of small oscillations
about the stable equilibrium? There is one value of ω that is rather
special; what is it, and why is it special?

R
u

Fig. 6.15 6.12. Another bead on a rotating hoop **
A bead is free to slide along a frictionless hoop of radius r. The plane of
the hoop is horizontal, and the center of the hoop travels in a horizontal
circle of radius R, with constant angular speed ω, about a given point
(see Fig. 6.16). Find the equation of motion for the angle θ shown. Also,
find the frequency of small oscillations about the equilibrium point.R

(top view)

r
u

v

Fig. 6.16

6.13. Mass on a wheel **
A mass m is fixed to a given point on the rim of a wheel of radius R that
rolls without slipping on the ground. The wheel is massless, except for
a mass M located at its center. Find the equation of motion for the angle
through which the wheel rolls. For the case where the wheel undergoes
small oscillations, find the frequency.

6.14. Pendulum with a free support **

M

l

m

Fig. 6.17

A mass M is free to slide along a frictionless rail. A pendulum of length ℓ
and mass m hangs from M (see Fig. 6.17). Find the equations of motion.
For small oscillations, find the normal modes and their frequencies.

Figure 5

(a) Soient x et y les hauteurs respectivement des masses de gauche et de droite par rapport
à leurs positions initiales. En vous aidant des contraintes, montrez que le lagrangien du
système peut s’écrire comme

L =
7

2
mẋ2 + 3mẋẏ + 2mẏ2 −mg(x− 2y),

où g est l’accélération de la pesanteur.

(b) Par quelle transformation infinitésimale le lagrangien ci-dessus est-il invariant ?

(c) En déduire le moment conservé P du sytème.

(d) Vérifiez votre résultat à l’aide des équations d’Euler–Lagrange.

Exercice 2

On considère la machine d’Atwood de la Fig. 6 constituée de trois
masses ponctuelles 4m, 5m et 3m. En utilisant le théorème de Noe-
ther, déterminez le moment conservé du système.
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Section 6.5: Conservation laws

6.39. Bead on stick, using F = ma *
After doing Problem 6.8, show again that the quantity E is conserved,
but now use F = ma. Do this in two ways:

(a) Use the first of Eqs. (3.51). Hint: multiply through by ṙ.
(b) Use the second of Eqs. (3.51) to calculate the work done on the

bead, and use the work–energy theorem.

Section 6.6: Noether’s theorem

6.40. Atwood’s machine **
Consider the Atwood’s machine shown in Fig. 6.32. The masses are

x y

4m

5m 3m

Fig. 6.32

4m, 5m, and 3m. Let x and y be the heights of the right two masses,
relative to their initial positions. Use Noether’s theorem to find the
conserved momentum. (The solution to Problem 6.9 gives some other
methods, too.)

Section 6.7: Small oscillations

6.41. Spring and a wheel *
The top of a wheel of mass M and radius R is connected to a spring
(at its equilibrium length) with spring constant k , as shown in Fig. 6.33.

M

k

Fig. 6.33

Assume that all the mass of the wheel is at its center. If the wheel rolls
without slipping, what is the frequency of (small) oscillations?

6.42. Spring on a spoke **
Aspring with spring constant k and relaxed length zero lies along a spoke
of a massless wheel of radius R. One end of the spring is attached to the
center, and the other end is attached to a mass m that is free to slide along
the spoke. When the system is in its equilibrium position with the spring
hanging vertically, how far (in terms of R) should the mass hang down
(you are free to adjust k) so that for small oscillations, the frequency of
the spring oscillations equals the frequency of the rocking motion of the
wheel? Assume that the wheel rolls without slipping.

6.43. Oscillating hoop **
Two equal masses are glued to a massless hoop of radius R that is free to
rotate about its center in a vertical plane. The angle between the masses
is 2θ , as shown in Fig. 6.34. Find the frequency of small oscillations.

R
u u

Fig. 6.34

6.44. Oscillating hoop with a pendulum ***
A massless hoop of radius R is free to rotate about its center in a vertical
plane. A mass m is attached at one point, and a pendulum of length

√
2R

Figure 6

5 Petites oscillations

Exercice 1

Une perle de masse m est libre de glisser sans frottement sur un
cerceau de rayon R dans le champ gravitationnel (accélération de
la pesanteur g). Le cerceau est en rotation autour d’un axe vertical
avec une vitesse angulaire ω constante, comme le montre la Fig. 7.
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A bead is free to slide along a frictionless hoop of radius r. The plane of
the hoop is horizontal, and the center of the hoop travels in a horizontal
circle of radius R, with constant angular speed ω, about a given point
(see Fig. 6.16). Find the equation of motion for the angle θ shown. Also,
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6.13. Mass on a wheel **
A mass m is fixed to a given point on the rim of a wheel of radius R that
rolls without slipping on the ground. The wheel is massless, except for
a mass M located at its center. Find the equation of motion for the angle
through which the wheel rolls. For the case where the wheel undergoes
small oscillations, find the frequency.

