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Abstract

This thesis treats some problems in the field of quantum transport in nanostructures.

In the first part, the ac—conductance of a tunnel junction is calculated in linear re-
sponse. For the junction, a quasi-one dimensional model involving a potential barrier is
used. The dependence of the frequency dependent conductance on the barrier parameters
is studied. Its low frequency behavior is interpreted in terms of a dynamical capacitance.
The influence of phase breaking electron—phonon interactions is investigated. It is argued
that the Coulomb interaction between the electrons is of minor importance at higher
frequencies. The argument provides a high frequency limit for turnstile operation.

Furthermore, the ac—conductance of a resonant tunneling diode is calculated yielding
sharp resonances at frequencies depending on the distance between the barriers. The
calculation of the exact scattering eigenfunctions of systems containing barriers with gen-
eralized boundary conditions gives contributions to the theory of persistent currents.

In the second part, linear and nonlinear transport through a quantum dot that is
weakly coupled to perfect semi-infinite leads is investigated in the parameter regime
where charging effects and geometrical quantization effects coexist. A master equation is
combined with the exact quantum states of a finite number of strongly correlated electrons
within the dot yielding the current in the regime of sequential tunneling. Different models
for the dot are used. For an Anderson impurity, an analytic solution can be given. The
phenomenological charging model for the dot is compared with a quantum mechanical
model for interacting electrons in one and two dimensions. The current-voltage curve
shows Coulomb blockade and additional finestructure that is related to the excited states
of the correlated electrons. At finite transport—voltage, unequal coupling to the leads
causes asymmetric splitting of the conductance peaks.

Negative differential conductances occur due to the existence of excited states with
different spins. The spin selection rules lead to a ’spin blockade’ decreasing the current
when certain states become involved in transport. In two—dimensional square dots the
spectrum is qualitatively different leading to new features like suppressions of linear con-
ductance peaks at low temperatures. In a magnetic field, an electron number parity effect
due to the different spins of the many—electron ground states is predicted as well as a
vanishing of the spin blockade effect. All of the features discussed in the second part are
consistent with recent experiments.



4 Zusammenfassung

Zusammenfassung (Abstract in German)

Diese Arbeit behandelt einige Aspekte des Quantentransports in Nanostrukturen.

Im ersten Teil wird der frequenzabhangige Leitwert eines quasi—eindimensionalen Tun-
nelkontaktes im Rahmen der linearen Antworttheorie berechnet. Dabei wird ein Poten-
tialmodell fir die Tunnelbarriere verwendet und der Einflufl der Modellparameter auf den
Leitwert untersucht. Seine Frequenzabhangigkeit wird benutzt, um eine dynamische Ka-
pazitat des Kontaktes zu definieren. Auch die Auswirkungen phasenbrechender Elektron—
Phonon Wechselwirkungen werden untersucht. Es werden Hinweise dafiir gefunden, dafl
die Coulomb—Wechselwirkung bei hohen Frequenzen von untergeordneter Bedeutung ist.
Daraus kann eine Obergrenze fiir die Betriebsfrequenz des als Stromstandard vorgeschla-
genen sogenannten Elektronen—turnstile gefolgert werden.

Desweiteren wird der frequenzabhingige Leitwert eines Doppelbarrierensystems im
Bereich des resonanten Tunnelns berechnet. Dabei treten scharfe Maxima bei Frequenzen
auf, die vom Abstand der Barrieren abhangen. Schlieflich fiihrt die Berechnung der
exakten Eigenfunktion von Ringsystemen, die Barrieren enthalten, zu einem Beitrag zur
Theorie der Dauerstrome.

Im zweiten Teil der Arbeit werden lineare und nichtlineare Transporteigenschaften
schwach kontaktierter kiinstlicher Atome (Quantentopfe) untersucht. Eine Master—
Gleichung erlaubt zusammen mit den exakten quantenmechanischen Zustdnden einiger
stark korrelierter Elektronen die Berechnung des Stroms bei beliebiger Transportspan-
nung im Rahmen des sequentiellen Tunnelns. Verschiedene Modelle fiir das kiinstliche
Atom werden verwendet. Fiir eine Anderson—Storstelle kann eine analytische Losung
angegeben werden. Ein phanomenologisches Ladungsmodell wird mit voll quantenmecha-
nischen Modellen wechselwirkender Elektronen in einer und zwei Dimensionen verglichen.
Die Strom—Spannungs Charakteristik zeigt Coulomb Blockade und weist zuséatzliche Fein-
struktur auf, die auf angeregte Zustande der korrelierten Elektronen zuriickgefiihrt werden
kann. Bei endlicher Transportspannung fiihrt eine ungleiche Kopplung an die Zuleitungen
zu asymmetrischen Leitwertpeaks.

