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Abstract

This review is dedicated to some modern applications of the remarkable paper written in 1918
by E. Noether. On a single paper, Noether discovered the crucial relation between symmetries
and conserved charges as well as the impact of gauge symmetries on the equations of motion.
Almost a century has gone since the publication of this work and its applications have permeated
modern physics. Our focus will be on some examples that have appeared recently in the literature.
This review is aim at students, not researchers. The main three topics discussed are (i) global
symmetries and conserved charges (ii) local symmetries and gauge structure of a theory (iii)
boundary conditions and algebra of asymptotic symmetries. All three topics are discussed through
examples.
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Chapter 1

Preface

Emmy Noether’s famous paper, Invariante Variationsprobleme, was published in Nachr. d. Konig.
Gesellsch. d. Wiss. zu Gottingen, Math-phys. Klasse in 1918 [1], [2]. In this paper, Noether
proves two different theorems. The First Theorem deals with “global” symmetries (generated
by finite Lie groups) and states that these symmetries lead to conserved charges. The Second
Theorem applies to local gauge symmetries (infinite dimensional Lie groups), containing arbitrary
functions of spacetime (like Einstein’s theory of gravity) and shows that these gauge symmetries
inevitably lead to relations among the equations of motion (e.0.m. onwards).

This review is dedicated to the applications of Noether’s paper and the fundamental results
uncovered by it right at the birth of the ‘modern physics era’. As a basic outline, we discuss the
following aspects of classical field theory:

1. Noether’s theorem for non-gauge symmetries; energy-momentum tensor and other conserved
currents

2. Gauge symmetries, hamiltonian formulation and associated constraints

3. Asymptotics conditions, boundary terms and the asymptotic symmetry group

Our focus will be on examples, some of them developed in great detail. We shall leave historical
and advanced considerations aside and be as concrete as possible. As our title explains, this work is
dedicated mostly to graduate students who, in our experience, often find it difficult to feel familiar
with Noether results mainly because in most texts the only example displayed is the Poincare group
and associated conserved charges. We shall discuss many examples both in particle mechanics and
field theory.

We start with global (“rigid”) symmetries in modern language and then proceed with gauge
symmetries, trying to be as systematic as possible. In the final chapter we address the role and
importance of asymptotic boundary conditions and their associated boundary terms, a subtle
point often neglected.

We assume the reader has a basic knowledge of classical field theory, its Euler-Lagrange equa-
tions and the basics of Hamiltonian mechanics.

Noether theorem is almost hundred years old and has been discussed in many textbooks. It
is impossible to give a full account of the literature available. The treatment of gauge theories
in Hamiltonian form was initiated by Dirac long ago. For the purposes of this review, the book
by Henneaux and Teitelboim [3] is of particular importance. The issue of boundary terms and
conserved charges in gauge theories has a more recent development. There are several approaches



to this subject. For our purposes the classic work of Regge and Teitelboim [4] is the starting point.
See [] for a recent discussion. A powerful tool to compute conserved currents was devised in [6].
Other important references include [7,8]; and of course the work that descends from Maldacena’s
AdS/CFT duality, for example [9] (see also |10] for a discussion along the ideas presented here).

The authors will welcome all comments about this document that may help to improve its
presentation (maxbanados@gmail.com; iareyes@uc.cl). We apologise for not giving a full account
of the excellent literature available. This review does not contain original material. It only
represents a pedagogical presentation of the subjects covered, aim at students.



Chapter 2

Noether’s theorem for global
symmetries in classical mechanics and
field theory

Classical mechanics, classical field theory and to some extent quantum theory all descend from
the study of an action principle of the form

Tlg' () = / dt L(q', 1) @.1)

and its associated Lagrange equations, derived from an extremum principle with fixed endpoints,

d (0L oL
- )= —0. 2.2
dt (84’) dq’ ’ (2:2)

The variables ¢'(t) can represent the location of particles on real space, fluctuations of fields, in
some cases Lagrange multipliers, or auxiliary fields. Actions of the form encode a huge num-
ber of situations. The importance of action principles in modern mechanics cannot be overstated.

In this review we assume some basic knowledge regarding the principles of classical mechanics
in both Lagrangian and Hamiltonian form, and jump directly to some of its notable applications,
and particularly in the beautiful relation between symmetries and conservation laws, discovered
by Noether [1].

2.1 Noether’s theorem in particle mechanics

2.1.1 The theorem

Noether’s theorem is often associated to field theory, but it is a property of any system that can
be derived from an action and possesses some continuous (non-gauge) symmetry. In words, to any
given symmetry, Neother’s algorithm associates a conserved charge to it.

The key idea follows from a relation between on-shell variations and symmetry variations of
an action. In this section we review its formulation, illustrating its features by considering some
simple examples.



Noether symmetries

The crucial concept exploited by Noether is that of an action symmetry. This concept is subtle
and often a source of confusion. Consider the simplest example provided by the action,

m

1[z(), y(t), 2(y)] = /dt (5(3';2 e Hoz) . (2.3)

where Hj is a constant. This action is clearly invariant under constant translations in z(¢) and
y(t),

Hae(t) + o, y(t) + yo, 2()] = Iz (t), y(t), 2(y)]- (2.4)

This property is the basic example of a Noether symmetry. The following important aspect of
(2.4]) should not be overlooked: equation holds for all x(t), y(t), z(t). This seems like a trivial
statement in this example but it is a crucial property of action symmetries.

Symmetries can take far more complicated forms. Let ¢* be a set of generalised coordinates.
Then for an action I[¢*(t)], a (small) function f*(t) is a symmetry if I[¢*(t) + f*(t)] = I[q'(t)], for
all ¢(t). Symmetries are directions in the space spanned by the ¢'’s on which the action does not
change. The function f*(t) can be very complicated!

For Noether’s theorem one is interested in infinitesimal symmetries and it is customary to
denote them as variations using the Greek letter 6. The functions fi(¢) in the example above
will be denoted as fi(t) = d,4'(t) (the subscript s denotes symmetry), and I[g" + d,¢'(¢)] is
expanded to first order. This notation may cause some confusion because, apparently, implies a
relation between ¢'(t) and d,¢'(t). The reader must keep in mind that ¢*(¢) and d,¢°(t) are totally
independent functions. d,¢*(t) defines directions on which the action does not change.

So far we have mentioned the strong version of a symmetry where the action is strictly invariant.
Noether’s theorem accepts a weaker version. From now on we define a symmetry as a function
dsq*(t) such that, for any ¢'(t), the action is invariant,

S (0.8, 0) = 1)+ 0] - 1) = [ at’y. (25)
up to a boundary term that we denote by K. We shall see that the boundary term K does not
interfere with the existence of a conserved charge, and that for many important examples it is
non-zero and indeed contributes to the charge. We have also introduced the notation 0/ (the
variation of the action under the symmetry) which is a function of both, the configuration ¢'(t)
and the symmetry d,q° (¢}

Any function d,q*(t) that satisfies represents a symmetry. Eqn. must be understood
as an equation for d,q*(¢t). If, for a given action I[g'(t)], we find all functions d,q'(¢) satisfying
, then we have solved the equations of motion of the problem. The central force problem in
mechanics and the conformal particle (see below) are examples where the equations are solved by
looking at symmetries. We stress, for the last time, that d,¢'(¢) is a symmetry if and only if it

satisfies (2.5)) for arbitrary ¢(¢).

Let us get this point clear. Given a function f(x) one can consider the variation f(z +dx) — f(z) = f'(x)dz =
df (z,dx): the variation depends on both, the point x and the magnitude of the variation dz.
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Figure 2.1: Two functions ¢(t), ¢'(t) related by a time translation. At any given time ¢, dq(t)
represents the difference between both functions.

Some examples and comments

Invariance under rotations is an important example. The central force problem

. m -,
7] = [ at (57 - V) (2.6)
is invariant under ¥ — 7’ where
7'(t) = R7(t) (2.7)

and R is a constant orthogonal matrix BT = R~!. To put this symmetry in Noether’s language
we first consider its infinitesimal version. For small angles o one has R = 7+ a x 7 and therefore

P = () +d x F(t) = 6,78 = a x (1), (2:8)

The reader is encouraged to check explicitly that the action satisfies I[r'+ & x 7] = I[r], for
any 7(t). In this example K = 0.

A simple example of a symmetry with K # 0 is the invariance of the same action under
a different symmetry

5,7 (t) = —e i (t) (2.9)

where € is constant. (See below for an interpretation.) By direct calculation,
ST, 0,7 = / at (mi'- 8,7 = VV,7)
- /dte(—m?-ﬂ vV -7

— [ (-5 ev). (2.10)

2
The symmetry (2.9) is related to spacetime translations in the following way. To simplify the
figure, consider the 1-dimensional case where the coordinate is called ¢(¢). In figure (2.1.1)) we

Hence, the action varies up to a boundary term, which is this case is equal to K = —e¢ (m%ﬂ - V().



have drawn two functions ¢(t) and ¢'(¢) which are related by a time translation of magnitude e.
Directly from the picture we find that the values of ¢'(¢) are related to those of ¢(t) via:

q(t+e)=q(t) . (2.11)
If € is treated as an infinitesimal quantity, this equation can be written as
q(t)+eqt) =q(t) = 0sq(t) = —ed(t) (2.12)

where 65q(t) = ¢/(t) — q(t) is the difference of the two functions evaluated at the same argument
t (see the figure). Two comments are in order:

1. The symmetry is represented by the function d5q(t) = —eq(t) which involves only one time.
We have transmuted the time translation into a deformation of the function ¢(t).

2. Since d5q(t) = ¢'(t) — ¢q(t) is simply the difference of two functions evaluated at the same
time ¢ (see figure), it follows directly that J; (%q(t)) = 45.4(t).

This will be our modus operandis throughout the text. Symmetries will always be deformations
of the fields, not the coordinates. Note that from the point of view of the action I = [ dtL, the
time ¢ is a “dummy variable” that can be changed at will, without affecting the value of I; just
like when doing the integral fttf et dt one is allowed to replace u = t? simplifying greatly the
value of the integral (adjusting the limits). This kind of transformations have nothing to do with
Noether theorem or conserved charges. Of course there is nothing wrong with changing variables
inside an integral, but mixing these kind of transformations with true symmetries —deformations
of the dynamical variables— makes the theorem far more complicated than it needs to beE|.

On-shell variations

We now discuss a different type of action variation, the on-shell variation. This variation is
somehow the opposite to a symmetry. For symmetries, the variations d,q*(¢) are constrained to
satisfy an equation, while the “fields” ¢‘(t) are totally arbitrary. For on shell variations, the
fields ¢'(t) are constrained to satisfy their Euler-Lagrange equations while the variations d¢(t) are
arbitrary.

Let d¢'(t) be an arbitrary infinitesimal deformation of the variable ¢'(¢). Then, for an action
of the form I[q] = [ dtL(q,q) the variation 6I[q] = I[g + dq] — I[g] can be expressed as,

o oL .. 0L _..
§1[q', 6¢') = [ dt | ==6¢" + —=64'
4", 0] / (anquéqu)

OL d (0L . . q (0L
_/dt<aqi—a(8qi>)5q +/th (aqpq). (2.14)

2Tt is useful to elaborate this point in field theory. It is often said that gauge transformations AL(x) =U1'A,U+

U~19,U are local because they involve only the point x, while changes of coordinates AL(m’) = gf,'; A, (z) are non
local because they involve two points x and z’. The interpretation where x and 2z’ are the same place in different

coordinate systems (passive) or different places (active) has been discussed many times. In our discussion this
distinction is irrelevant. The infinitesimal versions are,

dgauge A (x) = Al (2) — Au(x) = DA (x)
daigdu(z) = Al () — Au(r) = & (x) A () — & (2) Ay (2) (2.13)

where all fields and parameters are evaluated at the same point x.



where in the second line we have made an integral by parts. This equation contain a powerful
piece of information. If ¢’(t) satisfies its Euler-Lagrange equations (2.2), the bulk contribution
vanishes and the variation is a total derivative,

SI[G (), 6¢' ()] = I +6q¢'] - I[7'] = /dt— (geéq) : (2.15)

The bar over ¢'(t) reminds that this variation is evaluated on a solution to the Euler-Lagrange
equations. On the other hand - is valid for any d¢'(t). This variation depends on the
particular solution chosen ¢*, and the arbitrary variation dq’.

Noether’s theorem

The combination of a symmetry with an on-shell variation gives rise to Noether theorem. Reca-
pitulating, a symmetry is defined by the equation

S04 (1), 8.4/ (1)] = / at (2.16)

and, an on-shell variation is defined by

otlg0.0¢0] = [ ars (o). .17)

Both variations are boundary terms but for very different reasons. (2.16)) is a boundary term
because d,q° satisfies a particular equation, while (2.17)) is a boundary term because ¢*(t) satisfies
a particular equation. On the other hand, ¢'(¢) in (2.16)) is totally arbitrary, while d¢*(¢) in (2.17))
is totally arbitrary.

Inserting ¢‘(t) = ¢'(¢) into and 6¢'(t) = 65¢'(t) into (2.17) the left hand sides of these
two equations are equal. Subtracting, the left hand sides cancel and from the right hand sides we
obtain the conservation law,

d oL /
EQ:O with @ = K—aZ(S : (2.18)

This is Noether’s First theorem: Given a symmetry d,q°(¢), the combination @ showed in
is conserved.

It is impossible to master Noether theorem without making several examples. The derivation
is very simple but very few students, if any, understands it at first sight. We shall discuss many
applications of this extraordinary result from 2-dimensional conformal field theory to Maxwell’s
electrodynamics.

Our first two examples are the symmetries of the central force potential discussed above.
The action is invariant under rotations with K = 0. The conserved quantity is therefore

Qa

ﬂi

—

c 8T
( X

S

|
ﬂl

=

= —&-(mfx

) . (2.19)



Since @ is constant and arbitrary we conclude the conservation of angular momentum L=mixr.
For the time translation invariance (2.9)), we showed in (2.10]) that K = —eL. We then conclude
that the conserved quantity is,

Q. = —€ <m?2—V>+em7%’2:eE (2.20)

where F is the total energy.

The 4 conserved charges F = 27* + V (r) and L = mF x 7 of the central force problem allows
a simple solution to the equations of motion mr = —VV. These are first integrals and the full
solution is found by doing one integral. We now discuss an example where the full solution is
found purely by looking at symmetries.

2.1.2 The ‘conformal’ particle

A remarkable application of Noether’s theorem is a ‘conformal’ particle. In this example one can
solve the e.o.m. without even having to write them down. Just by looking at the symmetries and
making use of Noether’s theorem, one can completely integrate the dynamics.

Consider a particle of mass m under the influence of an inverse quadratic potential

I[2] = /dt <; mi? — %) (2.21)

mi = = . (2.22)

The equation of motion is

We shall find its full solution by looking at symmetries of the action. We first note that the
Lagrangian is not explicitly time dependent hence the total energy is conserved:

1 o'

This equation provides an algebraic relation between z(t) and #(¢). We shall now find a second
equation of this type, which will fix x and & completely.
The second equation follows from the Weyl symmetry of this system:

t—=t =X\ = ' (t) = VX x(t). (2.24)

for constant \. Indeed, under this transformation, dz/dt — d(v/Az)/d(\t) = %dw/dt, and the

action remains invariant,
I — | A\dt —— — | =1. 2.25
/ ( " )\:172) (2.25)

Now, the transformation (2.24]) is not useful for Noether’s theorem as it stands. We need to
convert it into an infinitesimal variation acting on z(t) at some time t. Let A =1+ € with € < 1.
We expand the transformation of x(¢) in - to first order in e:

2 (14 e)t) ~ (1 + %) w(t) = () +at)et ~ a(t) + <a(t) (2.26)

10



from where we extract
Soa(t) = 2'(t) — x(t) = —eti + %x . (2.27)

This transformation acts only on z(t), and is a Noether symmetry of the action:

§I[z) = /dt (%mé(s‘cz) —ad (%))
_ g/dt {—m (%a? +tj:55> +as ;3”}
~fug [ () + 4]

d
= / dt— [~tL] . (2.28)

so the boundary term is K = —tL. Thus, the conserved quantity associated to Weyl symmetry
(up to a sign and an e factor, which are both irrelevant constants)

. 1 ., ot
Q= 5MaE <2mt:1: + xQ) . (2.29)

Equations and are two algebraic equations for z(t) and 4(¢). From them we
obtain z(t) as a function of time, in terms of two integration constants E and @, as it should for
a second order e.o.m. with one degree of freedom. This completely solve the problem. It is left as
an exercise to solve these equations, find x(¢) and prove that it satisfies .

Note that, in general, at least one of the conserved charges must be an explicit function of
time, as , otherwise there would be no dynamics.

It is a good exercise to check explicitly,

dQ 1 .92 . 1 9 . l’Q — 2txx
oy _ 1 4 9 ) r-— Lrx
yr 2m(a: + xi) 5m (:E + 2tid ~|—a< o
A1 .«
= (x — 2t2) {§mx — E] =0, (2.30)

due to the e.o.m. ([2.22).

