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Statique

1 Forces se compensant

Exercice 1

Une corde de longueur L et de densité linéique de masse ρ uniforme est suspendue verticalement
à l’une de ses extrémités. Déterminez la tension T (z) en fonction de la hauteur z le long de
la corde. Indication : on considérera un élément infinitésimal de la corde de longueur dz et on
effectuera le bilan des forces sur cet élément.

Exercice 2

Un bloc de masse M se situe sur un plan incliné qui forme un angle θ avec l’horizontal. On
suppose que la force de friction Ff entre le bloc et le plan incliné est suffisante afin que le bloc
soit au repos.

(a) Déterminez les composantes horizontales de la force de friction et de la force normale au
plan incliné agissant sur le bloc en fonction de M , l’accélération de la pesanteur g, et θ.

(b) Pour quel angle θ les valeurs absolues de ces composantes sont-elles maximales ?

Exercice 3

Un livre de masse M est positionné contre un mur. On appelle µ le
coefficient de friction statique entre le mur et le livre. On souhaite
appliquer une force F au livre à un angle θ par rapport à l’horizontal
(−π/2 < θ < π/2) afin que celui-ci ne tombe pas, comme le montre
la Fig. 1.

(a) Pour un angle θ donné, quelle est la force minimale Fmin re-
quise ?

(b) Pour quel angle θ0 la force minimale Fmin est-elle la plus petite ?
Quelle est la valeur Fmin(θ0) correspondante ?

(c) Quelle est la valeur limite θlim de θ pour laquelle il n’existe pas
de force F capable de maintenir le livre ?
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2.2. Block on a plane

A block sits on a plane that is inclined at an angle θ . Assume that
the friction force is large enough to keep the block at rest. What are the
horizontal components of the friction and normal forces acting on the
block? For what θ are these horizontal components maximum?

2.3. Motionless chain *
A frictionless tube lies in the vertical plane and is in the shape of a func-
tion that has its endpoints at the same height but is otherwise arbitrary.
A chain with uniform mass per unit length lies in the tube from end to
end, as shown in Fig. 2.9. Show, by considering the net force of gravity
along the curve, that the chain doesn’t move.

Fig. 2.9

2.4. Keeping a book up *
A book of mass M is positioned against a vertical wall. The coeffi-
cient of friction between the book and the wall is µ. You wish to keep
the book from falling by pushing on it with a force F applied at an
angle θ with respect to the horizontal (−π/2 < θ < π/2), as shown
in Fig. 2.10.
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Fig. 2.10

(a) For a given θ , what is the minimum F required?
(b) For what θ is this minimum F the smallest? What is the

corresponding minimum F?
(c) What is the limiting value of θ , below which there does not exist

an F that keeps the book up?

2.5. Rope on a plane *
A rope with length L and mass density per unit length ρ lies on a plane
inclined at an angle θ (see Fig. 2.11). The top end is nailed to the plane,
and the coefficient of friction between the rope and the plane is µ. What
are the possible values for the tension at the top of the rope?
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Fig. 2.11
2.6. Supporting a disk **

(a) A disk of mass M and radius R is held up by a massless string, as
shown in Fig. 2.12. The surface of the disk is frictionless. What is
the tension in the string? What is the normal force per unit length
that the string applies to the disk?

R

M

Fig. 2.12

(b) Let there now be friction between the disk and the string, with
coefficient µ. What is the smallest possible tension in the string
at its lowest point?

2.7. Objects between circles **
Each of the following planar objects is placed, as shown in Fig. 2.13,
between two frictionless circles of radius R. The mass density per unit

Figure 1

Exercice 4

On considère le système de la Fig. 2 : un triangle isocèle de longueur
commune aux deux côtés égaux L placé entre deux cercles de rayon
R dont on néglige la friction. On appelle σ la densité de masse
surfacique du triangle, et θ correspond à l’angle de contact triangle–
cercles par rapport à l’horizontale.

(a) Déterminez la force F horizontale qu’il faut appliquer au
système afin que les deux cercles restent en contact. Vous ex-
primerez votre résultat en fonction de σ, L, et θ.

(b) Pour quel angle θ0 F est-elle extrémale ?
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area of each object is σ , and the radii to the points of contact make an
angle θ with the horizontal. For each case, find the horizontal force that
must be applied to the circles to keep them together. For what θ is this
force maximum or minimum?
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Fig. 2.13

(a) An isosceles triangle with common side length L.
(b) A rectangle with height L.
(c) A circle.