6.14. Pendulum with a free support **

M

l

m

Fig. 6.17

A mass M is free to slide along a frictionless rail. A pendulum of length ℓ
and mass m hangs from M (see Fig. 6.17). Find the equations of motion.
For small oscillations, find the normal modes and their frequencies.

Figure 7
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(a) Montrez que l’équation du mouvement pour l’angle θ (voir Fig. 7) s’écrit

Rθ̈ = Rω2 sin θ cos θ − g sin θ.

(b) Déterminez les positions d’équilibre stable de la perle.

Exercice 2

On considère le système de la Fig. 8 : un pendule, constitué d’une
tige rigide de longueur l dont on néglige la masse, et d’une masse
ponctuelle m, est accroché à un support de masse M libre de glisser
sans frottement sur un rail horizontal.

(a) Montrez que les équations du mouvement sont

(M +m)ẍ+mlθ̈ cos θ −mlθ̇2 sin θ = 0,

lθ̈ + ẍ cos θ + g sin θ = 0.

(b) Résoudre les équations du mouvement dans la limite des petits
angles (θ � 1).
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6.14. Pendulum with a free support
Let x be the coordinate of M , and let θ be the angle of the pendulum (see Fig. 6.47).

x

M

l

m

u

Fig. 6.47

Then the position of the mass m in Cartesian coordinates is (x + ℓ sin θ ,−ℓ cos θ).
Taking the derivative to find the velocity, and then squaring to find the speed, gives
v2

m = ẋ2 + ℓ2θ̇2 + 2ℓẋθ̇ cos θ . The Lagrangian is therefore

L = 1
2

Mẋ2 + 1
2

m(ẋ2 + ℓ2θ̇2 + 2ℓẋθ̇ cos θ) + mgℓ cos θ . (6.168)

The equations of motion obtained from varying x and θ are

(M + m)ẍ + mℓθ̈ cos θ − mℓθ̇2 sin θ = 0,

ℓθ̈ + ẍ cos θ + g sin θ = 0.
(6.169)

If θ is small, we can use the small-angle approximations, cos θ ≈ 1 − θ2/2 and
sin θ ≈ θ . Keeping only the terms that are first-order in θ , we obtain

(M + m)ẍ + mℓθ̈ = 0,

ẍ + ℓθ̈ + gθ = 0.
(6.170)

The first equation expresses momentum conservation. Integrating it twice gives

x = −
(

mℓ
M + m

)
θ + At + B. (6.171)

The second equation is F = ma in the tangential direction. Eliminating ẍ from
Eq. (6.170) gives

θ̈ +
(

M + m
M

)
g
ℓ
θ = 0. (6.172)

Therefore, θ(t) = C cos(ωt + φ), where

ω =
√

1 + m
M

√
g
ℓ

. (6.173)

The general solutions for θ and x are therefore

θ(t) = C cos(ωt + φ), x(t) = − Cmℓ
M + m

cos(ωt + φ) + At + B. (6.174)

The constant B is irrelevant, so we’ll ignore it. The two normal modes are:

• A = 0: In this case, x = −θmℓ/(M +m). Both masses oscillate with the frequency
ω given in Eq. (6.173), always moving in opposite directions. The center of mass
does not move (as you can verify).

• C = 0: In this case, θ = 0 and x = At. The pendulum hangs vertically, with both
masses moving horizontally at the same speed. The frequency of oscillations is
zero in this mode.

Remarks: If M ≫ m, then ω = √g/ℓ, as expected, because the support essentially
stays still.

If m ≫ M , then ω → √m/M
√

g/ℓ → ∞. This makes sense, because the ten-
sion in the rod is very large. We can actually be quantitative about this limit. For
small oscillations and for m ≫ M , the tension of mg in the rod produces a side-
ways force of mgθ on M . So the horizontal F = Ma equation for M is mgθ = Mẍ.
But x ≈ −ℓθ in this limit, so we have mgθ = −Mℓθ̈ , which gives the desired
frequency. ♣

Figure 8

6 Autres applications du principe variationnel

Exercice 1

Montrez, grâce à un principe variationnel, que le chemin le plus court entre deux points situés
dans un plan est la ligne droite.