2.1.3 Background fields and non-conservation equations

In this paragraph we discuss the role of background fields, and how to deal with them within the
framework of Noether’s theorem. Noether’s theorem applied to point particles sheds light into
many aspects of symmetries which sometimes are subtle in field theory. Background fields is an
example.

Consider the following action,

m

Iglz(t),y(t), 2(t)] = / [ 5 (&% 49> +2°) - Bz(t)] dt | (2.31)

where B is a constant. Let us not worry about the origin/relevance of this theory but only about
its symmetries.

11



The interaction term clearly breaks spherically symmetry. Rotations in the x/y plane remain
a symmetry, but the full O(3) symmetry is broken. Now, let B = BZ, we also collect z,y, z into
the vector 7 are rewrite the action as

I5[7(1)] :/[5% —§~F] dt. (2.32)

This is exactly the same action, simply written in a more elegant way. Both 7 and B are vectors
whose components are referred to some set of axes. Applying a rotation of the axes, the scalar
products - B and #*? remain invariant and so the full action is invariant. If R denotes the rotation
matrix we have

IR = I57] (2.33)

Does this “symmetry” imply conservation of angular momentum? No, of course it does not ([_: is
not conserved for this system, as can be easily checked from the equations of motion). What is
wrong? There is nothing wrong. We just need to be careful with the role of different variables
and transformations.

Equation is a mathematical identity and could be called a “symmetry” on its own
right. However, it does not imply a conservation equation because it involves the variation of a
background quantity. Let us apply Noether algorithm to to understand what is going on.
We first consider an infinitesimal transformation with angle &@. The components of i and B vary

as
07 =d X 7, 5, B=a&xB . (2.34)

and one can quickly check that,
SI[7, 057 =0, (2.35)

(that is, K = 0). Of course, this is simply the infinitesimal version of (12.33)).
We now compute the on-shell variation, i.e. a generic variation of all quantities followed by
use of the e.o.m.,

SI[F, 6,7 = /(—m?—g)-6F+%(m?-5ﬁ—5§-?dt

d - B
= /&. (EL—i-FX B> dt. (2.36)

and we observe that it is not a total derivative! This is the crucial point. Since the “symmetry”
involves the variation of a background quantity, the on-shell variation is not a total derivative.
We can proceed with the same logic anyway. Since the symmetry variation is zero, we obtain,
d- . =
EL =—rxB, (2.37)
which is the correct torque equation! Noether’s algorithm is very intelligent indeed. It has detected
that L is not conserved, and has given us the rate of change of the would-be-conserved charge.
Dynamical variables (functions of time varied in an action principle) and background quantities
(masses, charges or even vectors, tensors but not varied in the action principle) play very different
roles. The vector B in |D is an example of a background quantity. Whenever a symmetry
involves the variation of a background quantity, Noether theorem will not deliver a conserved
quantity.

12



From Noether’s point of view, we say that is not invariant under rotations because
I5[Rv)] # I5[r]. The equality represents a passive transformation, a transformation where
all vectors remain fixed and only the axes are rotated. But ‘passive transformations’ is not what
Noether symmetries are about. Noether symmetries are those transformations such that, for
given values of the background quantities, the action is invariant up to a total derivative. These
symmetries give rise to conserved quantities.

Some other examples and comments. Consider particle of charge ¢ is in the presence of the
field of a much heavier charge (). The action is:

- my .,

Here 7 is a dynamical variable while 75, the coordinate of @), is fixed. This action is not invariant
under translations 77 — 7 + d with constant d. As a consequence linear momentum is not
conserved. On the other hand 77 — 7 + @ together with 75 — 75 4+ @ is a “symmetry”. The time
variation of the momentum can be computed as we did in the example below (exercise!).

One can restore the symmetry by allowing the second charge to move. The action is now,

S o m1 9 qQ ma -9
I, m| = | —rf — ———— + —r, dt. 2.39
i) = [ - e (2.39)
Although the kinetic pieces are invariant under independent translations 7, — 7 4dy, 7 — To+do,
the full action is only invariant under the diagonal symmetry with d; = d@;. As a consequence,
only the total linear momentum (center of mass momentum)

Pr = may + mai’ (2.40)

is conserved (this is easily derivable from the equations of motion).

The same applies to angular momentum. The action is only invariant under simulta-
neous rotations of both coordinates by the same angle. As a consequence only the total angular
momentum L = L, + L is conserved. If the interaction term was, for example, %, then the

Lagrangian would remain invariant under independent rotations and therefore L;, L, would be
conserved independently. But such potential, depending on the relative distances to a third point,
does not seem to be physically sound.

Needless to say, all these results are easily derivable from the equations of motion. Our goal
here has been to analyse them in the light of Noether’s theorem. In field theory the equations of
motion are more complicated and it is often quicker and simpler to apply Noether’s ideas directly.
But special care must be observed to get the right results.

2.2 Noether’s theorem in Hamiltonian mechanics: Sym-
metry generators and Lie algebras

Noether’s theorem is applicable to any action, Lagrangian, Hamiltonian, or any other. But the
Hamiltonian action has extra structure. Consider a general Hamiltonian action,

Imﬂq:/ﬁ@f—Hm@% (2.41)

13



and its Poisson bracket

OF 0G  OF 0G
F = . — - 2.42
£¢] dq' Op;  Op; Oq' (2:42)

The equations of motion are

i'= §r =I[d H, (2.43)
P = _gg = [pi, H]. (2.44)

The time derivative of a function G(p, ¢,t) (which can be explicitly time dependent) of the canon-
ical variables is expressed in terms of Poisson brackets as,

dG(p,q,t)  0G i oG .‘_’_8_G
it ogt T op T o
0G OH _ 0G OH n 8_G
dq* Op;  Op; 08 Ot
oG
= |G,H|+ — . 2.45
G H] + (2.45)
We are interested in conserved charges. Eqn. ([2.45) means that a conserved charge Q(p, q,t)

satisfies

dQ(p, q,t)
dt

0
—0 = [Q.H+ a—? ~0. (2.46)
In many examples the quantity ) has no explicit time dependence, and then (2.46|) reduces to
having zero Poisson bracket with the Hamiltonian?|

We now prove the following important results.

1. Noether’s inverse theorem: If () is a conserved charge, then the following transformation

9Q _ 0
, : 0spi = [pi, €Q] = —€ P (2.47)

0sq' = [q',eQ] = €

is a symmetry of the action. This is the inverse theorem because we first assume the existence
of the charge and then build the symmetry.

2. The Lie algebra of symmetries: The set of all conserved charges @, (a = 1,2,...N) satisfies
a closed Lie algebra,

[Qaa Qb] = falf Qc' (248)

The proof of these two statements is extremely simple. We first show that if ) satisfies ([2.46))

3 As an example, take a rotational-symmetric system H = % (pi + pz) and consider the quantity @ = xpy —yps.
Then, the Poisson bracket is simply [H,Q] = —pzpy + pypz = 0 where we never used the e.o.m: it vanishes
automatically.

14



then (2.47)) is a symmetry. Varying the action (without using the e.o.m anywhere!)

d OH OH
0l = [ dt|dsp ¢+ p—0dsq — —0dsp — —F6
/ ( sP q+pdt sq ap sP dq sq>

0 d 0 OH 0 OH 0
= /dt (—E—Qq + — (p 58q) — Ep_Q + E__Q _ 6__Q)
Jq dt D

— /dt (e (—% + % +1[Q, H]) + %(wsfﬁ)
= /dt%< —€Q +p55q) : (2.49)

which is a total derivative, as required for a symmetry. In the last line we have used the assumption
. It is now direct to calculate the on-shell variation and using Noether theorem discover that
the conserved charge associated to this symmetry is, not surprisingly, exactly @ (exercise!). For a
more general form of the theorem, see [11].

Suppose now that we have two conserved charges @1 and @2 (both satisfy (2.46])). Then it is
a very simple exercise to show explicitly that the commutator (@1, Q] is also conserved:

d 0
E[Ql; Q2] = [[Q1, Q2], H] + a[Qh Q2] =0 (2.50)

Thus [Q1, Q2] is also a conserved charge, and as a consequence generates another symmetry. Now,
[Q1, Q2] may be zero, may be a new charge, or it may be proportional to 1 or (2. In any case,
the conclusion is that a complete set of conserved charges @), = @1, @2, @3, ... must satisfies a Lie
algebra

[Qaa Qb] = falf Qc- (251)

for some structure constants f,;. This algebra is of most importance in the quantum theory.
It is left as an exercise to extend this proof to the case where the charge depends explicitly on
time. The conservation equation then reads,
dQ) oQ
— =[Q,H]+ — =0. 2.52
2= 1Q.H+ 5 (252)
Given two charges that satisfy (2.52)), their Poisson bracket satisfies the same equation. We now
discuss the conformal particle, as an explicit example.

2.2.1 The conformal particle in Hamiltonian form

The ‘conformal particle’ of Section has two conserved charges, with one of them depending
explicitly on time. Since the system carries only one degree of freedo (two integration constants)
these two charges completely solve the equations of motion.

This system in Hamiltonian form has extra structure. See [12] for a detailed treatment, and
[13-15] for some applications to the AdS/CFT correspondence. The Hamiltonian action is,

[= / (pq' - (% + %)) dt (2.53)
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and three conserved charges (see [12]),

2

P «
H = —+—= 2.54
2m + q? ( )

1
Q = —tH+ SPd (2.55)
K = £2H+2Q - 2¢ (2.56)

2

can be found: H,Q, K satisfy (2.52)). Of course, given that this theory has only 2 integration
constants, there exists a relation between the three charges, indeed,

2K H +2Q* + ma = 0. (2.57)

The interesting aspect of the Hamiltonian formulation is that H, @, K satisfy the sl(2,%) algebra,

Q,H] = H, (2.58)
0, K] = —K, (2.59)
[H, K] = 2Q, (2.60)

which is relevant for the AdS,/CFEFT; correspondence.
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2.3 Noether’s theorem in Field theory. Derivation and
examples.

2.3.1 The proof

Just as for particle mechanics, the key to Noether’s theorem is the concept of action symmetries.
The simplest field theory example is provided by

Io(x)] = % / d*z 0,00" . (2.61)

which is clearly invariant under the constant translation ¢(x) — ¢(z) + ¢, indeed, I[p(z) + ¢o] =
I[¢(z)]. The symmetry now acts on the field ¢(z).

The set of symmetries of a field theory action is defined as the set of all infinitesimal functions
ds¢(x) such that, for arbitrary ¢(z),

311,66 = 1o+ 0,01~ 116 = [ w0 ¥ (2.62)

for some K*. We emphasize:

e Eq. (2.62) is an equation for the function d5¢, not for ¢: ds¢ is a symmetry provided ([2.62))
holds for all ¢.

e The coordinates play no role. The action is a functional of ¢(x) and the coordinates are
dummy variables which are ‘summed over’. The definition of symmetry, eq. , does not
involve changes in the coordinates in any way. Even for symmetries associated to spacetime
translations, rotations, etc, they can always be written as some transformation d;¢(z) acting
on the field’ We shall discuss this issue in detail in the next paragraph.

The derivation of Noether theorem in field theory follows exactly the same path as in particle
mechanics, so we shall be brief.

Field theories in d dimensions are described by actions of the form I[¢ = [d% L(¢,0,0)
and the corresponding Fuler-Lagrange equations are

£(6(x)) = 0, (%) _ g—g 0. (2.63)

(We will use the notation ¢,, = 0,¢ alternatively.) The on-shell variation is computed as

s116.00) = | d4”““( 200" ad),fgb’“)
o ([0 (22 o) fen (45
/dw([ad) oy 90, 0 /dx@ 0¢w6¢
/d%:@ ((% 5¢> (2.64)
T

4Noether’s symmetries and in general actions symmetries have various formulations some more complicated
than others. It is possible to formulate symmetries acting directly on the coordinates, and many books choose this
path. We argue that this is not necessary and introduces complications. All symmetries can be understood directly
as a transformation of the field satisfying . Even the symmetry of general relativity -general covariance- is
best understood as a transformation acting on the metric and not the coordinates (see below).
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where in the last line we have used that the field ¢ satisfies its Euler-Lagrange equations.

Now, is valid for any ¢, in particular for ¢. Eqn. m is valid for any d¢, in particular
for §,¢. Thus, inserting ¢ into and d4¢ into @D the left hand sides are equal. Substracting
both equations we obtain the conserved current equation

oL
0P

d,J" =0  where JH = do(z) — K* (2.65)

This is Noether’s first theorem in field theory.

Before moving to the examples, we show how to build a conserved charge from a conserved
current. In a space+time splitting, the continuity equation becomes

OJ' =V -J. (2.66)

Integrating both sides of this equation and using the divergence theorem,
/d%&tJO_—/d%V-f_— J-dA . (2.67)
v v oV

If the container V is large enough (and assuming field configurations such that J drops to zero
faster than the growth of the surface area) the last integral vanishes, yielding the conserved charge

) d
Q= /Vd?’x JO(z)  with EQ =0. (2.68)

Actually, this widespread phrase that “fields fall off sufficiently rapidly at infinity” will turn out
to be false in gauge theories. We shall come back to this in Section [4]

2.3.2 Symmetries act on fields: Lie derivatives

We have emphasized that the natural interpretation of a symmetry is as a transformation acting
on the field, not the coordinates. The coordinates are dummy variables and in fact one can change
them at will without affecting the value of the integral. This is a basic theorem of calculus. The
action’s form may change if the coordinates are changed, but not its value. This discussion can
become a bit subtle and complicated. An easy solution is to realize that for Noether theorem one
never need to change the coordinates. Only the fields transform.

For example, going back to the scalar field action one suspects that, besides the sym-
metry under ¢ — ¢ + ¢p, this action is also invariant under constant spacetime translations
xt — x4 € because there is no explicit dependence on the coordinates. Apparently, then, we
face two very different kind of symmetries, some acting on the fields, some acting on the coordi-
nates. This is not correct. Within the action, all symmetries can be expressed as transformations
acting on the fields, even symmetries whose origin are variations of the coordinates.

Spacetime translations x# — x'* = z# + ¢ are understood as a transformation of the field as
follows: Given ¢(z) one builds a new field (‘the translated field’) ¢'(x) whose values are

S@) = w9
~ ¢(x) — €'0,0(x). (2.69)
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where in the second line we retained first order in €#. The variation of the field which is associated
to a translation of coordinates is then

dp(z) = —€e'd,¢(x). (2.70)

This is a local relation involving only the point z. We say that the action (2.61]) is invariant under
constant spacetime translations because its variation with respect to (2.70) is,

§I[¢] = / d*z 8,0 0"(—€"0,9)
= —%/d‘lx 0, (€"0,0 0" ). (2.71)

a boundary term. No transformation on the coordinates was done. Only a transformation on
the field. Note that a z#-independent potential U(¢) would not spoil this symmetry because
U =U'(¢)dp = —U'€*0,¢ = —0,(e"U), is also a boundary term. This symmetry would be spoiled
if the potential depends explicitly on the coordinates because in that case %@(ﬁ #0,U(¢,x).

Constant translations are a very special kind of transformation of z#. One may wonder whether
other important symmetries, e.g., rotations (67 = & x 7), dilatations (67 = A7), etcﬂ, can also be
written as a transformation of the field. At the same time, Nature is not composed merely by
scalar fields. The general question is, how can a generic transformation dz# = €*(z) be interpreted
as a variation of the field, if the field is a vector, a tensor, etc?

The solution to this problem is encoded in the transformation laws for tensors

¢ (z") = ¢(x) Scalar (2.72)
w9,

V(") = D7 V¥ (x) Vector (2.73)
A ox”

AL(x) = @A,,(I) (0,1) tensor (2.74)
P dx® 0x°

9 (') = o Wgag(x) (0,2) tensor (2.75)

These equations express the variations of components of various fields when a given transformation
of the coordinates is applied. For Noether’s theorem we need the infinitesimal version of these
formulae. We start by calculating the infinitesimal version of the Jacobians appearing in the above
transformations laws:

ox'™ ozt
_SH i _SHo_ g el
D o+ 0,&M(x) S o —0,&M(x") . (2.76)

With these formulae at hand we go back to the above transformations laws and expand to first
order case by case.

at=at+ ) =

e Scalar Field: Expanding ¢'(x + £) = ¢(z) to linear order in £ we derive
56(2) = (@) — 6(x) = —€" (1) () 2.77)

This is same formulae we use before, but not that now &#(z) is an arbitrary function of z*.