2.8. Hanging chain ****

(a) A chain with uniform mass density per unit length hangs between
two given points on two walls. Find the general shape of the chain.
Aside from an arbitrary additive constant, the function describing
the shape should contain one unknown constant. (The shape of a
hanging chain is known as a catenary.)

(b) The unknown constant in your answer depends on the horizontal
distance d between the walls, the vertical distance λ between the
support points, and the length ℓ of the chain (see Fig. 2.14). Find
an equation involving these given quantities that determines the
unknown constant.
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l

Fig. 2.14

2.9. Hanging gently **
A chain with uniform mass density per unit length hangs between two
supports located at the same height, a distance 2d apart (see Fig. 2.15).
What should the length of the chain be so that the magnitude of the
force at the supports is minimized? You may use the fact that a hanging
chain takes the form, y(x) = (1/α) cosh(αx). You will eventually need
to solve an equation numerically.

2d

l = ?

Fig. 2.15

2.10. Mountain climber ****
A mountain climber wishes to climb up a frictionless conical moun-
tain. He wants to do this by throwing a lasso (a rope with a loop) over
the top and climbing up along the rope. Assume that the climber is of
negligible height, so that the rope lies along the mountain, as shown
in Fig. 2.16. At the bottom of the mountain are two stores. One sells
“cheap” lassos (made of a segment of rope tied to a loop of fixed
length); see Fig. 2.17. The other sells “deluxe” lassos (made of one
piece of rope with a loop of variable length; the loop’s length may
change without any friction of the rope with itself). When viewed from
the side, the conical mountain has an angle α at its peak. For what
angles α can the climber climb up along the mountain if he uses a
“cheap” lasso? A “deluxe” lasso? (Hint: The answer in the “cheap” case
isn’t α < 90◦.)

a

Fig. 2.16

Figure 2

1



2 Couples se compensant (moment d’une force)

Exercice 1

Une tige repose sur une autre, comme le montre la Fig. 3. Les deux
tiges forment un angle droit au point où la tige de gauche repose
sur celle de droite, et la tige de droite forme un angle θ avec le sol.
On suppose que la tige de gauche a une extension infinitésimale
au dessus de l’extrémité gauche de la tige de droite. On appelle µ
le coefficient de friction entre les deux tiges. Les deux tiges ont la
même densité linéique de masse, et sont toutes deux fixées au sol
par des charnières. Quel est l’angle minimum θ pour lequel les deux
tiges ne tombent pas ?
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2.14. Leaning sticks *
One stick leans on another as shown in Fig. 2.21. A right angle is formed
where they meet, and the right stick makes an angle θ with the horizontal.
The left stick extends infinitesimally beyond the end of the right stick.
The coefficient of friction between the two sticks is µ. The sticks have
the same mass density per unit length and are both hinged at the ground.
What is the minimum angle θ for which the sticks don’t fall?

u

Fig. 2.21

2.15. Supporting a ladder *
A ladder of length L and mass M has its bottom end attached to the
ground by a pivot. It makes an angle θ with the horizontal and is held
up by a massless stick of length ℓ that is also attached to the ground by a
pivot (see Fig. 2.22). The ladder and the stick are perpendicular to each
other. Find the force that the stick exerts on the ladder.
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Fig. 2.22 2.16. Balancing the stick **
Given a semi-infinite stick (that is, one that goes off to infinity in one
direction), determine how its density should depend on position so that it
has the following property: If the stick is cut at an arbitrary location, the
remaining semi-infinite piece will balance on a support that is located a
distance ℓ from the end (see Fig. 2.23).

l

Fig. 2.23
2.17. The spool **

A spool consists of an axle of radius r and an outside circle of radius R
which rolls on the ground. A thread is wrapped around the axle and is
pulled with tension T at an angle θ with the horizontal (see Fig. 2.24).

T
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u

Fig. 2.24

(a) Given R and r, what should θ be so that the spool doesn’t move?
Assume that the friction between the spool and the ground is large
enough so that the spool doesn’t slip.

(b) Given R, r, and the coefficient of friction µ between the spool
and the ground, what is the largest value of T for which the spool
remains at rest?

(c) Given R and µ, what should r be so that you can make the spool
slip from the static position with as small a T as possible? That
is, what should r be so that the upper bound on T in part (b) is as
small as possible? What is the resulting value of T?

