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Gravitational field created by a massive object

The Schwarzschild line element

Å This is an exact solution of Einstein's equations for the limited case of a single spherical non-rotating mass.

Å First obtained by Karl Schwarzschild, German physicist and astronomer. 

Å He obtained this result in 1915, the same year that Einstein first introduced general relativity.

Å His last articles were published in 1916.

(1873 ï11 May 1916)

first paper
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The Schwarzschild line element
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Gravitational field created by a massive object

Constant of motion: orbital angular momentum (fixed by IC)



Gravitational field created by a massive object

Usual gravitational potential energy (attractive force, Newton)

Constant of motion: orbital angular momentum (fixed by IC)
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Centrifugal barrier (repulsive force)

Constant of motion: orbital angular momentum (fixed by IC)
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Supplementary potential energy (attractive force, RG)

Constant of motion: orbital angular momentum (fixed by IC)
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Gravitational field created by a massive object

The effective potential Veff(r) for a massive particle around a central mass. 
The curve further to the right is the Newtonian one.

Veff(r) =

Veff(r)



Gravitational field created by a massive object

The relativistic effect of gravity on an object orbiting a central mass môis simply this 

additional attractive force

ü First, it is proportional to L2, namely to the radial velocity. This means that it is a

magnetic-like force: it is not felt by a mass without angular velocity.

ü Second, it is inversely proportional to c2; therefore, it is a relativistic effect and

is small for non-relativistic velocities.

ü Third, it is proportional to rī4, which means that it becomes important ïin fact,

dominant ïat small radii. In the solar system, the planet with the smallest radius and

the largest angular velocity is Mercury; therefore, we may expect that Mercury is the

first planet where the effect of this relativistic force has a chance to be detected.

ü Fourth, it is proportional to mī1. Therefore the smaller the mass of the body in orbit

around m', the greater the force.

ü Fifthly, it is proportional to m'. Consequently, the greater the mass of the gravitating

body, the greater the force.
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Ex: Near-horizon orbits



Gravitational field created by a massive object

Ex: Near-horizon orbits

An accretion disk is a structure (often a circumstellar disk)

formed by diffuse material in orbital motion around a

massive central body.

G=m=mô=c=1
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The gravitational deflexion of light

If the square of the space-time interval is zero, this means that the light travels exactly

the geometric distance between the two events during the time between them.

ds2 = c2 dt2ïdl2

This case corresponds to the situation where dl /dt = c.

This means that in the reference frame in which the measurements were taken, only

particles with zero mass, i.e. travelling at the speed of light, can join the two events. As

the speed of light is the same in all inertial reference frames, the same applies when

these events are seen from any other inertial reference frame. This still leaves open

the possibility of a causal link between the two events, a link made at the speed of

light.

ds=0Light event  Ą



The gravitational deflexion of light

(56)



The gravitational deflexion of light

(59)
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Can light go into orbit around a black hole?

To study the trajectory of light, we can use the effective potential:

(see demonstration after)



Can light go into orbit around a black hole?

The photon sphere is a region near a black hole where the gravity is so strong that 

light itself can orbit around the black hole. The orbits in that region are unstable; the 

photons can loop around the black hole a few times, but they will not stay forever.



Can light go into orbit around a black hole?

The photon stays in an unstable circular orbit, which defines

the Innermost Bound Circular Orbit (IBCO) around the

black hole. As only light can orbit at this radius, it is

sometimes referred to as the photon sphere.



Can light go into orbit around a black hole?

Together, all possible orbital planes

form a sphere of possible orbits

of light around the balck hole

A photon can have a circular

orbit in any orbital plane around

the black hole.



Can light go into orbit around a black hole?

Direct image of a supermassive

black hole at the core of M87.

Event Horizon Telescope (EHT)

Collaboration 2019.

ü Messier 87 (also known as Virgo A or

NGC 4486, generally abbreviated to

M87) is a supergiant elliptical galaxy in

the constellation Virgo.

ü M87 is about 16.4 million parsecs (53

million light-years= 5x1020 km) from

Earth.

ü Astronomers Reveal First Image of the

Black Hole at the Heart of Our Galaxy,

May, EHT 2022.
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GR prediction



Can light go into orbit around a black hole?

If the photon crosses the IBCO radius, it will inevitably 

spiral into the black hole.



Can light go into orbit around a black hole?

The photon comes from far away, gets deflected 

and then flies off again.



Can light go into orbit around a black hole?
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The cosmological constant



The cosmological constant
Georges Lemaître

The first to understand the full cosmological implications of general relativity and to

glimpse evidence of the expansion in the astronomical data on the red shift of the

galaxies (called ónebulaeôat the time) was Georges Lemaître.

Today the evidence for the expansion is overwhelming. From the observed expansion

rate, the equations of general relativity allow us to compute the age of the universe

and its full past evolution since an initial very small and compressed state that

Lemaître called the óprimordialatomôand we call today the óBigBangô.

Lemaître realised also that the physics of this primordial atom was likely to involve

quantum effects. Today it is a common opinion that studying what happened around

the Big Bang requires quantum gravity.

V = H x d
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Lorenzôs gauge

Wave equations

Covariant formulation of classical electromagnetism

Lorenzôs

Lorenzôs



Gravitational waves

Å Einsteinwasunsureaboutthereality of OGs. Initially, hebelievedtheywerereal,drawing

an analogy with electromagnetism. However, he later changedhis mind, becoming

convincedthat theydid not exist. Thenhechangedhis mind again,decidingthat theywere

realafterall. The scientific communityremainedperplexedfor manyyearsthereafter. The

debatewas finally resolvedin the 1960s, largely thanksto the work of Felix Pirani and

Hermann Bondi. Indirect evidencefor the existenceof thesewavescontinuedto grow in

the1970s. Researchto detectthembeganshortlyafterwardsandlastedfor morethanthirty

years.

Å Severalteamsinvolving thousandsof researchershavebeentrackinggravitationalwavesfor

decades. Two major detection instruments have been developed: LIGO (Laser

InterferometerGravitational-WaveObservatory)in the USA, andVirgo in Europe(in Italy,

nearPisa). The first detection of gravitational waveswas made on September14, 2015

by LIGO, with the help of the Virgo teamfor data analysis.

Å Themergerof two neutronstarswasdetectedon August17, 2017in thegalaxyNGC 4993,

both asgravitationalwavesandas light. In all, in addition to LIGO and Virgo , some70

observatorieson thegroundandin spacetook part in monitoringtheevent. This is the first

time that gravitationalwaveshavebeendetectedwith anelectromagneticcounterpart. This

detectionreinforcesthehypothesisthatgamma-ray bursts,or at leastsomeof them,arethe

resultof the mergerof two neutronstars. This detectionverified with an accuracy of one

part in 1015 GR's prediction that thetwo signalsare movingat thesamespeed, thusruling

outa largenumberof othertheorieswhichgavedifferentpredictions.
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Gravitational waves

Sources of the waves
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Gravitational waves

- Another gauge is used (Lorenz here).

- We use another definition of the Minkowski metric.
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Twin paradox in RG



Twin paradox in RG