SFor example, Maxwell’s Lagrangian is (classically) invariant under conformal transformations. We study this
case in detail below.
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e Vector field: Expand V'#(2') = %Lx/:V”(az) to linear order. In this case we need to expand
the left and right hand sides:

VH(x) + €70,V (x) = VF(2) + (9,£")V" (x) (2.78)
from where we derive

SVH(z) = V(z) — VH(z) = (8,€")VY — €°0,V" . (2.79)

e (0,1)—tensor: in the same way as above, the transformation law (2.74) expanded to linear
order at both sides give

A;(:v) + 0, A, = Aux) — An0,8° (2.80)
from where it follows,
0A,(x) = A;L(x) — A, (v) = —£Y0, A, — AL0,E" . (2.81)
e (0,2)—tensor: following the same rules as above, we have at first order in &, according to
(12.75))
(%) + €2 0agy () = (O — 0uE%) (0 = 0,E7) gap () (2.82)
= g () — gw(m)&,fﬂ = G (2)9,8" (2.83)

from where we deduce
5g;w(x) = g:w(x) - g,uzz(x) = _éaaag,uu(x) - g,uﬂ(x)augﬂ - gau(x)auga . (284)

The different variations obtained by this procedure are called in the mathematical literature
Lie Derivatives. The Lie derivative along a vector £#(x) is an operation acting on tensors having
good transformations laws under coordinate transformations (without involving a connection). In
this way, the Lie derivative along £#(x) of a scalar field, a 1-form and tensor are, respectively,

Lep = —£"0,0(x) (2.85)
LA, = —E%0, A, — AL0,8" (2.86)
Egg,“, = _gaaag/w(m) - guﬁ(x)augﬁ - goa/(x)auga . (2'87)

The Lie derivative acting on objects with other index structure can be found in a similar way.

2.3.3 Energy-momentum tensor. Scalars and Maxwell theory

The energy momentum tensor is the Noether current associated to the symmetry under constant
spacetime translations x* — x* + €. The reason that this ‘current’ is really a tensor and not a
vector field is simple to understand. There is one current associated to time translations ¢ — t+¢°,
another current for space translations in the # direction x — x4 €', etc. Altogether, there are four
symmetries and therefore four currents. Of course we don’t split the calculation in this way but
compute the current associated to z# — x* 4 ¢ in one step. The current that follows is of course
linear in € so it must have the form J# = T"e”. The coefficient T*, is the energy-momentum
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tensor and conservation of J* implies 9,7% = 0. Put another way, symmetry under spacetime
translations implies the conservation of four independent currents T*,, one for each v.

We compute now the energy-momentum tensor 7%, for two specific examples: a scalar field,
and Maxwell’s theory, which is particularly interesting.

In relativistic field theories the energy-momentum tensor is often defined as the functional
derivative of the action, T, = Lgég%, which is very convenient for many purposes. With a
pedagogical motivation we shall always stick to its definition as the Noether conserved current
associated to invariance under space-time translations.

Stress tensor for scalar fields

Consider a Lagrangian density for a scalar field £(¢,0,¢) which does not depends explicitly on
the coordinates. For example, £ = %a#qsaw with equations of motion V2¢ = (ﬁ But the explicit
form of the Lagrangian is not relevant here.

If the Lagrangian does not depend on x* explicitly, then it is invariant under

5(x) = —d(x) | (2.89)
which of course corresponds to the Lie derivative (2.85)). Indeed, the variation,

oL 8£
6 ’ 6 70’
¢ p qb agb’p

3¢ 9% d¢
is a boundary term. The first equality is the chain rule. In the second equality we simply replace
the symmetry remembering 0,0¢ = 60,¢ since our variations are the difference of two functions.
The crucial step is the third equality which requires that the Lagrangian does not depend explicitly
on z#{7| (and € is constant).
The Noether current generated with space-time translations becomes

oo+ ——rpo | = —0,(°L) (2.89)

oL
JH = ¢ {&bw 0,0 — 5“4 =T, (2.90)
so the energy-momentum tensor is
oL .
() =5~ ™ Opp — 0L with 9,T"=0. (2.91)

For the free scalar action £ = %@gb@“qﬁ this yields,

u?bauﬁb n/w 00O . (292)

6A typical situation where £ depends on z* is when the field is coupled to external sources J(z), for example
L = $0,¢0"¢ + J(x)¢ with equations V¢ = J(z).
It is perhaps worth to give a concrete example. The function f(z(t)) = x(t)? depends on time only through
x(t). We say that > f =0 while % = f'(z)& = 2zd. On the other hand, the function g(x(t)) = t z(¢)? depends on ¢
explicitly and dg =22 + 2tz # ¢'(v)i.
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Stress tensor for Maxwell’s theory

Let us now study electrodynamics, described by the action
1
I[A,] = 1 /d4x E,,F", F. =0,A,—0,A, . (2.93)

This theory is invariant under spacetime translations x* — z* + € with constant €, and we can
compute the energy-momentum tensor just as we did for the scalar field. Additionally, Maxwell’s
theory is also invariant under gauge transformations A4, = d,A(z). We shall see now how both
symmetries can be combined to give a nice energy-momentum tensor which is symmetric and
gauge invariant, the Belinfante tensor.

As a motivation for next section we mention that Maxwell’s theory in fact possesses a much
larger group of Noether symmetry, namely, the conformal group. We display this symmetry
explicitly in the next section and compute the associated conformal currents and charges.

As we see from , the action of a constant translation on a 1-form A, is

SoA, = —€"9,A,, | (2.94)

where J, indicates that this is the variation that we would in principle use. It is left as an exercise
to show that this transformation changes the Maxwell action by a boundary term.

Before continuing with this calculation, we notice that there is an evident problem with this
attempt: the variation does not have good properties under gauge transformations (it is
not gauge invariant). One can anticipate that it’s conserved current will not have good properties
under gauge transformations either. This problem has been extensively discussed in the literature.
We shall jump the discussion and go straight into the solution [16].

Instead of , consider a transformation that combines a constant spacetime translation
together with a particular gauge transformation,

0A, = —€"0,A, + 0, (€*An) = Fae” (2.95)

with constant €. In the literature this is called an ‘improved translation’. It is gauge invariant
because the derivatives of A,, appear through only F),,.

We now compute the variation of the Lagrangian (2.93) under this transformation (using
Bianchi’s identity)

§F* =2F"G§F,, = 2F"€* (0,F 0 — 0, F ) = 2F" e (0,F o + 0, Fy,.)
= —2F"e* 0, F,, = 0o (—"F?) | (2.96)
which is a boundary term, showing that the improved transformation (2.95)) is indeed a symmetry.

The variation of the Lagrangian is 0L = — 30, (—¢*F?) = 0, (—€*L) so K* = —e*L. With this,
the conserved current is

JH = ﬁ(mp — Kt = —F"eFpy 4 'L
aAp,u
1
= ¢ [~F"F,, + L] = —¢ | F*"F,, + Z(SijaﬁFaﬂ (2.97)

and we obtain the electromagnetic energy-momentum tensor,
1
TH = —F"F,, + Z—léijaﬂFag : (2.98)

This tensor is gauge invariant (since F' is) and has zero trace (associated to the scale invariance
of the classical theory, see below). It is left as an exercise to prove, by direct computation, that
the energy-momentum tensor ([2.98]) is indeed a conserved current.
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2.3.4 Maxwell’s electrodynamics and the conformal group

We have seen that Maxwell’s theory is invariant under constant spacetime translations. They have
four associated currents which form the energy-momentum tensor.

We shall now show that Maxwell’s theory is invariant under a much larger group, the conformal
group. Constants translations are a small subgroup within the conformal group.

Consider again the transformations x# — z# + £*(x) where £#(x) is now not constant. As
described in , this transformation acts directly on the field generating a variation,

SoA, (1) = —€"0,A, — D, A,. (2.99)

Once again this transformation is not gauge invariant but this can be fixed by adding a gauge
transformation just as in (2.95)). So we consider the variation (2.99)) plus a gauge transformation
with parameter VA,

§A(7) = —€Y0,A, — 0" A, + 0,(£7A,)
= F, &) . (2.100)

We see that the gauge transformation cancels the term with derivatives of £#, and at the same
time all derivatives of A, appear through F),. This variation is called an ‘improved diffeomor-
phism’. The same can be done for Yang-Mills fields. (Exercise: prove that the commutator of two
transformations with parameters & and & give a gauge transformation with parameter
F,,€1'€65 plus another transformation (2.100) with parameter {* = £7&y, — §5¢1,).

This improvement of the energy-momentum tensor may seem arbitrary, and even more, prob-
lematic: when we add an extra piece to §A,, this should in principle modify the conserved current
and it’s associated charge. This in fact does not occur, because as we shall see in Section [3| gauge
symmetries are not generated by “physical charges” but instead by constraints which vanish on-
shell. Thus the “charge” associated to a gauge symmetry is always zero. Therefore adding an extra
gauge transformation to A, does not alter the conserver current, which is the energy-momentum
tensor.

Maxwell’s theory is not invariant under for arbitrary {“(x)ﬂ But it is invariant under
all transformations that belong to the conformal group: variations such that the vectors
field £#(x) satisfies the particular equation,

1 ey
£,u,z/ + £V,,LL = 577;w£7a (2101)

(in 3 + 1 dimensions). Any solution £#(z) to this equation provides a Noether symmetry of
electrodynamics with an associated Noether current and conserved charge. We compute these
quantities below.

Equations are called conformal killing equations and can be solved in general. Before
computing the currents, we list the solutions to (2.101f). To understand the names given to the
various solutions it is useful to recall that, from the point of view of the coordinates z#*, the vectors
fields £#(x) appear in o — 2 = z# + &#(x), or, what is the same, dz# = {#(x).

The vectors &*(z) that solve are split into the four categories that constitute the
conformal group:

8Invariance under a general £ (z) is the symmetry of general relativity. When Maxwell’s theory is coupled to a
dynamical metric it becomes invariant under general diffeomorphisms. The particular form (2.100)) is very useful
even in curved spacetimes.
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— Constant translations (4 generators). This is the simplest solution to (2.101)),
& =&. (2.102)
We already know they represent symmetries of Maxwell’s theory.
— Lorentz transformations (6 generators). Slightly less evident, the following vectors
¢ (z) = e " : € = —€uy (2.103)
also solve (2.101)).

— Dilatations (1 generator). A constant rescaling by A
§(x) = Azt (2.104)
is also a solution.

— Special conformal transformations (4 generators). The least obvious solution but easily

shown to solve (2.101]),
M (z) = 22"b,a" — b'a"x, . (2.105)

Let us now prove that the improved transformation leaves Maxwell’s lagrangian in-
variant (up to a boundary term), if the vector {*(z) satisfies (2.101). Our aim is to write the
variation of the Lagrangian as 0L = 0,K* + f(&), for some function f which depends on & but
does not depend on the field A,, because we wish to impose some restriction over the kind of
transformations of coordinates (namely, that they be conformal), but not on the dynamical fields!
Starting from £ = %;F27 we have

0L = F'"9, (EF,,)
= P F,,0, + Frer9,F,,
1
= FIE, 9,6, + 5F" € (OuFy + 0uFy)

1
=—F"F? 0,8, — §F’“’§p8pFw,

1
= _FWFpu aufp - Zap (FWFW) 138

1 1 1
= _éFWFpu (aufp + 8p€u) + ZFWFWa & — Zap (prQ)
1 1
= —QF’“‘”FPV (8#5[) + 0,8, — 5%,08 . 5) —0,(&°L) (2.106)

where we have used the Bianchi identity, and the rest is straightforward calculation. Thus, the
transformation dx* = £ is a symmetry of Maxwell’s action provided that the diffeomorphism
satisfies the conformal Killing equation (2.101)).

To derive the conserved current associated to conformal symmetry, we simply repeat Noether’s
algorithm as explained above: for transformations satisfying the conformal Killing equation (2.101)),
the symmetry variation of the Lagrangian is simply

5L =08, (L) | (2.107)
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while the on-shell variation (2.64]) reads:

oL
=9 (g5,

=0, (F"¢ Fup) . (2.108)
Equating both derivatives, we find the conserved current associated to conformal symmetry:
1
JP = EPFPF g + prFz
1
=P (F”aFag + Z&gFQ) with 90,J” =0, (2.109)

where again £° is not arbitrary but must belong to any of (2.12))-(2.105). As an aside, it happens
that this classically conserved current does not survive quantisation: the f—functions don’t vanish
because scaling and special conformal transformations are broken in the quantum theory.

2.3.5 Phase invariance and probability conservation for Schrodinger’s
equation

Schrodinger’s equation can be derived from the following field theory Lagrangian
. h2
I= /dt/d‘q’r (ihw*w — %Vw* -V — V(F)zﬁ*@b) : (2.110)

We find the equations of motion by extremizing the action. Since v is complex, 1) and * can be
thought as independent. Varying with respect to ¥* we find

0] = /dt/d3r [zh(w v — %v&p -V — Vo w]
2
- /dt/d%&b* [ih¢+ ;—mv% — V@D} + B,

where B is a boundary term evaluated at spatial infinity where we assume the wave function
vanishes (but again, we will come back to this subtle issue in section ) Hence, for arbitrary
variations ¢* we find the equations of motion,

. B2
i) = ——V*p + Vi = Hi . (2.111)
2m
It is left as an exercise to find the equations of motion for v and show that they are related to the

(2.111]) by complex conjugation.

Phase invariance and conservation of probability
This action (2.110)) is invariant under phase transformations for constant a:
P — e, (2.112)

Let us compute its associated Noether charge. First we need the infinitesimal symmetry transfor-
mation,

S =iy, St = —ianh* . (2.113)
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It is direct to see that the action is strictly invariant under these transformations (i.e. boundary
term K = 0), so Noether’s charge follows only from the on-shell variation (2.64)), by replacing the

symmetry-variation ([2.113])
Sos] = / dt / d%h%(w*&p)
d
- / s / &r (1)) | (2.114)

where we have assumed again that the field vanishes sufficiently rapidly at infinity so that addi-
tional boundary terms vanish. The associated Noether charge is thus

Q= /df”mp*w , (2.115)

representing the total probability of finding the particle in space. Note finally that the fact that )
is conserved allows to fix it to be equal to one, () = 1, as one normally does in quantum mechanics.
Had [ 4*9 not been conserved, the definition of probability would be different.

As an exercise, one can carry out Noether’s procedure in the case were the action is defined
on a finite volume V' with surface S, and one does not assume that the field vanishes there, and
show that in that case the correct conservation equations take the form

dp = =

—+V-J=0, 2.116

T (2.116)
where one must find p and J as functions of Y and ¥*.

For some further developments on this subject, see [17].

2.3.6 Two-dimensional conformal field theories: Scalar, Liouville, Dirac
and bc system

Two dimensional conformal field theories (CFTs) have received huge attention since the seminal
work by Belavin, Polyakov and Zamolodchikov |18]. There exist many families of CFTs classified
by their central charges. This subject has been treated in great detail in many reviews [19] and
also in textbooks [20], [21].

Our goal in this section will be to derive the energy momentum tensor for the most basic
examples of CF'Ts, namely, the scalar field, Liouville field, Dirac fields and the bc system, arising
in string theory. The energy momentum tensor is a central object in two dimensional CFTs.
However, it if often derived by tricks that don’t apply to all systems. Here we shall follow Noether’s
theorem and show that it always gives the right result with no ambiguities. Even for the Liouville
field, that initially caused some confusion, Noether’s theorem gives the so called improved tensor
in one step.

For each example, our strategy is always the same: (i) find the correct variation for the given
problem; (ii) compute the Noether current (Virasoro charges) (iii) check that they generate the
correct variations through Poisson brackets; (iii) compute the algebra (Virasoro) and find the
value of the central charge. In the spirit of providing specific examples, we shall do this for
scalars, fermions, the Liouville and the bc system.

2d conformal field theory has infinitely many generators. We emphasize that this does not
mean that the symmetry is a gauge symmetry. It only means that there are infinitely many
Noether’s symmetries and infinitely many conserved charges.

26



The applications to string theory are a special case because in the worldsheet action
I[X", hop] = / VhhPO, X 95 X", (2.117)

the field X* and the metric h*¥ are varied. This action is not only conformally invariant but
fully diffeomorphism invariant on the worldsheet. The variation over h,g also makes the energy
momentum tensor equal to zero. The conformal generators are zero because they generate a
subalgebra of diffeos.

Free scalar field

In most applications of 2d CFT’s, it is most convenient to work in complex coordinates z =
el z = €' (for a more detailed treatment, see [20]). Note that in these coordinates, x is the
angular variable in the complex plane, and time ¢ relates to the radius of z, such that the infinite
past t = —oo gets mapped into the origin z = 0, while £ = co maps to complex infinity.