Exercice 2

Supposons que la vitesse de la lumière se propageant dans un certain
matériau en forme de plaque soit proportionnelle à la hauteur au-
dessus de la base de la plaque. Montrez que la lumière se propage en
arc de cercle dans ce matériau (voir Fig. 9). Pour cela, vous utiliserez
le principe de Fermat, qui stipule que la lumière se propage d’un
point à un autre sur des trajectoires telles que la durée du parcours
soit minimale.
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Section 6.8: Other applications

6.20. Shortest distance in a plane *
In the spirit of Section 6.8, show that the shortest path between two
points in a plane is a straight line.

6.21. Index of refraction **
Assume that the speed of light in a given slab of material is proportional
to the height above the base of the slab.12 Show that light moves in
circular arcs in this material; see Fig. 6.23. You may assume that light
takes the path of least time between two points (Fermat’s principle of
least time).

Fig. 6.23
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6.22. Minimal surface **
Derive the shape of the minimal surface discussed in Section 6.8, by
demanding that a cross-sectional “ring” (that is, the region between the
planes x = x1 and x = x2) is in equilibrium; see Fig. 6.24. Hint: The
tension must be constant throughout the surface (assuming that we’re
ignoring gravity, which we are).

6.23. Existence of a minimal surface **
Consider the minimal surface from Section 6.8, and look at the special
case where the two rings have the same radius r (see Fig. 6.25). Let
2ℓ be the distance between the rings. What is the largest value of ℓ/r
for which a minimal surface exists? You will need to solve something
numerically here.

6.24. The brachistochrone ***
A bead is released from rest at the origin and slides down a frictionless
wire that connects the origin to a given point, as shown in Fig. 6.26.
You wish to shape the wire so that the bead reaches the endpoint in the
shortest possible time. Let the desired curve be described by the function
y(x), with downward taken to be positive. Show that y(x) satisfies

1 + y′2 = B
y

, (6.94)

where B is a constant. Then show that x and y may be written as

x = a(θ − sin θ), y = a(1− cos θ). (6.95)

12 If you want to make the equivalent statement in terms of the material’s “index of refraction,”
commonly denoted by n, then you can say: As a function of the height y, the index n is given by
n(y) = y0/y, where y0 is some length that is larger than the height of the slab. This is equivalent
to the original statement because the speed of light in a material equals c/n.

Figure 9

Exercice 3

On considère le problème de la courbe brachistochrone suivant :
une perle dans le champ de pesanteur, initialement au repos, est
lâchée de l’origine du repère cartésien le long d’un fil (on négligera
le frottement) jusqu’à un certain point de l’espace (xf , yf), comme
le montre la Fig. 10. On cherche à déterminer la forme que l’on doit
donner au fil afin que la perle atteigne le point final en un temps
minimal.
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6.22. Minimal surface **
Derive the shape of the minimal surface discussed in Section 6.8, by
demanding that a cross-sectional “ring” (that is, the region between the
planes x = x1 and x = x2) is in equilibrium; see Fig. 6.24. Hint: The
tension must be constant throughout the surface (assuming that we’re
ignoring gravity, which we are).

6.23. Existence of a minimal surface **
Consider the minimal surface from Section 6.8, and look at the special
case where the two rings have the same radius r (see Fig. 6.25). Let
2ℓ be the distance between the rings. What is the largest value of ℓ/r
for which a minimal surface exists? You will need to solve something
numerically here.

6.24. The brachistochrone ***
A bead is released from rest at the origin and slides down a frictionless
wire that connects the origin to a given point, as shown in Fig. 6.26.
You wish to shape the wire so that the bead reaches the endpoint in the
shortest possible time. Let the desired curve be described by the function
y(x), with downward taken to be positive. Show that y(x) satisfies

1 + y′2 = B
y

, (6.94)

where B is a constant. Then show that x and y may be written as

x = a(θ − sin θ), y = a(1− cos θ). (6.95)

12 If you want to make the equivalent statement in terms of the material’s “index of refraction,”
commonly denoted by n, then you can say: As a function of the height y, the index n is given by
n(y) = y0/y, where y0 is some length that is larger than the height of the slab. This is equivalent
to the original statement because the speed of light in a material equals c/n.

Figure 10

(a) On paramétrise la courbe avec la fonction y(x), avec les y positifs pointant vers le bas,
comme sur la Fig. 10. En vous aidant de la conservation de l’énergie, montrez que la vitesse
de la perle est donnée par v =

√
2gy.

(b) Montrez que y(x) obéit à l’équation différentielle 1 + y′2 = B
y avec y′ = dy/dx et où B est

une constante.

(c) En déduire que x et y peuvent s’écrire sous forme paramétrique comme x(θ) = B
2 (θ − sin θ),

y(θ) = B
2 (1− cos θ). Quelle est cette courbe paramétrique ?
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