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Tensor calculus

Tools to be developed

: tensors

→ Tensor calculus

metric electromagnetic Ricci

Levi-Civita connection

Stress-energy

→ Riemannian geometry /differential geometry

➢ Gravity is the result of distortions in space-time 

created by mass and energy



Tensors

“Tensor calculus knows physics better than the physicist himself”

said Paul Langevin (one of Einstein's best friends).

.

Solvay conferences1911 1927

➢ Paul Langevin prefaced Arthur Edington's book
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Tensor calculus

(1823-1891)
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Tensor calculus

→ Important issue of the « covariant derivative » 
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Tensor calculus

(1889-1969)
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4 formulations of the Maxwell equations

Integral formulation



4 formulations of the Maxwell equations

Integral formulation

Historically, this is the first formulation (~1850)



4 formulations of the Maxwell equations

Integral formulation Differential formulation

From Maxwell and Heaviside (~1880)



4 formulations of the Maxwell equations

Integral formulation Differential formulation

Tensorial (or covariant)  formulation



4 formulations of the Maxwell equations

Integral formulation Differential formulation

Tensorial (or covariant)  formulation

As the equations are written in terms of tensors,

we can immediately see that the form is

conserved in a Lorentz-Poincaré transformation.

This is why we speak of covariant notations.



4 formulations of the Maxwell equations

Integral formulation Differential formulation

Tensorial (or covariant)  formulation Formulation in terms of differential forms



4 formulations of the Maxwell equations

Integral formulation Differential formulation

Tensorial (or covariant)  formulation Formulation in terms of differential forms

Notations free of any frame of reference, 

of any coordinates, of any metric!



Covariant formulation of classical electromagnetism

The Lorentz-Poincaré transformation

➢ Maxwell's equations are invariant under the Lorentz-Poincaré transformation



Covariant formulation of classical electromagnetism

Orthogonal transf.

same physical dimensions!



Covariant formulation of classical electromagnetism



The electromagnetic tensor

Covariant formulation of classical electromagnetism



Maxwell equations

Covariant formulation of classical electromagnetism

Dual tensor



Lorentz’s gauge

Wave equations

➢ It is associated with the gauge invariance of Maxwell's equations 

(Noether's theorem for internal symmetry).

➢

Covariant formulation of classical electromagnetism

f

f



Maxwell’s equations in terms of differential forms

Covariant formulation of classical electromagnetism

k



Maxwell’s equations in terms of differential forms

Covariant formulation of classical electromagnetism

Sa b
f = w



Maxwell’s equations in terms of differential forms

Covariant formulation of classical electromagnetism

➢ Operation *: Hodge dual or Hodge star operation

➢ *F is also called the adjoint tensor of F

F 2-form → *F 2-form J 1-form → *J 3-form



Maxwell’s equations as a field theory

Covariant formulation of classical electromagnetism

Expression in terms of differential forms

Coordinate system independent!

no volume term!



Maxwell’s equations as a field theory

Covariant formulation of classical electromagnetism

Dt



Maxwell’s equations as a field theory: field equations

Covariant formulation of classical electromagnetism



Maxwell equations as a field theory: Lorentz equation

To obtain the Lorentz equation, we need to use the Euler-Lagrange equation for the

dynamic variables of particle positions. Only the Lagrangians associated with the

particles and their interaction with the electromagnetic field are involved.

According to Lorentz's equation, F acts as an electromagnetic force. 

The variation in kinetic energy during the time interval dt is the work done by the 

electric field acting on the particle during this time interval. 

Covariant formulation of classical electromagnetism



Maxwell equations as a field theory: energy-stress tensor

➢ The stress-energy tensor is the conserved Noether current associated with space-

time translations (external symmetries). 

Covariant formulation of classical electromagnetism

from Noether*

* See the paper: A short review on Noether’s theorems, gauge symmetries and boundary terms

* Note that this divergenceless property of this tensor is equivalent to four continuity equations



Maxwell equations as a field theory: energy-stress tensor

We have

Moreover

We deduce

Then

Covariant formulation of classical electromagnetism

i=1,2,3

(*)

(*)



Maxwell equations as a field theory: energy-stress tensor

and

we deduce

We call the Poynting vector

The electromagnetic stress-energy tensor can 

therefore be written as

Covariant formulation of classical electromagnetism



Maxwell equations as a field theory: energy-stress tensor

We set

We define the Maxwell tensor:

In order to give a physical interpretation of this local relationship, we will integrate it 

over a finite volume W

Covariant formulation of classical electromagnetism

energy density

Stokes

This is the Poynting theorem

No sources (only fields)



Maxwell equations as a field theory: energy-stress tensor

Conservation laws in the presence of sources

Covariant formulation of classical electromagnetism

➢ Energy-stress tensor of a system of non-interacting particles

➢ m is the mass density (can be continuous)



Gravitational field in relativistic mechanics

Covariant formulation of classical electromagnetism

Example of a non-inertial reference frame: 

uniformly rotating (around z-axis) coordinate system



Gravitational field in relativistic mechanics

Covariant formulation of classical electromagnetism



Complements

Covariant formulation of classical electromagnetism



Covariant formulation of classical electromagnetism

Maxwell’s equations in terms of differential forms



Covariant formulation of classical electromagnetism

Maxwell’s equations in terms of differential forms