We start by describing the simplest CFT, namely a scalar field in 2 Euclidean dimensions with

action,
1 _
I[¢] = e /dzdz dPp0o | (2.118)
s
whose the equations of motion are B
00¢p =0 . (2.119)

The conformal symmetry is evident. Under
z = f(2), z— f(2), (2.120)
were f(z) is holomorphic (f(2) antiholomorphic) the Jacobian in the volume element gives,
dzdz — |0f|*dzdz | (2.121)

and the derivatives change in a similar way,

1
Of]

and therefore the action is left unchangedﬂ In the language of complex analysis, mappings
of the kind ([2.120)) are called conformal transformations, since they preserve angles locally, or
equivalently from transform the flat metric into itself multiplied by some overall local
factor. This transformation acted on the coordinates of the manifold. As we have emphasized
along this review, we now change the logic and express this transformation as a transformation
that acts on the fields only leaving the coordinates untouched. As shown before, this point of view
is important to find the associated conserved charges.
Consider the infinitesimal conformal transformation

DPpOd — 0p0d | (2.122)

Z=z+e€(z) 7 =z+4+¢€32), (2.123)

9Note that (2.120]) produces the following transformation in the 2-dimensional metric,

ds® = dzdz — |0f|*dzdz.
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where €(z), €(2) are small arbitrary holomorphic and antiholomorphic functions respectively. The

scalar field ¢ satisfies, by (2.72):

Qb(zv 2) = ¢/(Z,7 2/)
O(z+ez+€)
= ¢(2,2) + €0p(z,2) + €0¢(z, 2) , (2.124)

and from here we derive the transformation,
§¢(2,2) = —€0p(z, 2) — €Dp(2, 2). (2.125)

We check now that the action (2.118)) is invariant under the conformal transformation ([2.125|)
without moving the coordinates,

M:_ﬁ/ﬁaw@w+@@%+aﬁuw+£m
_ _% / @22 [0 (e0006) + 0 (c0600)] (2.126)

and thus a symmetry. (Observe that the result can be expressed as 0, K*.)
Let us compute the Lie algebra of conformal transformations. One can regard z and z as
independent variables and consider one half of the transformation,

51 = —e1(2)0¢ . (2.127)
Acting with a second transformation,
82010 = €20€10¢ + €2€,0%¢ (2.128)
we derive,
(61, 62]6 = (€106 — €20€1)0 . (2.129)

As expected, the algebra closes: the commutator of two transformations is equal to a new trans-

formation with parameter
€20€] — €10¢€3 . (2.130)

This equation defines the structure constants of this problem. A more explicit form of the structure
constants follows by expanding €(z) in a Laurent series,

€(z) = Z €n 2" (2.131)

nez

The transformation of the field (2.125) can be written as,

0p = =) "0
— Z €nLnd (2.132)
where we have defined the operator ,

L,=—2"10, (2.133)
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which acts on functions. Let us compute the Poisson bracket of two operatorﬂ,

(Lo, Lo = 2"T0(2"0¢) — 2" a(2"10¢)
= (m+ 12" 190 — (n+1)2"T" ¢

giving a nice representation for the structure constants. This algebra is known as “classical
Virasoro algebra”. In the quantum theory, as well as some classical examples considered below
(Liouville theory), develops a central term at the right hand side.

We end this paragraph commenting that the other half of the symmetry d¢ = —éd¢ has
associated operators L, which satisfy the same algebra . The two copies of this algebra
(one for the holomorphic and another for the antiholomorphic part) are called the “conformal
algebra”.

The action possesses an infinite dimensional symmetry, the conformal symmetry and
this symmetry gives rise to conserved charges via Noether’s theorem. Furthermore, in the canon-
ical (Hamiltonian) picture, the charges generate the corresponding symmetry transformations via
Poisson brackets, and in the quantum theory, via commutators.

Let us workout the Noether charges associated to the holomorphic conformal transformations.
We consider the variation of the action (2.118]) under

ds¢p = —€(2)0¢ (2.135)

with €(z) holomorphic. Under this transformation, the symmetry-variation is given in (2.126)

§1[p, 6,0] = % /d% O(—€0p0p). (2.136)

On the other hand, the on-shell variation of the action is
_ 1 _ _
516,60 = - / i [0(5606) + D(6606)] . (2.137)

Note here that the bar on ¢ here refers not to complex conjugation but to the classical solution
of the e.o.m.

Inserting into the on-shell variation and ¢ into the symmetry variation The left hand
sides are equal. Subtracting both equations one derives the conservation law,

d(e(09)*) =0, (2.138)

where we have dropped the bar over the field. Since €(z) only depends on z, the parameter can
be extracted and we find our conservation law,

or=0, T= —% (99)* (2.139)

ONote that this procedure is standard in first quantized theories. For example, the wave function in quantum
mechanics changes under constant translations © — x + a in the form ¢ (z) = fad%zb. One then identifies the
translation operator as %, which can be expressed in terms of the hermitian momentum operator p = fi%, and

have an associated abelian algebra, [p,p] = 0.
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where the minus sign follows standard conventions. In order to convince ourselves that this does
indeed represent a conservation law, we can repeat the same procedure for the anti-holomorphic
side and find, of course,

ar=0 , T=--(dp)" . (2.140)

These two conservations laws can be now written in a more conventional form,
A(eT) + 0(eT) = 9,J" =0 , (2.141)

where the current has components J? = €T and J? = €I'. However, since € and € are arbitrary,
this last equation is in fact equivalent to and .

The conservation equation gives rise to conserved charges in the standard sense too
(and analogously for ) Recall that given a conserved current J#, the integral [ d®zJ° is
the conserved charge, which in turn generates the symmetry through the Poisson bracket. We
shall now describe the analogous of this procedure in our complex notation.

Since T'(z) is an holomorphic function (as a consequence of the conservation equation) we can
expanded in Laurent modes in the form

T(z) =) % , (2.142)

nez

where the L, are arbitrary coefficients. Soon we will see that these are the conformal generators
and satisfy the Virasoro algebra. Equation ([2.142) can be inverted by multiplying by z™*! and
integrating on a circle containing the origin at both sides,

dz .4 B dz 1

nez

The right hand side is non-zero only for n = m, so the sum reduces to n = m, and we can solve
for L,,

Ly = ]{ d—z,zm“T(z). (2.144)
2mi

The coefficients L,, are the conserved charges associated to the conformal symmetry. The reason
is the following. By Cauchy’s theorem, the integral in does not depend on the radius of
the circle. Recall now that the time coordinate is equal to t = log|z|. Hence, the independence
on |z| is exactly telling us that the L, are conserved in time. This is un full analogy with the
conservation of fz d3xJY whose key property is that the value of the integral does not depend on
which surface ¥ is chosen.

One last comment regarding the existence of an infinite number of conserved charges. The
conformal symmetry contains a parameter €(z) which is an arbitrary (analytic) function of z. This
is quite different from standard global symmetries, like space translations x — x + a, involving a
constant parameter a. There is one Noether charge for each parameter in the symmetry. Making
a Laurent series of € as we did in ([2.131)), we see that the conformal symmetry does in fact contain
an infinite number of parameters. As we shall see in the next paragraph, the charge L, can be
seen as the Noether charge associated to the transformation in which only the coefficient of € is
different from zero; in other words, that [¢(z), L,] = 2"T10¢.
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As an exercise, the reader may show that the action (2.118)) in also invariant under the affine
symmetry,

0o =€(z2) , (2.145)

where € only depends on z. Find the associated conserved charge. What is the algebra of these
charges?

Light cone quantization: canonical realization of the conformal symmetry

Our last step in the classical description of the conformal symmetry associated to the action
(2.118)) is to extract the relevant Poisson brackets and check explicitly that the currents 7'(z) and
their associated charges L, do generate these symmetries in the canonical picture.

The Poisson bracket associated to the action

1 _
I= g /d2z Dp0¢p (2.146)

can be extracted by standard methods, via the introduction of a canonical momentum 7(x,t).
Here we shall follow an alternative route which gives the correct answer in a much quicker fashion,
and is better adapted to the corresponding quantum calculation via OPE’s.

The idea is use the coordinate z as time, and derive an equal “time” basic Poisson bracket
between ¢(z) and d¢(z). The general method needed is the following.

Consider an action of the form I[w] = [ dt({,(w)w* — H(w)) where w* denotes collectively all
fields in the theory and ¢,(w) are some functions of w®. The equations of motion are

O'abwb = 8aH where Oab — 8alb - 8bla. (2147)

If o4, called the symplectic matrix, is invertible one can define a Poisson bracket structure as
follows:
[w®, w’] = J, J%oy. = 5% (2.148)

and the equations of motion take the usual form w* = [w®, H]. Furthermore, this Poisson bracket
satisfies the Jacobi identity thanks to the fact that o, is an exact form. See [22,23] for more
details and examples of this procedure.

Let us apply this procedure to the scalar field action (2.146|) where we interpret z as time. The
function ¢(¢) in this problem is,

U(¢(z)) = =09(2) , (2.149)

1
4
and the symplectic matrix o(z, 2’) is,

0(¢(2)) _ L(¢(2))

/
o(z,2') =
=2 = e T e
1
= %8'5(2, 2. (2.150)
The inverse of o(z, 2) is
1
J(z,2") = 27?55(2,2’) , (2.151)
where 1/0 is the inverse of the operator 0. We then find the “equal-time” Poisson bracket
1
[¢(272)7¢(Z,72)] = 271—55(272:/) : (2152)
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The presence of 1/0 in this expression may look intimidating. Fortunately, we shall never need the
Poisson bracket of ¢ with itself, but only with its derivatives. Differentiating (2.152)) we deduce,

[6(z,2),0'0(7, 2)] = 2m0(2,2") , (2.153)

which does not have any inverse derivatives, and is the expression we shall needﬂ.

As a first check of our newly built Poisson structure, let us check that the Noether charges
associated to conformal transformations have the right properties under it. We have proved that
T = —1/2(0¢)? is the conserved charge. An arbitrary conformal transformation with parameter
€(z) is generated by

Q. = fﬁe(z)T(z) : (2.154)

21

Now by Noether’s inverse theorem ([2.47)), we expect Q. to generate the conformal transformation
of the field through the commutator. To prove this, we use (2.153]) to compute

do = ilo(z,2), Q]

= —e(2)06 (2.155)

which is, as expected, the correct conformal map of the field, (2.125)), for the holomorphic sector.
As an immediate consequence, we see that in particular for the Virasoro charges L,, (2.144]) (which
are just Q. for e = z"*1) we have

i[p(z,2), L,) = —2"T0¢ . (2.156)

The charge Q. is a linear combination of all conserved charges L,: by inserting the Laurent

expansions (2.131)) and (2.142)) for T'(z) and €(z), the integral over z is performed and we find,

Qe = Zen Ln (2157)

nez

As an exercise, recall that the free action is also invariant under affine transformations, d¢ =
€(z), whose associated charges are i0¢ = ) —i#7. Show that the inverse transformation is a, =
;—;z”i@¢. Show that the Poisson bracket of a,, gives [a,, am] = 1y m. Find L, in terms of a,,.
Compute the Poisson bracket [Ly,, ay,].
We are now ready to compute the algebra of generators L,,, now as Poisson brackets of canon-
ical fields. This is totally analogous to computing the algebra of angular momenta in quantum

mechanics, [L;, L;] = i€;j5 Ly, that is, the algebra obeyed by the generators of the symmetry. We

1 As a footnote we observe that it is incorrect to declare, from (2.146)), that ﬁaqﬁ is conjugate to ¢. The correct

formula is (2.153)).
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have

Ml = fam § omeameti | J00()2 500
7{ Az ]4 LMY $(2) 2mi 88z, 2')
& 74 42 2 2 ()06(2) 02, )
! [ m+1)2"(0¢) + zm“%a(aqj)?}

— 2" (m+ 1) — (n + 1)) 5 (09)
o (2.158)

2m
271

N —

f
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- §%
&

Thus, indeed the conserved charges provide a canonical representation for the conformal algebra
(2.134]).

Note: The charges L, do not depend on the contour (they are conserved). The commutator
can be easily calculated when both contours (for L, and L,,) are the same, but the result of the
calculation does no depend on that.

Liouville field

Our next example of a classical CFT will be Liouville theory. This is a non-trivial example
because, in contrast to the free scalar field, it is a fully interacting theory. For references on
Liouville theory we refer, for example, to [24,25].

Liouville theory is defined by the action of a field ¢ interacting through an exponential poten-
tial,

1 _
I= E/d% (00¢ + Ae?/™) . (2.159)

Here A and v are constants. The constant A is somehow trivial because it can be redefined by
shifting ¢. We thus expect this constant not to play any important role. The equation of motion

following from ([2.159) is,

- A
_ D oo 2.1
00¢ 276 (2.160)

At first sight, Liouville theory is not conformally invariant because the potential is not invariant
if the field transforms as a scalar. However, we note that the potential is invariant under a different
transformations for the field, namely,

= / V-1 a ! _1 87/ _1 2
CR VBN CEA Vo (6_Zz> <8_ZZ) e®(2:2)/7 (2.161)

In the language of CFT, this is the transformation for a field of conformal weights (h, h) = (1, 1),
but is not primary ﬁeld‘ﬂ properly. As we discuss below, it turns out that the kinetic term is also

12A field is called primary with conformal weights h, h if, under any conformal map z — f,Z — f it transforms

as
“h o, e —h
d d
@)= (L) (L) oo (2.162)
But in (2.161)) it is e? which transforms as a primary field, not .
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invariant under this transformation and hence this is a symmetry of the whole action. This is of
course again the conformal symmetry, although it is being represented in a very different way:.

Let us first check that the kinetic terms is also invariant. We shall do so by looking at the
infinitesimal transformations. This will also prove to be useful when computing the conserved
charge, and hence the generator of conformal transformations in Liouville theory. We know in
advance that this generator cannot be (9¢)? because now the transformations for the field has
changed.

As we did for the non interacting field, for simplicity we shall deal only with half of the
transformations, namely z — 2z’ = f(z). From (2.161), the transformed field is

¢'(2) = ¢(2) —v1og(9f) , (2.163)
and its infinitesimal version f(z) = z + €(2), in terms of d¢ = ¢/(z) — ¢(2), becomes,
dp = —€edp — Ok . (2.164)

The first piece is clearly the same as that for the scalar field. The full transformation is not that
of a primary field. Our goal now, as usual, is to find the canonical Noether charge that reproduces
this transformation.

We start by checking the invariance of the action under the infinitesimal transformation (2.164).
We keep in this calculation all boundary terms.

We start by computing the variation of the potential,

—€0¢p — y0e

g
= —0(Aee?) (2.165)

5(Ae¢/7) — Ae?/7

obtaining a boundary term, as needed. This is of course not a surprise because we already knew
that the potential was invariant under the finite transformation.

Now we want to check that the kinetic part of the action is also invariant under (2.164)), which
is not so evident. The transformation has two pieces ¢ = 01¢ + d2¢. The first piece
corresponds to the original transformation of the free action for the scalar field , and we
already showed in that acting on the kinetic term this transformation gives

51 (0606) = —0 (c0606) (2.166)

On the other hand, the transformation d;¢ is new, and we need to check that it leaves the kinetic
term invariant too. Using de = 0 we find,

55 (0606) = —0(10€)D — Dpd(70e)
— _9(y60%) | (2.167)

which also is a boundary term, as required.

We have proved that the Liouville action is conformally invariant, provided the field transforms
as in . We would like now to extract the associated Noether charge. As we have done all
along this review, to this end we need to compare the boundary terms that we obtained by
varying the action with respect to the symmetry, with the boundary terms that arise in the on-
shell variation of the action. The on-shell variation evaluated at the symmetry
gives

1

51 = - /dQ,z [0 ((€0¢ + 7€) D¢) + 0 (0¢ (€D + vDe))]| (2.168)
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while the symmetry-variation is just the recollection of (2.165))-(2.167)):

_ 1 / @22 [0 (c0600) + 8 (60%¢) + 0 (Aee®)] . (2.169)

Equating (2.168) and (2.169) is the meaning of Noether’s theorem. Simplifying terms and using
the e.o.om. ([2.160)), we find

0 ((€0¢ + 79€)0p) + 9 (0p(ed¢ + 7Oe) 9 (Aee?/7) + 0 (edp0p) + O(vpe)

)
D (€860 + ~0 (0eDg) + 0 (0 (68¢ +70¢)) = 0 (27v€ddp) + O (e8¢0P) + v0*€D¢
gc YOk

19200 + 70e8dp + 9 (e(0¢ = 270e8d¢ + 27e00* ¢ + 40P
68(8¢) = 27e00%¢ , (2.170)

from where we read Noether’s conservation law
- 1
oT =0, T = —5(&;5)2 +70%¢ . (2.171)

In the literature |16], this expression for T is called “improved” energy momentum tensor. Addi-
tionally, it is direct to show by explicit calculation that T = 0 by use of the e.o.m.

As always, we must now know check that 7" indeed generates the right conformal transformation
of ¢ via Noether’s inverse theorem . First of all we note that the Poisson bracket in Liouville
theory is not different from the free case, because the potential does not introduce any derivatives
of the field, so it is still given by . Furthermore, in total analogy to what was done for
the free scalar in section [2.3.6 the conserved T'(z) gives rise to an infinite number of conserved
currents, with associated conserved charge Q. = § #=¢(2)T(z) with the correspondent 7' from
for the Liouville action. Then, the symmetry transformation generated by this Noether
charge is

Ip(z) = [o(2), Q]
= § el [0, @0l 41000

27

= —edo+ 7%6&’6(2')8'5(2, 2')
— e — e (2.172)

which is the correct transformation law for Liouville fields (2.164)).
The final step is to compute the resulting algebra of the Virasoro generators. Just as for the
free scalar in ([2.144]), the Virasoro modes are defined as the charges (). associated specifically to

the €(z) = 2"*! transformations, namely L, = § £ 2"*! T(z) so we have

L, = — ]{ 4z e (8¢) 7{ 92 i g2,

27rz 2

dz
= LY —~(n+1) 7{ 5% 09 (2.173)

where we have called L the free scalar Virasoro charges, which we already know satisfy the
Virasoro algebra with no central charge (2.158). We also made an integral by parts in the other
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term, which is useful because 0¢ is primary with conformal dimension 1 with respect to LY. By
direct application of these definitions we first see by differentiating (2.156)) that

i[L©, 9¢] = d(2"+10¢) . (2.174)
So now we compute the full commutator:
dz dz
] — 4,0 1(0) (0) 4% on; (0)
L Lol = ALY, LY+ 5m+ 1) § 5 Z2mL0, 00 + 10+ 1) § 5 %0100,
dZ n /m /
Pt m+ 1) § 55 f ST enmii00, 0]
= (= m)Ly + [0 1) = (nt D] f 57 (<r0) (2475)
i

+7(n—|—1)m—|—1j[2m7{2m 96(z,2")

= (n—m)Lpim +7n(n* = 1) mo -

The central charge is then,
c =12+, (2.176)

and depends only on 7, not on A, as we anticipated at the beginning. The presence of central
charges is not an exclusive feature of quantum theories; as this example proves, they can also
appear in totally classical theories!