2.18. Stick on a circle **
A stick of mass density per unit length ρ rests on a circle of radius R (see
Fig. 2.25). The stick makes an angle θ with the horizontal and is tangent
to the circle at its upper end. Friction exists at all points of contact, and
assume that it is large enough to keep the system at rest. Find the friction
force between the ground and the circle.
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R

Fig. 2.25

Figure 3

Exercice 2

Une échelle de longueur L et de masse M a l’une de ses extrémités
attachée au sol par un pivot. L’échelle fait un angle θ avec le sol et
est maintenu par une tige de longueur `, dont on néglige la masse,
et qui est également attachée au sol par un pivot (voir Fig. 4).
L’échelle et la tige sont perpendiculaire. Déterminez la force que la
tige exerce sur l’échelle. Quelle est la force normale au pivot de la
tige ?
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2.17. The spool **

A spool consists of an axle of radius r and an outside circle of radius R
which rolls on the ground. A thread is wrapped around the axle and is
pulled with tension T at an angle θ with the horizontal (see Fig. 2.24).
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Fig. 2.24

(a) Given R and r, what should θ be so that the spool doesn’t move?
Assume that the friction between the spool and the ground is large
enough so that the spool doesn’t slip.

(b) Given R, r, and the coefficient of friction µ between the spool
and the ground, what is the largest value of T for which the spool
remains at rest?

(c) Given R and µ, what should r be so that you can make the spool
slip from the static position with as small a T as possible? That
is, what should r be so that the upper bound on T in part (b) is as
small as possible? What is the resulting value of T?

2.18. Stick on a circle **
A stick of mass density per unit length ρ rests on a circle of radius R (see
Fig. 2.25). The stick makes an angle θ with the horizontal and is tangent
to the circle at its upper end. Friction exists at all points of contact, and
assume that it is large enough to keep the system at rest. Find the friction
force between the ground and the circle.

u

R

Fig. 2.25

Figure 4

Exercice 3

Une bobine de masse M est consituée d’un essieu de rayon r et d’un
cercle extérieur de rayon R qui peut rouler sur le sol. Une ficelle
dont on néglige la masse est enroulée autour de l’essieu et on lui
applique une tension T à un angle θ avec l’horizontale (voir Fig. 5).

(a) Étant donnés R et r, quelle doit être la valeur de θ telle que
la bobine reste au repos ? On supposera que la force de friction
entre la bobine et le sol est suffisamment importante de telle
sorte que la bobine ne glisse pas sur le sol.

(b) Étant donnés R, r, M , et le coefficient de friction µ entre le
sol et la bobine, quelle est la tension T maximale que l’on peut
appliquer sans que la bobine ne bouge ?

(c) Étant donnés R et µ, quelle doit être la valeur de r afin de faire
glisser la bobine avec la tension T la plus petite possible ? En
d’autres termes, quelle doit être la valeur de r afin que la borne
supérieure à T déterminée à la question (b) soit la plus petite
possible ? Quelle est la valeur correspondante de T ?
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(a) Given R and r, what should θ be so that the spool doesn’t move?
Assume that the friction between the spool and the ground is large
enough so that the spool doesn’t slip.

(b) Given R, r, and the coefficient of friction µ between the spool
and the ground, what is the largest value of T for which the spool
remains at rest?

(c) Given R and µ, what should r be so that you can make the spool
slip from the static position with as small a T as possible? That
is, what should r be so that the upper bound on T in part (b) is as
small as possible? What is the resulting value of T?

2.18. Stick on a circle **
A stick of mass density per unit length ρ rests on a circle of radius R (see
Fig. 2.25). The stick makes an angle θ with the horizontal and is tangent
to the circle at its upper end. Friction exists at all points of contact, and
assume that it is large enough to keep the system at rest. Find the friction
force between the ground and the circle.
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Figure 5

Exercice 4

Une tige de longueur ` et de densité linéique de masse ρ uniforme
repose sur un cerceau de rayon R (voir Fig. 6). La tige forme un
angle θ avec l’horizontale, et son extrémité supérieure est tangente
au cercle. Il existe une force de friction à tous les points de contact
du problème, et l’on suppose celle-ci suffisamment grande afin que
le système reste au repos. Montrez que la force de friction entre le
sol et le cerceau a pour expression Ff = 1

2ρgR cos θ.
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(a) Given R and r, what should θ be so that the spool doesn’t move?
Assume that the friction between the spool and the ground is large
enough so that the spool doesn’t slip.

(b) Given R, r, and the coefficient of friction µ between the spool
and the ground, what is the largest value of T for which the spool
remains at rest?

(c) Given R and µ, what should r be so that you can make the spool
slip from the static position with as small a T as possible? That
is, what should r be so that the upper bound on T in part (b) is as
small as possible? What is the resulting value of T?
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A stick of mass density per unit length ρ rests on a circle of radius R (see
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