Dirac fields in two dimensions

In this subsection we consider another example of a 2d CFT, namely, the massless fermionic field
in Euclidean spacetime described by the action,

1 _
I=_- /dza: Uy 9,0 . (2.177)

Here W is a two dimensional object whose components will be denoted as

m:(%). (2.178)

The v* are the Dirac matrices which satisfy the Fuclidean Clifford algebra,

{7/“'71/} = 25#1/- (2179)

There are many ways in which to represent the 4's. A useful two dimensional representation is

70:<(1)(1)), 71:<_02.é). (2.180)

Finally, the Dirac conjugated that enters in the action (2.177)) is defined as

U =iy, (2.181)
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Just as we did for the scalar field, we shift to complex “light-cone” coordinates z = %(ﬂf—l—it), zZ=

%(m — it) implying & = 0, — 0,0 = 0, + i0;. We now observe that the Lagrangian contains

VY0 + o = 0+ ( OZ ; >81

- —i(g _Oa> . (2.182)

The action for this free fermion system becomes

I=— [ &z (O — oY) , (2.183)
47

and the problem splits once again in two parts, one holomorphic 1) and one anti-holomorphic.
Before carrying on with the analysis we note that our action as it stands does not make much

sense because, naively, Y0y = %8(@&2). The action is a total derivative and there is no classical

dynamics at all. So what’s going on? The answer is that in order for Dirac’s theory to make

sense, even at the classical level we must demand that the fields are not ordinary C numbers but

instead Grassman numbers. These are by definition anticommuting quantities, so that 12 = 0 and

therefore ¥y # 19(¥?).
The conformal symmetry

Although the action ([2.183) is not evidently conformally invariant, in fact it is. The trick is
not to insist that field should transform as scalar under conformal mappings. As we did with the
scalar field, we shall treat each sector in the action separately. We then consider only the first

part of the action (2.183))

= [ deaz V(z,2)00(z, 2) , (2.184)

4

which is invariant under the following holomorphic transformation:
d=fz) , =z, Y =101 2) . (2.185)
(note we have left z invariant). Indeed,
[dzaz w2 o) = [ dsdsos o)) iz 200 ()
_ / d=dz (=, 2)00(z, %) |

The full action ([2.183) is invariant under the map (2.185) provided 1) remains unchanged, i.e.
transforms as a scalar. 1) and v have the following conformal weights:

Yo (%0) , VI (0%) (2.186)

The Fermionic Virasoro operator and Canonical structure

We now derive the generator of conformal transformations acting on spinor fields. As usual,
we first formulate the symmetry as an operation acting only on the field, not on the coordinates.
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Expanding (2.185)) for the infinitesimal transformation 2z’ = z + ¢(2) to first order (we omit the 2z
dependence which plays no role)

V(z+e(z) = (14 0e(z)(2)
VG0 = (15060 ) 0o,
we derive the transformation rule:
Sab(2,5) = —e(2)O(2, %) — %8e(z)¢(z, 7). (2.187)

The first term in this transformation is the same as of the scalar field, while the second clearly
comes from the extra factor (9f)~*/* in the transformation rule.

Compute now the symmetry-variation of the action under the infinitesimal symmetry keeping
all boundary terms:

SI[1), 650)] = —ﬁ d*z Keazp + %aezp) O + 10 (681/1 + %ag ¢)}
1 _
= _m/d% (e (2.188)

which is a boundary term, as expected. Note however that this boundary term is zero on shell
and there it will not contribute to the charge.
Compute now the on-shell variation,

51D 00) = —— [ 2= B(waw)

4mi
1 = 1
=~ d’z 0 (1/1 (687,0 + 586 1/1))
_ 1 [e 3
= ~i d“z € 0 (VoY) , (2.189)

where we have used that € is independent of z, and 1* = 0 (Grassman variable). We have also
dropped the bar of the field .

The fermionic conserved current associated to conformal symmetry is then,
1 _
T = —§¢a¢ with or =0. (2.190)

Our next problem is to find the Poisson bracket associated to this action. We proceed as we
did for the scalar field and treat z as the “time” direction. The function ¢ is then simply

(=) = (2, (2.191)

47y

and the associated “symplectic” form becomes

1
o(z,2") = 2—m5(z, 2') . (2.192)

The equal time (i.e. equal Z) anticommutator associated to these fermions is then
[6(2,2), (2, 2)} = 2mid(z, ) (2.193)
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And we observed that it is symmetric as it should for fermionic fields.
Finally, let us check that 7" from (2.190)) generates the conformal transformations (2.187)). The
conserved charge is again given by Q. = ¢ Le(2)T(z) as in (2.154)), and the inverse Noether

. omi
theorem gives,

o = {(2),Q
. {W),—

t/§§4z>qw@»w@0}awuq—¢4w{¢@xaw@®n

(:)00(z) ~ 50(ev)

) —e(z)5¢(2)—%ae¢' (2.194)

S

Z/ 1 / / / /
U

\)

N = DN =

as expected.
For the Dirac field, with conformal dimension 1/2 the correct Laurent expansion is

(o
W)=Y (2.195)
and its inverse is p
¥ _
Yo = 7{ (). (2.196)

Let us compute now the basic anticommutator of the charges ,,,

(Wt} = § 52V § S ), b))

2mi 2mi
= %g‘l—;zn_lﬂj{dw w262, w)
~ i
= Snimo- (2.197)

Note that this is symmetric, as expected. As an exercise, the reader can proceed forward and
compute the Virasoro algebra for the fermionic fields.

The bosonic and fermionic bc systems

Our last example of a CFT in two dimensions is the bc system. These fields appear in the context
of bosonic string theory, in particular when the string is quantised via the path integral method.
The b and c fields are the ghosts associated to the gauge fixing when we apply the Faddeev-Popov
procedure. One of the peculiarities of this system is that the fields b, ¢ could be either bosonic or
fermionic. As before, the full bc action contains two terms conjugate to one another, so we will

focus only on one pice:

1 _
I=— [ d®zbic. (2.198)

271
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It is direct to prove that this action is conformally invariant provided b has conformal Weightﬂ
(A, 0), and ¢ has (1 — A, 0), which give rise to the respective infinitesimal transformation for
holomorphic €(z),

V(') = <%) b(z2) = db(z) = —€(2)0b — A\(De)b (2.199)
d(z') = <%) : c(z) = 0c(z) = —€(z)dc— (1 — \)(0¢)c (2.200)

What is the Noether current associated to this conformal symmetry? First, we must prove in-
finitesimally that (2.199)-(2.200|) are indeed a symmetry, and find the boundary term:

61 = i d*z (6bdc 4 bddc)
_ _% 02 (Db + ADeb) De + b (ede + (1 — N)dec))
_ _% 02 (€0 + bde) e + beddc)
_ _% 0220 (ebdc) | (2.201)

which is indeed a boundary term, but moreover its contribution to the current is proportional to
Oc which vanishes on shell. Consider next the generic variation of (2.198]) for arbitrary 6b, dc:

57 = - [ a2 (sbdc + bdse)

271

_ QL d2z (860 — dboc + O (bic))

™

L d*z (eom + 9 (béc)) | (2.202)

o

and evaluating along the e.o.m. and using the particular symmetry (2.199)-(2.200) we get the on
shell variation,

ol = L d?z 0 (bede + (1 — \)bde c)

271
_ _2% 228 (bedc+ (1 — \) (8 (bec) — bec — bedc))
m
_ _% 02 (D (AD(be) — Obe) + (1 — \)dd(bec))

where the last boundary term vanishes on-shell. The Noether current is therefore
T = 0bc— \0(be). (2.203)

Finally, let’s quickly check that (2.203|) generates the correct transformation of the fields. For
simplicity, let’s assume the fields are bosonic. The Poisson bracket for (2.198)) is [¢(z),b(2)] =

13Gee (2.162)
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27id(z — 2'), and the conserved charge is Q. = €(2)T(z), so

[b(2), Q]
j[d—z,e(z') [b(2), (1 = XN)I'b(2") (") — Ab(2")'c(2)]

2me
dz'e(z") (—(1 = XN)I'b(2)d(z — ') + \b(2")0'0(z — 2'))

ob

= —0be — \Oe b ,

and similarly for c¢. One can then show that 7" does satisfy the Virasoro algebra.
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Chapter 3

Gauge theories in Hamiltonian form,
through examples

3.1 Introduction

Gauge theories play a central role in the development of fundamental theories of physical laws.
All three fundamental interactions are described by Lagrangian possessing a gauge invariance: the
electroweak theory, strong interactions and the theory of gravity.

The most well-known gauge theory is Maxwell’s action

1
I[A] = ~ 6 d‘z F"F,, (3.1)

having the gauge symmetry
0A, = 0,A(z) . (3.2)

We shall study this theory in detail below. As often happens, though, there are easier ways to
understand the basics of gauge theories resorting to simple problems in mechanics.

Gauge theories have three important features. First of all the gauge symmetry itself, that is,
a transformation containing arbitrary functions of (space-)time. It follows immediately from the
gauge symmetry that that there must be relations amongst the various equations of motion of the
system, and thus not all degrees of freedom in the action will be determined by the e.o.m. Finally,
in a Hamiltonian description, a gauge theory has constraints which act as the generators of the
corresponding gauge symmetries.

A theory whose equations of motion do not fully determine the evolution of its variables
may seem pathological and unphysical at first sight. The great discovery of gauge symmetries
uncovered the concept of equivalent classes of configurations, that is, fields that may differ in their
mathematical presentation but represent the same physical reality: if A, is a given solution to
Maxwell’s equations, A, + 0, A represents the same physical reality, for any A(z).

3.2 A quick tour to the classical aspects of gauge theories

Before studying gauge theories in general we shall illustrate the salient points with a “mechanical”
model (motivated by electrodynamics). Consider the following action

IAo(t), 0] = 5 [ de (= Aoy (3.3
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between <> Not Fixed by &> | Constraintsin
Equations Equations of Motion the Hamiltonian

Figure 3.1: Properties of equations of motion of gauge theories

This simple mechanical model exhibits all classical features of a gauge theory:
1. Gauge symmetry: the action (3.3) is invariant under
¢ — ¢ + E(t) and AO — AO + G(t) , (34)

where €(t) is an arbitrary function of time. Because €(t) is arbitrary, we call it a gauge
symmetry, to distinguish it from global or Noether symmetries discussed in the previous
chapter.

The existence of this gauge symmetry implies the following other properties:

2. The equations of motion are not independent. For (3.3) we have

ol .
5_Ao_0:> (Y —A9) =0
ol d -
@—Oi %W—Ao)—(),

thus, the equation for the field Ay already contains the equation for 1. Since the equations
are not all independent (there is only one equation, not two), the solution contains arbitrary
functions.

3. The general solution contains arbitrary functions. The solution to the equations of
motion is

b(t) = f(t),  At)=f(t), (3.5)
and contains an arbitrary function of time. No matter what the initial conditions are, one
can always modify the evolution at later times.

4. The Hamiltonian possesses constraints. To pass to the Hamiltonian one should define
momenta for all variables. However, for this action this is not necessary since A, enters with
no derivatived] We define

oL

=Gi =Y (3.6)

Dy

LA variable having no time derivatives is not enough, in general, to claim it will not have a relevant momentum.
We shall be more specific about this point below based on examples. In the example described here it is the case.
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and the Hamiltonian is

H(py, ¥, Ao) = pytp — L (3.7)
1
= 5]912/) + A0p¢ . (38)

The corresponding Hamiltonian action is

Ipy, 1, Ag) = / (pw — %p?p - Aopw> dt (3.9)

The equations that follow from this action varying Ay, and p, are totally equivalent to
those following from (3.3]). We see that Ay appears as a Lagrange multiplier,

ol
- — 1
A py =0, (3.10)

and we find our first example of a constraint, an equation involving no time derivatives. The
two remaining e.o.m. are

ol .

p = h—py— Ay =0 (3.11)
ol .

@ = Py =0, (3.12)

where again one equation (3.12)) is already contained in another one (3.10]), so clearly from

the Hamiltonian point of view we again have less equations than unknowns.

We shall end the description of this model by briefly mentioning the issue of gauge fixing. A
gauge theory has more undetermined functions than equations. To make sense of the evolution
one could either look for gauge invariant functions, like electric and magnetic fields in electromag-
netism, or fix the gauge by imposing one condition per gauge freedom. Fixing the gauge is not
always the best procedure because often is breaks locality. The powerful BRTS methods has been
developed to this end.

Here we shall only make some remarks on how one would fix the gauge in this model, stressing
a subtle point. In this example we have one gauge symmetry so we can impose one condition. Is
it the same to impose Ag = 0 or ©» = 0 as gauge condition? It is not. The reason is that, as we
saw before, the equation of motion for ¢ is contained in the equation for Ay, but not the other
way around. This means that one can dispose of ¥(¢) and no information will be lost because its
equation is already there. But one cannot dispose of Ay. To see this more explicitly, if we fix the
gauge ¥ = 0 in the action we have

Ly—o[A(t)] = / dt A3 3 Ag(t) =0, (3.13)

The general formalism to deal with Hamiltonian version of gauge theories is Dirac’s constraint analysis. When
possible we shall avoid the general analysis and derive the right results in a more economical way. It is left as
an exercise to prove that defining momenta for both variables yields no new information, but makes the analysis
longer.
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which uniquely fixes Ag(t), and shows that the pure-gauge action (3.3) in fact has no degrees of
freedom at all. However, consider now what happens if instead we fix Ag(t) = 0 (incorrect!) as
gauge condition. The action becomes

Limalb(®) = [ded* =5 =0, (3.14)

which represents a free field ¢ that does carry one degree of freedom! Setting Ag = 0 inside
the action is incorrect because, as we discussed above, the equations of motion for Ay are not
contained in those of 1.

The model we have just described captures all the characteristic features of a gauge theory.
In the following section we shall present the general Hamiltonian structure of gauge theories,
and then proceed to show how the most important cases (Maxwell’s theory, Yang-Mills theory,
and General Relativity) all fall into this classification. We shall also consider 241 Chern-Simons
theories basically because they are extremely simple and of great pedagogical value.

For other applications of Noether’s second theorem, see [26},27].

3.3 General structure of gauge theories in Hamiltonian
form

There are many actions possessing a gauge symmetry; from electrodynamics to general relativity,
from a relativistic particle to the string worldsheet. One of the nice features of the Hamiltonian
formulation is that it provides a unified framework for all of them. In this way, many features can
be studied in a general setting valid for all examples.

In most cases the Hamiltonian is derived from the Lagrangian. In the presence of gauge
invariance this process, devised by Dirac long ago, can be long and painful. The final result is
however neat and clear.

In this section we shall present gauge theories in the reverse order. We start with the Hamilto-
nian action from scratch describing its properties and the role of the different ingredients. After-
wards, we present the classic examples starting as usual from the Lagrangian and going through
the Legendre transformation into the Hamiltonian.

Al gauge theory actions, when written in Hamiltonian form, have the following generic form

Ilpi,q', N\ = /dt (pig" — Ho(pi, ¢') + X*¢a(p, q)) (3.15)

This will be our “paradigm” of a Hamiltonian gauge theory. Here p;, ¢* and \* are independent
fields varied in the action. The total (or “extended”) Hamiltonian H = Hy — A%¢, is decomposed
in two terms: H, denotes that part of the Hamiltonian (if any) that is not a constraint, while A*¢,
includes the contributions from the constraints ¢,. Note that this action contains no derivatives

2Here we mean most well-known and useful examples: Maxwell’s theory, Yang-Mills theories, General Relativity,
and many others.
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of the \’s. Varying with respect to p;, ¢’ and A%, the equations of motion are

. OHy 06,
i = o, A op; (3.16)
. 0Hy 00
bi = ~ 5 + A o (3.17)
¢a(p;q) = 0. (3.18)

This system of equations is very interesting. All characteristic properties of a gauge theory are
contained in the presence of the Lagrange multipliers A\*(¢) and constraints the ¢,(p, q).

The first two equations determine the evolution of p,q given initial conditions pg,qo. One
notices, however, that the initial conditions cannot be totally arbitrary because they must satisfy
the constraints (3.18); also to actually integrate and one needs the functions A\*(t).
Two questions immediately come to one’s mind (i) How do we choose the functions \*(¢)? (ii)
Given initial conditions that do satisfy the constraints , is it guaranteed that the time
evolution dictated by and will preserve the constraint ?

Both questions can be answered at once by computing the time derivative of the constraints.

Using (3.16)) and (3.17) to express ¢° and p; in terms of derivatives of Hy and the constraints we
find,

Coup0) = [6u Ho] ~ 60, I (3.19)

Now, the constraints (3.18)) must hold for all times, this means that the evolution will be consistent
provided ¢, vanishes at all times, that is,

[¢a7 HO] - [¢aa ¢b]>\b ~ 0. (320)

The symbol ~ 0 (“weakly zero”) means that we do not require b to be strictly zero, it is enough
if it vanishes when ¢, is zero. Equation (3.20]) is a consistency condition for the time evolution.
Calling Cyp = [da, ¢p), the following situations may occur:

1. Non-gauge theories: If the matrix C,, is invertible, then fixes completely the
functions \*(t),
XU(t) = O [y, Ho) . (3.21)
In this case, the role of the functions \*(¢) is to preserve . The system —
is then well understood: one gives initial conditions satisfying ; the functions \* are
determined by , ensuring that is satisfied at all subsequent times. In Dirac’s
language this is a theory with second class constraints. The first applications of Lagrange
multipliers fall in this class of systems well before Dirac’s theory!

But we are interested in gauge theories. These arise in the opposite case.

2. Gauge theories: If the matrix C,;, is zero, or more generally, if this matrix is weakly zero
Cu =~ 0, i.e. zero on the surface ¢, = 0, then imposes no restrictions on the functions
A%(t) (again on the surface ¢, = 0) which therefore remain undetermined by the e.o.m. We
see the first signal of a gauge theory: the dynamical evolution contains arbitrary functions
of time. Now, if [¢,, ®y] = 0, then imply also that [¢,, Ho] = 0. A set of constraints
are defined as first class if they satisfy

[¢a; Hol = C,00p [P0, 0] = Cop e | (3.22)
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which are both weakly zero.

A remarkably general result is now the following: if the Hamiltonian and the constraints
satisfy (3.22), then the action (3.15)) is invariant under the following transformations,

5¢" = ¢, da)e’ (t) (3.23)
opi = [pi, Pale”(t) (3.24)
OGN = €+ () O, — Ne(1) O, ¢ (3.25)

where €%(t) are arbitrary functions of time. These transformations are the gauge symmetry
of the system. We have thus inverted the logic. All actions of the form (3.15) where the
constraints and Hamiltonian satisfy have a gauge symmetry. (This is the analogue of
Noether’s inverse theorem discussed above; for an extension, see |[11]). We prove this result
below. Before we mention the mixed case:

3. Mixed case. Of course one may find mixed cases where some constraints are first class
and some other are second class. See [28,29] for a non-trivial example. One could also find
systems where conditions lead to new constraints, called secondary constraints. From
now on we shall focus on gauge theories, that is, theories for which holds.

Proof of gauge invariance: Assuming (3.22)) holds we prove invariance of the action (3.15))
under (3.24)-(3.25)). The variations of the canonical variables are

C(¢(l
pE— .2
, op; € r (3.26)

then (B stands for boundary terms that we drop)

515 [ dr(pd' ~ Ho— 3'0.)
= /dt[ — Ea%qi —piea% +B— 8H06a8¢a + 0H, aa¢a+

dq’ Op; dq¢t  Op;  Op ‘ 0g;
o a __\a agba bagbb . 8¢a bagbb
00— <3qj “Op,  Op; 0@ }

d
= /dt [—eaa% — €"[Hy, ] — 0N g — N [q, B3] + B} . (3.27)
If ¢, are all first class constraints they satisfy (3.22]), the variation becomes
61 = / dt [°a + €°C, 0y — X0y — N€°C, 0] + B

_ / dt (& + " C,° — 6X° — X*¢"C,,°) ¢ + B

- B, (3.28)
where we have used (3.25)) (and have redefined B several times).
Comments:
e No charge
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The gauge symmetry is a symmetry of the action and one could in principle compute its
Noether charge. It is left as a exercise to prove that the result is ¢,. That is the charge
exists but has a zero value on all solutions. See also [11].

e Degrees of freedom: one must note the crucial difference in the number of d.o.f. of a non-
gauge theory vs that of a gauge theory:

1. In a non-gauge theory I = [ dt (p;¢" — Hp), with ¢ = 1,..., N, the full solution of the
dynamics

0H, : 0H,

-1

q

oq'

requires 2N integration constants, so there there are simply % x 2N physical d.o.f.

2. In contrast, a gauge theory I = [ dt (p;¢" — Hy — A“¢,) containing the same 2N canoni-
cal variables has the additional constraints ¢, with, say, a = 1,...,g. The equations are
(3.16)),(3.17)),(3.18). In principle we need 2N intergartion constants. However, ¢, = 0
subtracts g of them. There are also g gauge symmetries which imply that the p’ and ¢;
are not by themselves physically meaningful, but rather there exists some combinations
of them that are. This reduces another g constants as physically meaningful. The total
number of d.o.f. is (2N — 2g).

e In gauge theories, the time evolution (3.16]),(3.17)),(3.18) of the canonical variables is the
usual one, ¢ = 0,H, and p = —9,Hy, plus an additional term, A\*0,¢, and \*0,¢, which is a
gauge transformation (3.23))-(3.24) with the gauge parameter being the Lagrange multipliers.

3.4 Executive review of examples

Many very important physical theories lie in this category. In this section we will consider the
examples listed below, for which we exhibit their Hamiltonian action highlighting the constraints
in blue:

1. The free spinless relativistic particle - in section [3.5.1| we will show

Iz, N = /dT [pui* — A(p* +m?)] , (3.30)

which, when written in this gauge invariant form, has Hy = 0.
2. Free Electrodynamics - in section |3.5.2f we’ll write Maxwell’s action as:

I[A;, B;, Ag] = /d4x |:EiAi — (%E2 +i 3) +A08iEZ} . (3.31)

3. Yang-Mills - although we won’t review it here, it’s the generalisation of ([3.31)

i Aa 1 a 1 a a a
I[A;, By, Ay) = /d% {EaAi - (5 2 Zﬂf) +A0DiEi} . (3.32)
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4. General Relativity: in section [3.5.3| we study the Einstein-Hilbert action in its ADM form,
I[g;;, 1, N, N;] = / d'z [IYg;; — NH — N;H'] (3.33)

which possesses four constraints. Here also, the Hamiltonian is zero (it’s a constraint).

5. Chern-Simons theory: in section [3.5.4] we’ll consider 3d gravity through

—/d3x € Map (—A;’Ag + ASFZ) : (3.34)

T4l = 2m

For each one of these examples, we’ll follow the same systematic procedure:
e Introduce the Lagrangian form,
e Derive its Hamiltonian action,

e Show how the constraints generate the gauge symmetry.

We emphasise that all gauge theories can be understood within the general structure (3.15)). This
provides not only a greater conceptual clarity about the common features of all gauge theories,
but also serves when dealing with more complicated systems.

3.5 Examples in detail

In this section we show in detail how to go from the Lagrangian actions into the general form
(3.15)) for the examples just displayed. For some recent applications in connection to the Ward
identities, see [30].

3.5.1 The relativistic point particle

The action for a spinless relativistic point particle parametrised as z*(7) is

dz+ dzv
= — ds = — dry\| ——— v .
m/ s m/ T i (3.35)
daxt

where &# = . Here 7 stands for any parameter describing the curve (not necessarily proper

time). As is well known and clear from (3.35)), the action is invariant under the unphysical
reparametrisation:

d=rr) A =) (336)

As usual, one is also interested in expressing this symmetry as an infinitesimal transformation of
x" (the “field”) rather than of the parameter 7 (the “coordinate”). Taking 7" = 7+ ¢(7), (3.36))
implies

(1 +€) = a"(7) = St (1) = —e(T)* | (3.37)
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and one must now show explicitly that this variation is a symmetry of the action (3.35)):

0l = —m/dT —oE,

—32)1/2
- —m/dT— —:t2)1/2> , (3.38)

and thus the boundary term is K = —me(r) (—j:2)1/2 = ¢(7)L. If one keeps going and tries to find
the associated Noether’s charge, this will be zero (“gauge” conserved quantities are always zero!).

What about the Hamiltonian version? In principle, one would wish to define H from this
action and leave the Hamiltonian action in our favorite form I = [ pz — Hy+ A¢ as in (3.15]). But
after writing down the canonical momentum,

me,
Pv = —
\/ —THTy,

one is incapable of solving #* in terms of p,. This is because although (3.39) seems to represent 4
independent equations, they are only 3, since there is a constraint: contracting (3.39)) with itself,

(3.39)

d=pp’+m>=0, (3.40)

is satisfied without the e.o.m. This issue is taken as the starting point of Dirac’s method of con-
straints, which we will not cover in these notes. Now, instead of defining the Hamiltonian version
of the action (|3.35)), we review the method of Polyakov, which does provide a straightforward
Hamiltonian formulation.

The Polyakov action There is another way of writing the relativistic action, by introducing
an auxiliary variable, the einbein e(7) which is treated as a dynamical field, and by defining the
Polyakov action

Ipla#(r), e(r)] = 3 / (%m# e m2> dr (3.41)

This action exhibits precisely the property highlighted in (3.15): the Lagrangian contains no
derivatives of the einbein, so we can use its equation of motion

g—i =0 = e(zh) = %\/ —i? (3.42)
and replace it into the Polyakov action , which gives back the relativistic action ((3.35)).
Therefore the Polyakov action is classically completely equivalent to the original relativistic action
, but with a fundamental advantage: it is quadratic in the field x, something which is of high
technical importance in order to quantize the theory. Since they are equivalent, the Polyakov action
should also be invariant under reparametrization, but now we must determine the transformation
law for the additional auxiliary field. In addition to , the transformation law

d
e'(r) =e(r i

(N5 (3.43)
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is easily seen to render the action invariant. The infinitesimal version of this as a transformation
of the field instead of the coordinates is

d(t+e)=e(l—¢) = de(r) = —diT(e(T)e) , (3.44)
so the complete symmetry transformation of the fields under reparametrisation is
(1) = —e(m)it | de(r) = —%(E(T)e) , (3.45)
and this is indeed a symmetry, for the variation of under this transformation is
SIp = % / dr <26$“5¢:2_ e _ m25e> (3.46)

e (2.

that is, a boundary term K = —1¢(7) <§ — m2e> = —¢(7)L.

The Hamiltonian for the Polyakov action is easily found to be
1
H(py, " €) = e (pup" +m°) (3.48)

and therefore the Hamiltonian Polyakov action [ pg — H reads

1
Irlpacl = [ a7 | = e (o 40 3.49)

This has precisely the form for a Hamiltonian action with one gauge symmetry, “free”
Hamiltonian Hy = 0, the einbein e playing the role of the Lagrange multiplier, and ¢ = %(p2 +m?)
is the constraint. The fact that Hy = 0 here is due to the gauge invariance: the Hamiltonian is
not conjugate to any physical time, because we are using the arbitrary parameter 7 to describe
the evolution.

Finally, in order to close the logical circle, let’s check that indeed the constraint ¢ generates the
gauge transformation through Poisson brackets. This must be so because Hy = 0 and all
the Cup = [¢a, ®p] = 0 are zero in this example because there’s a single constraint so it’s trivially

first class; using (3.23)-(B.25),
B [h 1 2 2\ — %
ot = [2%, e(r) 5 (p" +m7)] = e(T)p

1 = [ €(7) 07 + )] = 0
de = é(T)

so the variation of the action is indeed a boundary term:
1
61 = /dT {pu&b“ — 5(56 (p* + mz)}
d [1
= /dTE |:§€(T) (p* — m2)} : (3.50)
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3.5.2 Maxwell theory

To define a Hamiltonian action, we start by rewriting the electromagnetic Lagrangian by separating
into its space+time components in order to define a canonical structure:

1
Ton = =5 / d'z F*F,,

1 . 1 ..
= / d*z [——FOZFOi - —FUFij]

2 4

As before, we define canonical momenta only for those variables that appear with temporal
derivatives in the action; in this case, A;,

Note from this that 7 is the electrical field: 7 = E. The Hamiltonian is

H(p,A) = mA — L
. ) 1 . . . 1 . 1 .
= 7I'Z-(7Tz + aZAo) — 5(71'1 —+ 8iA0)(7TZ + 82140) — (71'1' + &-Ao)@’Ao + 56@14082140 — ZEjFZ]

1 | . .
= 571'@'77'2 + ZEsz] - Aoaiﬂ'z R (353)
where we have integrated by parts in the last line and dropped the boundary term (we postpone

the important discussion of boundary terms for section !).
Thus, the Hamiltonian action [ pg — H for electromagnetism is

2 4

]EM[Au s Ao] = /d4ZE |:7TZAZ - (lﬂ'iﬂ'i + 1 ijFij) + Aoaiﬂ'i:| (354)

which again has precisely the general form (8.15) I = [pg — Ho + A\°¢, , where H is the “dy-
namical” Hamiltonian (the energy) and Ay the Lagrange multiplier

1 . 1 - 1 /- -
Hy = Smt + Py FY = - (E2 + 32) A=A, (3.55)
while the only constraint is Gauss’ law:
=0 =V-E=0. (3.56)

With regards to Hamilton’s equations of motion

OH . OH
a0 T ga o

¢=0, (3.57)

7'Tz‘:
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one is confronted with the same issues discussed after , namely that we must guarantee that
the e.o.m. will preserve the vanishing of the constraint, provided we choose some initial conditions
that do. As we mentioned there, all we need to do is to demand that % = [¢, H] = 0. Since we
are now in a field theory, we must actually compute [¢(x), H(z")] where x and 2’ are two distinct
space-time points:

1

[o(z), H(z")] = [&-Wi(x), —

2(mw%f)+ﬁgF”@ﬁ——%Aﬁmﬁ@ﬂ)}. (3.58)

Here we must use the field theory symplectic structure:
[mi(2), mi(@)] =0, [Ai2), A;(@)] =0, [Ai(z), m5(a")] = 6;6°(x — ') , (3.59)

which yields

do :
= (), H(a")] )
= 2040, [mi(x), A;(x')) F (')
= —2 (0400 (x — ') F*(2') =0, (3.60)

due to symmetry-antisymmetry in (7, k). The constraint ¢ is therefore a conserved quantity along
the classical evolution of the system, and must generate the gauge symmetry through the field-
theoretic version of —, which is as follows. In the Poisson bracket, instead of considering
simply the constraint function ¢(z) = 9;7'(x) we must take a functional ®[A(x)] depending on
some arbitrary “weight” test function A(z) which will act as the gauge function:

O[A(z)] = /d3x A(z)oym'(x) | (3.61)

where we only integrate in space and not in time because we wish ® to remain a function of time,
so that we can compute an ‘equal time’ commutation relation with something else. The gauge

transformations, analogous to (3.23)-(i3.24)), are defined as the bracket with the functional ®:
5A1($) = [AZ(ZL‘, t)v (I)[AH
:/&mwwqm@mﬂwﬁ}
= /d3x’A(m’,t)5ji0j'»5(3) (x —2')
A1) (3.62)

which is precisely the form of the spatial gauge transformation of electrodynamics! On the other
hand, the transformations of the momenta vanish:

omi(x,t) = [m, P[A]] = /dsx'/\(as',t) (73, 0;77] =0, (3.63)

which must be so - the momentum is the electric field, 7* = E?, which must better be gauge invari-
ant. Finally, the transformation law for the Lagrange multiplier Ay, just as in (3.28]), is deduced
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from the requirement that, under the gauge transformations (3.62)) and (3.63)), the variation of
the action must be only in a boundary term (i.e. the transformations must be a symmetry)

o1 = / d's [mio Al + 54, 9|
_ / dhz [~m0' oA + 540 O]
_ / 442 [0; (—m'OpA) + O Goh + A O]
_ / a2 [0, K7 + O (549 + OpM)] (3.64)

with K#* = (0, —7'0pA), and we have used dm; = 0,5¢ = 0,0Hy = 0 since they are all gauge
invariants. Thus we need § Ay = —0yA in order for 6/ to be a boundary termﬂ Thus we conclude
that the gauge transformation of the field A, generated by the constraint is indeed the
expected one:

p=0m =V-E=0 generates 0A, = —0,A(z) . (3.65)

3.5.3 General Relativity

In this section we will focus on the ADM method. For other interesting applications of Noether’s
theorem to GR and supergravity see [31H34].

In the previous sections we have seen that a theory with gauge symmetry actually possesses
less degrees of freedom than one could have naively expected. In section [3.5.2] we learnt that
by performing a “space+time” decomposition of the electromagnetic tensor and going to the
Hamiltonian version of the action, we naturally arrived at the generic form for all gauge theories
. We now follow an exactly analogous route for general relativity. In the case of gravitation,
the dynamical field is the metric g,,. Just as in electrodynamics we separated the field into Ay, A;,
here we shall work with goo, gio, g;;. Everything else is completely equivalent. This is called the
ADM method [35H39).

In general relativity, we work with a smooth but non trivial manifold M, which we think as
being composed by the set of 3—dimensional surfaces 32 one for each constant time ¢ (technically
called a “foliation”). For each time ¢, we call g;;(Z,t) the intrinsic metric on X7. In order to
relate foliations at infinitesimally close times, we define N(Z,t), the “lapse” function, such that
starting from ¥ at t, if we advance a distance N(Z,t)dt in the (hyper)direction normal to 33 at
Z, we would reach exactly the surface X7 ,,. We must also define N*(Z,t) such that N'(Z,¢)dt
measures the “shift” produced, at constant time, between Z + dZ and the (blue) point that will
eventually hit (Z + dZ,t + dt) by projecting with Ndt (see Fig. [3.5.3). The relation between the
metric components and the lapse and shift functions N and N is obtained by simply writing the
space-time interval between A and C' in both forms, and a short calculation shows [35]

goo = —N? + N;N* ; goi = Ni (3.66)

where spatial indices are raised/lowered using the spatial metric ¢” and its inverse g;;. By ex-

3Note that although the pre factor of 64y + JpA turned out to be ¢ = 9;m;, it’s not zero because we cannot use
the e.o.m.!
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(z' + dx',t + dt)

changing goo, go; in favour of N and N*, ADM [35] showed (this is the hard part of the calculation)
that the Einstein-Hilbert action becomes,

Ieu[N, N, g;;] = /d4x Ny/-Bg(®WR - K*+ KK;) + B, (3.67)
where B is some boundary term that we forget for now,

1
K= i [—dij + Nijj + Njji] “extrinsic curvature” (3.68)
K=g¢"K,; , (3.69)

and N;/; is the covariant derivative of N; with respect to 2/ along the surface X7 Ggy OR
indicate the determinant and Ricci scalar with respect to the 3—dimensional metric g;;. Thus
)R contains no time derivatives; the only term with time derivatives is the gij contained in ;.
Therefore, as we shall explain in brief, g;; is the true dynamical field, while N and N* aren’t; they
will appear as Lagrange multipliers in the Hamiltonian approach. So, while in electrodynamics
we saw that by making the space + time decomposition, Ag was the Lagrange multiplier not fixed
by the e.o.m., in the case of pure gravity goo and go; are not fixed, and their combinations N and
N? will play the role of the Lagrange multipliers.

To find the Hamiltonian form of the Einstein-Hilbert action, we start by defining momentum
to the only field appearing with time derivatives in (3.67)):

. 0L
n7=—:. (3.70)
agz’j
which comes from the variation of the action due to variations in g;;:
oI = / d*z/|g| [-2K6K + 2KV 6 K 4]
= /d33: lg| [Kgij — Kij] 89ij (3.71)
thus
My = /ol [Kg7 — K9] . (3.72)
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In order to write down the Hamiltonian, we must invert this relation and solve for K;; (which
contains ¢;;) in terms of 1TV and g;;; taking the trace of (3.72)):

K=——+ where 11 =11Yg; | (3.73)
so we can now clear K;; as:
. . I ..
K- L (_m ; _gw> . (3.74)
Vgl 2
Finally, using (3.68)) and (3.74) we solve ¢;;, and the Hamiltonian is:
H= /d% (ITY g — L)
[ oN /I )
= /dgx 1 (_T (Egij — Hij> + Ny + Nj/Z') — NVl (R — K* + KYKj;)
A,

ON (11 y
:/de S (——H”H )+2H”N,~/J N\/|gR+N Vol (3.75)

Vgl 4lg|
2
— £ (ﬂ — 2HH + HZJHZ]>
IT911,;
d —VIgIR

ol 1
-
Vol 2\/_

where again H”J stands for the covariant derivative along 7 on 3. We thus now see the structure
of the Hamiltonian and it’s respective Hamiltonian densities:

N — 2H” N;

+ B, (3.76)

H= / P’z (NH + NH') | (3.77)
with

U (e TP |

Finally, the Hamiltonian version of the Einstein-Hilbert action has precisely the expected form

B-18) I = [pd— Ho+ X6,

Lapulgi;, 7, N, N;] = / d*z [119g;; — NH — N;H'| (3.79)

whose Hamilton’s equations of motion are:

oI , 0H
oI ; y oH
= H = M = — 81
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while the basic Poisson bracket for (3.79)) is

(935 (x), ¥ (2")] = = (6565 + 6705) 6% (2 — '), (3.82)

l\)l»—

due to the symmetry of both tensors.
Let’s review some of the main properties of this decomposition:

There exist 4 constraints (H = 0 and H’ = 0) together with 4 Lagrange multipliers (N and
N;).

The Hamiltonian , whose general form is H = Hy + \*¢, is a pure constraint with
Hy = 0: the “free” Hamiltonian is zero. This is generic for theories which are invariant under
generalised coordinate transformations. This is of course what happened in the relativistic
particle in , because that action was invariant under one-dimensional diffeomorphisms
(reparametrizations).

The constraints are first Classﬁ. Indeed, they satisfy the Dirac algebra,

(M) 1)) = 97y () 00, ) = 675 0) 5 0(0)
(M), H(y)] = Hly) 5 6(.)
[Hala): 1)) = Hyfe) 000 0) = Halo) 5 00,0)

Degrees of freedom: in principle we would have 6 + 6 integration constants coming from IT%
and g;; (they are symmetric 3 x 3 matrices), but then we also have 4 constraints, and other
4 gauge symmetries implying that not all fields are independently physically measurable,
which leaves us with 12 — 4 — 4 = 4 d.o.f., the same that in the metric formulation.

The gauge symmetries generated by the constraints via Poisson brackets correspond to
diffeomorphisms, as it should be. For the H' constraint we have (recall, as in (3.61)), that
in field theory we define the brackets via an arbitrary “test function” &;):

Brl6] = / B &(x)H

= /d3:v sz”
= 2/4% SINIC (3.83)

where we used (3.78)), and the integration by parts holds only if &; dies off fast enough
in order for the boundary terms to vanish, which we assume. Hence the transformation
generated by the Hamiltonian is precisely a diffeomorphism: using ) and -

0gij () = [gij(x), Py [€]]
- / 0’ Eye(a’) g3 (), 1Y (o)]
=&/ + & = Legij (3.84)

4They are indeed of first class since their Poisson brackets are proportional to themselves (3.22)), so they are a
closed subset under the bracket operation. However, their structure constants are not trivial.
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which corresponds exactly to the Lie derivative ([2.84]), evaluated along the 3—dimensional
surface ¥2. Finally, one can proceed by computing the transformation 61T, §N,dN* in a
similar way:.

3.5.4 2+ 1 Chern-Simons theory

As first noted by Achicarro and Townsend [40] and subsequently developed by Witten [41], Gen-
eral Relativity in 2 + 1 dimensions with its usual metric representation can be reformulated as a
Chern-Simons (CS) gauge theory, in very much the same way as an ordinary Yang-Mills theory,
with a gauge group of SL(2,R) x SL(2,R) (when A is negative). We will not review this connec-
tion here. Instead, we will go straight to the CS action to find its canonical structure, constraints
and Hamiltonian representation of gauge symmetries.

We start with the CS action, which is given by in component notation as

k 2
I[A] = e /d% VA Ty (AM&,A,\ + gAMAVAA> , (3.85)
T
where ¢ is the totally antisymmetric tensor. The connection A, = A? (z)J, takes values in
some given algebra: A¢ (z) are numbers, while J, are some choice of generators in the algebra.
Performing a 241 splitting A, = (Ao, 4;) the Chern-Simons action acquires a very simple

formEL

k ij a A a
ToslA] = o= /d% €Ty [—A A+ A OF’;j} , (3.90)
up to a boundary term. This action has the general structure (3.15): A\* = A% are the Lagrange
multipliers, Hy = 0, and gzﬁbij =F bij = 0 are the constraints. The basic Poisson bracket is

4

[A%(2), A% (2")] = ?eijn“bé(x — ) (3.91)

5Details:
CS[A] = P Ty <AH8VAP + zAuA,,Ap>
tig 2 itg 2 ijt 2
= Tr|e AoaiAj + ngAZAJ +e€ J AiﬁtAj + gAZAoAJ + € J AiajAO + gAZA_]AO

. 2 2 2
= YTIr |:—Ai8tAj + AO@Z‘AJ' + AinAo + §A0ALAJ - gAlAOAJ + 3AZA]A0:| ,

where €7 = ¢'J. Next integrate one term by parts, use the cyclic property of the trace, and € A;A; = —e' A;A;
to get
- 2
= YTy [—AiatAj + Ag0;A; — Apd; Ai + 05 (AiAg) + 3 (2404, A; — AOA]-A,»)] (3.86)
= Ty [—AiatAj + AO(@AJ - (r“)in) + 8j (AZA()) + 2A0A1AJ] s (387)

and finally, use €9 A;A; = £€[A;, Aj] so
= T [~ A0 A; + Ao(BiA; — 8, A; + [As, Aj]) + 05 (AiAg)] (3.88)
1 ..
= 57y [A%0 Ay + A F + 05 (A% A%)] (3.89)

where we have defined Tr (J,J;) = %nab.
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while the equations of motion read

ol
— e = .92
A 0 = =0 (3.92)
ol .
—0 Ae = D, A 3.93
5Aai = 7 0 ( )

where D; A% = 0;A% + €%, A%, A%,.

It is left as a exercise to prove that the constraints [ d*z €7&,(x)F%; generate the correct gauge

symmetry transformations, and that they form a close algebra under the Poisson bracket (3.91)).
We shall do this in detail in section incorporating all boundary terms.
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Chapter 4

Asymptotic boundary conditions and
boundary terms

4.1 Introduction and summary

A great achievement of theoretical physics is the “principle of least action” of classical mechanics.
A huge amount of phenomena are described by just one statement: the action must be stationary
under arbitrary variations of the dynamical variables. Mathematically,

5Iq(t)] = 0. (4.1)

This equation also tells us that initial and final condition must be held fixed. This leaves the road
ready for a path integral formulation of quantum mechanics as the path integral of e#%l4 over all
paths consistent with given initial and final conditions.

Now, Nature is described by fields, and this elegant and powerful formulation of classical
and quantum mechanics based on the action needs to be supplemented with a careful treatment
of boundary conditions at infinity. The issue of boundary conditions is particularly important
and interesting in the case of gauge theories where the assumption ‘all fields decay sufficiently
rapidly at infinity’ is not justified. The essence of this is captured by a quote by Fock, recently
revided in [42], when speaking about General Relativity: “The field equations and the boundary
conditions are inextricably connected and the latter can in no way be considered less important
than the former” |43].

To appreciate the difference between gauge and non-gauge theories, let us first discuss a theory
without gauge invariance. Take the simple case of a single real scalar field on some manifold M
which we consider to be non-compact,

I— /M dhx £(6,0,0) . (4.2)

The variation of the action is

51:/ d*z (%era&f 5%)
M L

- [ (oo () ooe [ e (o)
/Md:c(a(b oy 90, (5¢—|—/daj8 3¢>u5¢ (4.3)
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For this system, the usual field equations of motion (2.63)) define an extremum provided the
boundary term

oL
B = 4 Y, .
/Md:vﬁu (a%&b) /W &bwwd (4.4)

vanishes. As stated by Regge and Teitelboim, the action must possess well defined functional
derivatives: this must be of the form 6I[¢] = [ (something)d¢ with no extra boundary terms
spoiling the derivative. The action must be differentiable in order for the extremum principle to
make sense [4]. In we have rewritten it through the divergence theorem as an integral at
spatial infinity. A typical situation is shown in Fig. (with one dimension suppressed).

Figure 4.1: The manifold M

The boundary OM of M thus have three pieces. The two “covers” at constant times t; and
ta, where dX,, = d®z pointing “upwards” and “downwards” in time respectively; and the cylinder
at r — oo where dX,, = r2dQdt # where d§) stands for the solid angle. The boundary term is then

3
aaoM @

The first term, evaluated at t; and t,, vanishes because d¢(t1) = d¢p(t2) = 0, i.e. the initial and
final states are fixed. This is in full consistency with the equations of motion that require initial
and final conditions for a unique solution. The last term is evaluated for large r and one cannot
assume that ¢ is also fixed there. If one fixes the field for large r, the equations of motion may
have no solution at all.

In non-gauge fields theories one normally deals with fields with compact support where ¢(r) —
0 fast enough for large r (for instance, a massive field typically exhibits exponential decay). This
means that M falls fast enough at infinity (it suppresses the growth of r?) making the boundary
term mdeed vanishing, so this does not become an issue and it is safe to omit the discussion.

5¢> r2dQdt : (4.5)

3 e r—00
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For a gauge theory the situation is quite different. On the one hand there may be long range
interactions (zero mass fields) and one cannot assume a compact support. On the other hand, even
if the physical fields do vanish fast enough asymptotically, the presence of Lagrange multipliers,
with no dynamical equations restricting them, makes this analysis delicate.

Let’s consider first Maxwell’s Electrodynamics. To derive Maxwell’s equations, one computes
the variation of I = —}1 [ F? and then performs an integration by parts,

61 = — / d'z F* 9,04,
M

B
A

Ve

= / d'z (0,F")6A, — / d*z 0, (F"§A,) . (4.6)
M M

So here the boundary term we pick up is, by the divergence theorem,

B= / FH§A,dY,
oM

— / dx FO%/ + / dtdy; FO5Aq + / dtds; FU5A; . (4.7)
oM t1 oM oM

Just as before, the first term vanishes because the initial and final data are fixed, dA;(t12) = 0.
The second and third terms need to be analyzed with care. The second one is more interesting
because it involves Aj, a Lagrange multiplier. Since this field does not satisfy any equation of
motion it can in principle take any value. That means that the second term could be zero, finite,
or even infinity. One may be tempted to declare simply that Ay must be such that this term
vanish. As shown by Regge and Teitelboim [4], this is not a wise choice.

Our goal is to describe in detail the role and interpretation of boundary terms. We shall do so in
the context of a very simple example, Chern-Simons theory. This is probably the simplest example
where boundary conditions and boundary terms play a crucial role. And, despite being very
simple, it has a huge structure. There is, however, one important aspect of boundary conditions
that Chern-Simons theory does not cover, this is the analysis of radial fall-off conditions. Students
who would like to master this important topic must read the classic paper by Regge and Teitelboim
in order to properly understand how to deal with boundary terms in general. We present here a
simplified version which, we believe, help to get the main ideas without the complicated math.
But it must be kept in mind that our analysis does not cover all ingredients of the treatment of
boundary conditions and boundary terms.

The subject of boundary conditions and boundary terms has seen a huge activity since the
discovery of the AdS/CFT correspondence [44,45] (for a discussion along the ideas presented here
see [46]). We shall not discuss the applications to AdS/CFT.

4.2 Boundary terms in Chern-Simons theories

Before proceeding, let us briefly review the general method to compute functional variations,
which is the basic problem leading to the need of boundary terms.

Let f(z) a function and consider the functional F[f] = [ dz f(z)". To compute the functional
derivative of F[f] one first computes the variation,

IF[f] = /dxnf(x)”_léf(x) . (4.8)
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With this formula for 6 F at hand we “divide by d f(y)” at both sides to obtain

SF[f] / 10 (=)
— = denf(x)”
5 (0) 5w
— [ deaf@r s -y)
= nf(y)" " (4.9)
A key step in this derivation was the appearance of é(x — y) = gﬁzg that reduces the integral.

This is a very simple example of a functional derivative. The trouble starts when the functional
depends on derivatives of f(z), for example G[f] = [dz f'(x)". In this situation, one normally
performs integration by parts until the the variation of the functional can be written in the form
0G[f] = [ dx (something)d f(x), from where the functional derivative is computed just as we did
before. Let us go through the details,

5Glf| = n / dz f'(x)" 6 ()

d

= n/daz e (f’(m)"_léf(z)) —n(n—1) /dx f'(z)" 2" (2)0 f () (4.10)

The first term is a total derivative, and the hope is that it vanishes. If this is the case, then the
functional derivative is simple to calculate,

6G|f]
= =1) f'(y)" " (y). (4.11)
0/ (y)
The key question is then the value of the boundary terms that arise when we do these integrations
by parts. The goal of this section is to explain how to deal and interpret these boundary terms.
We do this for the Chern-Simons action because it is the simplest and yet highly non trivial system
where these phenomena can be investigated.
As shown in detail above, the Chern-Simons action expanded in time + space is automatically
Hamiltonian. We only quote the results (3.90)
k i a A a
ToslAo Al = o / i e (A A% — A FY) (4.12)
Readers who have not gone through the derivation of (3.90) can take (4.12]) as a starting point
action. This is an action with two dynamical fields A} and one-Lagrange multiplier A§. This
Lagrange multiplier imply the constraint,

Gj=€F =0. (4.13)

This constraint is first class and generated the gauge transformations dA? = D;A* of this theory.

We shall see this in detail below. From (4.12)) we derive the canonical Poisson bracket (3.91))

4
[A® (1), Abj (2',t)] = %eijn“bé(x — ). (4.14)
The Poisson bracket of any two functions Li(A), Ly(A) of the canonical variable A? is then
4 5L1(A) ab(SLQ(A)
1a(A). L) = [ e e i (4.15)

We see that calculation of functional derivatives is very important.
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4.3 Boundary terms for the generator of the gauge sym-
metry

From the CS action (4.12)), at first sight one could naively be led to conclude that the generator
of gauge transformations with parameter £ is

Gol¢] = % /dziﬂ €ij&at%j (4.16)

that is, a smeared integral of the constraint FZ with a test function &, just as we did for Electrody-
namics (3.61)) and GR (3.83). But this is not correct if one considers a manifold with boundaries.
We know the correct gauge transformation with parameter {* acting on AY,

SA? = D¢o. (4.17)

If the functional (4.16)) was the true generator of gauge transformation with the Poisson bracket
(4.14) then, the following identity should hold

(A8, Gol€]] = €'n = D;¢" . (4.18)

The first equality is only the definition of Poisson brackets. The second equality is the tricky one.
We now address the following three questions:

1. Is the functional derivative %‘3,[5] well-defined?
J

2. How one does compute it?

3. Does it give the desired value (right hand side of (4.18]))?.
To compute the functional derivative we proceed, as explained above, calculating the variation

of (4.16). Gy depends on A} through Fj; = [D;, D;]. The generic variation of G is, keeping all
details,

5Gol€] = L / dw €9¢,6F°,

8
— % / d*x €€, D; (5A)) (4.19)
_ % / d*z €7 D; (€,6A°;) — % / @' ¢ Digy 5A% (4.20)
= §BJ¢] - ﬁ / d*x €7 Dy, 5A%, (4.21)

where the boundary term is

k
Blel= 1 dotu A, (4.22)

Here, to obtain (4.21)) we used that D; ({,0A%) = 0; (£,0A%) since £,0A® a scalar under internal
rotations, and then applied Stoke’s theorem bringing in a boundary term. Note also that in the
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last step we have pulled out the variation since 6£* = 0. This is not a naive step, as it may look,
although correct in this case. We shall come back to this below.

The variation 6Gyg, as shown in the last line , has two pieces. One is a bulk contribution
with the expected form [ (something)’ 0 A%, ready to compute the functional derivative. But,
there is also the unwanted boundary term B.

At this point it becomes pertinent to ask whether the term B[¢] is different from zero or not.
We note that it depends linearly on £, the gauge parameter, which in principle can take any
value. So, irrespective of the values of A, that also enters in B[], one can always choose £* such
that this term is either zero or not zero. The arbitrariness of the values of these boundary terms
in gauge theories prompted Regge and Teitelboim [4] to understand their meaning opening a key
and seminal route to understand several issues related to gauge theories, including the definition
of energy in general relativity.

Before explaining the meaning of B[¢] we note the following. If B[¢] in is not zero, one

can always pass it to the other side and write equation (4.21)) in the form,

k -
(5(G0[§] - B[{]) iy Pz €7 D&, 0A°; . (4.23)
s
This equation suggest defining a new functional G[¢] = Gy[¢] — B[], or explicitly,
G[g]—k/cﬁ & P —kjf dp &, A (4.24)
=< T €&ty — o T_mgoa o .
whose variation is well-defined and, directly from ({4.23]),
6Glel ko,
ol Mdipe, 49
sAc — ant D (4.25)

J

The conclusion is now clear: in the presence of boundaries, the generator of gauge transfor-
mations is not Gy[¢] but G[¢]. Indeed, if we now go back to (4.18) but now we consider not Go[¢]
but G[¢], the functional derivative is well defined and we get

0G¢]

v
L pee (4.26)
JA?

A7, GlE]) = e
obtaining exactly the correct result for a gauge transformation.
Of course, there are gauge transformations (choices of £*) where the boundary term is zero.
Regge and Teitelboim noted that not all gauge transformations are on equal footing, and made
the following classification:

e Proper gauge transformations are those choices of £* such that B[¢] = 0. These form
the class of ‘purely gauge’ transformations that do not change the physics state of a system.
Their generator is purely a constraint. Note that the value of B[{] does not only depend on
the choice of £&* but also on the boundary values of the field A,. We discuss this is detail
below.

e Improper gauge transformation are those choices of £* such that B[¢] # 0. This class
of gauge transformations must not be considered “pure gauge”. They do change the state
of the system. Let us put this on firm basis. Suppose we have a parameter £* and we act on
A? generating the transformation 0 A? = D,£%, then if the generator G[¢] is not zero (B[¢] is
not zero) then this transformation is physical, it can be measured in an experiment.
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4.4 Comments

1. Asymptotic Symmetries. The most important aspect of the above calculation is the
notion of “asymptotic symmetries” [4]. The question of whether B[¢] is zero or not, is for-
mulated elegantly in terms of symmetries. The asymptotic symmetry group of a given field
with specified boundary conditions is defined as the set of all the symmetry transformations
of the field that preserve the asymptotic boundary conditions and possess a non-zero con-
served charge. Normally, one does not choose asymptotic conditions trying to force B to be
zero or not. Instead, physical intuition for the problem at hand determines the behaviour
of fields at infinity.

As an example, consider the set of all connections A,, Ay, A, such that at the boundary
satisty,
Ap=0, A, =0 at r — 00 . (4.27)

This choice of fields at infinity puts restrictions on the other component A, through the
equations of motion. Indeed, the Chern-Simons equations F' = 0 together with imply
that A, () is also only a function of ¢. The next step is to look for the set of all gauge
transformations 0A, = D, ¢ that leave the boundary conditions invariant. That is,
solve the equations D;§ = D, = 0. These equations are very simple and the solution is
given by parameters £ that depend only on ¢,

£ =&p). (4.28)

The degrees of freedom remaining at the boundary have a very simple form. The only non-
zero field is A,(¢). The theory is also invariant under transformations whose parameters
only depend on ¢, 0A, = D,{. The set of “asymptotic symmetries” is generated by the
improved generator and is thus non-trivial.

A much more interesting example, widely used in CFT’s and also in black hole physics [47]
as we shall see below, is the chiral condition

Ay=A4,, A =0 T — 00 . (4.29)

The Chern-Simons equations F' = 0, together with (4.29)), imply that A, (¢ + ¢). Next we
seek the set of all gauge transformations dA4, = D, that leave (4.29) invariant. This time
one finds that the solution is given by parameters,

£ =&t + ). (4.30)

The degrees of freedom remaining at the boundary are the chiral fields A,(t + ¢) (and
its holomorphic counterpart) and the theory is invariant under chiral transformations with
parameters (¢ + ).

These examples exhibit the idea of a “boundary symmetry” but overlooks the important
problem of fall off conditions. In most cases, the asymptotic conditions (like (4.27))) are
expressed as fall offs in powers of . One then studies the set of all transformations leaving
those conditions invariant.

2. The Asymptotic Algebra [G[¢], G[p]] . An important consistency check for the generator
of gauge transformations is their algebra. Since G[{] has well-defined variations we can
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compute directly its algebra. We provide all detaﬂsﬂ,
Am 6G[§]  OGIp]
_ 2, " ab
618.61A] = [ o e S5y 5

L o
e / dw nab €ije e (Dnéa) (Dmpy)
47 N——

enm

= ﬁ/d% €0y (§aDmp®) — ﬁ / d*x €™E, Dy D,y p®
47 47

k a k 2 1 a b _c_ij
:E rg)oong gaDgﬂp —E/dl'§§a€ chijp e
a k a c k: a c ij
= dp EaOpp® — = dp €, £°0° A, + 3 /d2x €ancSpOETFY
r—00 r—00
(4.31)

where we used that &,p® is a scalar under the gauge group, €D, D,,p* = %e”anmpa and
also used Stokes theorem. The last two terms group to form G again, and thus we finally

find

(GGl = GlIEpl] + 4§ de &ads” (432)

where we have used ([¢,p]), = €wcl®p® for &, p in the gauge algebra. The last term is
called a “central extension” of the algebra. By further imposing more restrictive boundary
conditions, this affine algebra reduces to the Virasoro algebra, in accordance the famous
result of Brown and Henneaux [|48], but now in the Chern-Simons formulations instead of
the metric one [47].

3. Boundary terms for the action: Hamiltonian and Energy.

Naively, when confronting the action one may conclude that the energy of this system
is zero because its Hamiltonian is simply a combination of constraints. This is however
incorrect. The true Hamiltonian develops a boundary term, just like the generator of gauge
transformations we have just described. Now, the Hamiltonian itself generates a gauge
transformation with parameter £ = Ajp. In this sense everything we have said about the
generator of gauge transformation could be applied to the Hamiltonian. There are however
subtleties related to the boundary conditions, which we discuss below.

The CS action must be varied with respect to Ag and A; independently, and for the
equations of motion to constitute an extremum, all boundary terms in the variations leading
to the e.o.m. must cancel. When we wrote down the CS e.o.m. —, we never
actually checked that they define an extremum of that action. And in fact, they don’t! So
the problem we discussed for the generator of gauge transformations also appears in the
action itself. We shall now analyse in detail these boundary terms, and find their physical
interpretation.

Let’s go through the same procedure as before to find the boundary term - we must compute
the generic variation of the action (4.12) and isolate the e.o.m.(for notation simplicity, we

IFor readers familiar with differential forms this calculation can be made much shorter by noticing that
0G(&)/6A = D¢is a 1-form. Thus [G(£), G(p)) = [ 25E 9L = [ DeDp = [ d(§Dp)— [ €DDp = G([¢, p))+ [ &dp.
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go back to the matrix form):

§log = 8—7T(5/d3x e’ Tr (AiA_j - AoE‘j)
k

" 8r

= / &z €Tt <5A0Fij +2A,04; + Ao(mj) , (4.33)
m

dgl' EijTI' (—51401'7” + 5AZA] - AZ(SA] - A()(SEJ‘ + i % A]))

where the time derivative vanishes since the initial/final configurations are held fixed, and
we used the cyclic property of the trace. Moreover, it is direct to show that €V Tr (Agd F};) =
29 Tr [0; (AgdA;) — D;AgdA,], and thus we obtain

$log — —g/d% €T (540 Fy +2 (As — Dido) 04, +20; (Ag84;))

- 8% (e.om.) — %/dt/d% 0;Tr (e (Aad4A;) )
= 8% (e.om.) — % /dt /T_wo dp Tr( (AO(SAcp)) ) (4.34)

where in the last step we used Stoke’s theorem. Thus in order for the CS e.o.m. to be an
extremum, we should pass the boundary term in (4.34)) to the left hand side and this should

define a new action:

STes + % / dt / e T((Ai4,) = 83 / (com.) . (4.35)

™

But this is equivalent to a redefinition of the Hamiltonian in the action: instead of the ‘naive’
Hamiltonian Hy = 8% f € ApF;j, the true Hamiltonian must include an extra boundary term
E,

H=H,+ FE, (4.36)

whose variation we know,

OF = LS dt / do Tr( (AgdA,)). (4.37)
47T r—00

This F is by definition the boundary term that makes the functional H or equivalently the
action well-defined. We choose to call it E referring to ‘energy’, because it equals the value
of H on any solution of the equations of motion, since the bulk piece Hy is a constraint. We

therefore replace the Hamiltonian Hy appearing in (4.12) by H (4.36)).

Equation defines the value of ' which depends on boundary conditions. Recall that
in (4.21)) we were able to simply pull the variation ¢ assuming that 6§ = 0. In the present
case this is not the correct procedure, because Ay might depend on A, at the boundary. So
in order to find E, we must provide some more information about the system’s behaviour
at the boundary.

Field theories are defined by their e.o.m. as well as their boundary conditions. Given one set
of e.o.m., here the CS equations F},, = 0, one can define several different systems simply by
choosing different boundary conditions, and H then measures the energy for each one of those
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systems with particular boundary conditions. For example, one can choose the condition
mentioned above Ay = 0 (at the boundary), and under this condition, the boundary term is
simply zero, and the energy is zero.

A more useful choice for boundary conditions is the chiral condition referred above Ay = A,

and then we can proceed with the calculation of E from (4.37)),

k k 1
SE = E/dt/r_m dp Tr((Ag0A,)) = E(S/dt /Hoo de Tr (;‘@) ) (4.38)

from where we obtain "
_ 2
E[A,] = 8_7r/dt /T_)OO do Tr (A2) | (4.39)
which is now the energy of the system.

. 3d Gravity and BTZ black hole. In many situations, like the Chern-Simons formulation
of 2+1 gravity [41], the full action is actually the difference of two copies of the Chern-Simons
action,

I=1I[A"-I[A7], (4.40)
for two independent fields A™ and A~. The corresponding choice of boundary conditions,
leading to holomorphic and anti-holomorphic currents, is

Af =4, Ay =-A; for r— oo . (4.41)

P

The energy of the full system is then

BlAn A= o / dt /HOO do ™ ((42) — (47)°) - (4.42)

A very illuminating example is to evaluate this energy for the BTZ black hole [49]. This is the
analogue of the calculation of Regge and Teitelboim for the four dimensional Schwarzschild
black hole [4]. The BTZ black hole with mass M and angular momentum J, in the CS
formulation, is described by a constant connection that obeys Tr (Afj)Q =2 (M £ J) [47].
Therefore in Euclidean time where 0 < ¢ < 1, the energy for the BTZ black hole is

2m

k 2
E = — d M+ J — (M-=-J) | =M 4.43
BTZ = o . % (k (M +J)+ A ( )) ) (4.43)

that is the black hole’s mass, just as in the four dimensional case [4].

. The Hamiltonian generates time translations.

H is now the correct generator of time translations, because since H has well-defined func-
tional derivatives, by the same steps leading to (4.26]), the e.o.m. now read

A% = [Af H] = ™ — = DA%, . (4.44)
(5A§

This can be understood from an alternative perspective. As usual, we can regard the action
of an infinitesimal change of coordinates x'* = z# — £#(x) over the fields as a variation of
the fields themselves. It is not difficult to show that

A", = LA, = €°F% + D, (€"A%) (4.45)
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which, along a solution of the e.o.m. F' = 0 is simply a gauge transformation with parameter
g : Aa’

SA®, = D, (€"A%) . (4.46)

Thus we see that on shell there exist a correspondence between infinitesimal diffeomorphisms
and gauge transformations of the field. In particular, a time translation will be associated
with an infinitesimal gauge parameter £ Ay, which is perfectly consistent with ([4.45)).

. Conserved Charges. As we have mentioned, gauge symmetries do not carry Noether
charges. In the presence of boundaries, however, the sub-group of gauge symmetries defin-
ing “improper gauge transformations” is not generated by constraints, they do change the
physical state, and have non-zero Noether charges.

Nonetheless, improper gauge transformations are still symmetries of the action. The differ-
ence with a proper gauge symmetry is that the former are generated by non-zero quantities.
But the transformations itself -irrespective of its generator— is the same as always, and is a
symmetry.

As usual in Hamiltonian mechanics, the generator of a symmetry is conserved. The goal
of this paragraph is to prove this statement explicitly. We shall prove that the improved

generator G[¢] satisfies,

d
Gl =o. (4.47)

Since G[] is not zero, this equation does provide a non-trivial charge.

The time derivative of any functional of the canonical variables F'[A;] is computed by it’s
Poisson bracket with the Hamiltonian F' = [F, H]. The generator G[¢], however, depends
not only on A; but also on the parameter £ which may also depend on time. The full time
derivative of G[¢] is then

d

SGlE = (Gl 1)+ [ s

0GIE] ;

e & (4.48)

Since the Hamiltonian is itself a gauge generator with a parameter Ao, i.e. H = G[§ = Ag],
the first term in (4.48)) is evaluated through (4.32). Restricting to a single sector of the CS
theory, we get

d y .
%G[ﬂ = /d2x€”[§,Ao]Ej+/ri>oo ng §6¢, Ao-l—\/ngA(pf

-0 + /d¢§(a¢—ao)A¢
-0, (4.49)

where we used the chiral boundary condition Ay = A, and evaluated on shell Fj; = 0.

This calculation is rarely performed explicitly because in most cases there are other ways to
see that the charges are time independent. In this example it is easy to see that

Q] =—— dp §A”, (4.50)

7—00
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does not depend on time. (This is non trivial since £* and A, do depend on time.)

First we note that both (¢ + ¢) and A, (¢t + ¢) are periodic in ¢ and therefore also in ¢ + ¢.
Thus we may expand them as Fourier series

t—i-(p Zg 6 n(t+p) 7 t+90 ZAa m(t+)
and the charge (4.50) gives
k 2m '
Q)= -~ Z EnaA” o /0 dp eltHe)ntm)
k a
=52 % A% (4.51)

which is indeed time independent (we have used that fozw dpe™® = 218,,.). Of course there
are infinite conserved charges since there are infinitely many &,. Finally, one can proceed
with Dirac’s algorithm by defining the Dirac bracket and show that the components of
the field A satisfy, in the quantized version (where we replace the Dirac bracket by the
commutator), the Kac-Moody algebra [47]:

k
(A% AP | =€t A° ”—5abén+m 0 (4.52)

For the sl(2,R) example, the final step is to impose further boundary conditions in order to
ensure that the solution is asymptotically AdSs, and one can show that (4.52)) reduces to
the Virasoro algebra, with the central charge of Brown and Henneaux ¢ = —6k = % [48].
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