Aufgrund angeregter Zustéande mit verschiedenem Gesamtspin treten Bereiche mit neg-
ativem differentiellen Leitwert auf. Die Spinauswahlregeln fithren zu einer ’Spin Blockade’,
die den Strom verringert, wenn bestimmte Zustiande zum Strom beitragen. Das Spektrum
von zweidimensionalen quadratischen kiinstlichen Atomen ist qualitativ verschieden von
dem eindimensionaler Modelle und fithrt zu weiteren neuartigen Effekten wie etwa der
Unterdriickung linearer Leitwertmaxima. Fiir quasi-eindimensionale Systeme in einem
Magnetfeld wird aufgrund der verschiedenen Gesamtspins der Vielelektronenzustande ein
Elektronenzahlparitéatseffekt vorausgesagt. AuBerdem wird die Spin Blockade durch das
Anlegen eines Magnetfeldes unterdriickt. Alle im zweiten Teil diskutierten Eigenschaften
stehen im Einklang mit neuesten Experimenten.
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Preface

Due to immense progress in nanostructure fabrication technology, the physics of meso-
scopic systems has attracted a lot of interest in the last ten years. Systems, in which
typical geometrical length scales are small as compared to the phase coherence length L.,
show a great variety of new quantum phenomena [T, 2.

Examples are the weak localization in disordered films [3, @], the quantization of the
conductance through quantum point contacts [Bl 6], and Aharonov—Bohm oscillations of
the magnetoresistance in tiny metallic cylinders [7] and in gold rings [§]. The role of phase
coherence effects is strikingly demonstrated in experiments where a ring being externally
connected to one of the leads introduces similar oscillations in the magnetoresistance of
a small wire [9]. Recently, even persistent currents in single rings have been observed in
metallic [I0] and in semiconductor based [I1] rings.

In view of possible applications of the novel effects, some new devices have been
proposed that could appear in high technology products in the future. Among the most
prospective ones are the single electron transistors [12, [[3] which can be used as highly
sensitive electrometers. They could represent the basis of the next generation of computers
providing the ultimate step in the miniaturization of information technology hardware. In
single electron tunneling devices, a controlled transfer of electrons can be achieved [14] by
applying ac—voltages [T}, [T6], [T7, [T8]. This could open the way to a new current standard
which is based on counting electrons that pass the sample per unit of time [T9, 20, 21].

Thus, transport properties of mesoscopic systems are highly interesting in view of pos-
sible future applications. The main problems to overcome are the very low temperatures
needed to operate such devices as well as the still quite high production costs. However,
charging effects have recently been observed in ultrasmall systems at room temperature
[22.

Additionally, the behavior of mesoscopic systems lies between the properties of the
classical macroscopic world of every day life, and the microscopic world of atoms and
molecules governed by the laws of quantum mechanics. Investigating mesoscopic systems
is therefore fundamentally interesting. It allows to study the transition from quantum
to classical behavior. Further, the typically low number of particles in small systems
allows to treat few—particle systems experimentally as well as theoretically and therefore
to enlarge the general understanding of many—particle problems [23]. It is possible to
create artificial atoms [I3] by confining electrons in potential wells, the so—called quantum
dots and to tune the parameters by applying external gate-voltages. Using nonlinear
transport experiments, the spectrum of quantum dots being weakly coupled to reservoirs
can be investigated [24, 25]. Very recently, even coupled dots have been realized [20]
representing artificial molecules.
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In this thesis, we address questions that are of relevance for applications as well as for
fundamental research. In the first part, we investigate the frequency dependent conduc-
tance of a single barrier and compare it to the behavior of a classical circuit. Working in
the limit of low transport voltage, we use the general linear response formalism to calcu-
late the conductance at arbitrary frequency. This is related to the turnstile effect where,
using ac driving fields, electrons are transferred through the device one by one |21} 27].

In the second part, the influence of excited levels inside a quantum dot being weakly
connected to semi—infinite leads on the transport properties is studied. A rate equation
method allows to calculate the dc—current at arbitrary transport voltage. We trace back
the transport properties to the spectra of correlated electrons in low dimensional systems
and find striking results. They are consistent with recent experiments [24, 28, 29, 30}, BT,
32, 33, 134, 36].
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Introduction

The capacitance of mesoscopic systems is an important quantity in the context of tiny
tunnel junctions and small grains. If their capacitance C' is very small (of the order of
10~ F, the energy needed to charge them with one single electron, the charging energy
E¢ can exceed the energy of thermal fluctuations kgl at subkelvin temperatures.

Thus, consequences of the discreteness of the electronic charge can be observed exper-
imentally. Among the most striking ones is the Coulomb blockade [37, B8, 89, 40] which
suppresses tunneling through small junctions of low capacitance when the applied voltage
is not high enough to provide the charging energy. The current—voltage characteristic
shows a voltage offset Vo = €/2C which can be used to determine the capacitance of the
junction.

However, in single junctions it is extremely difficult to detect these effects. If there is
not an impedance high enough to avoid fast discharging of the junction on a timescale
7 = h/Eg, the Coulomb blockade effect will be unobservable [41]. For the same reason,
the tunneling resistance of the junction Rt has to be large. Since the time needed to
discharge a capacitor connected to a resistor is given by 74 = RC, this yields the condition
R > h/e? for both, the tunneling resistance and the impedance of the environment.
Experimentally, the second requirement is very difficult to fulfill and the Coulomb blockade
in single junction systems could be observed only recently in normal metal [42] and in
superconducting systems [43].

On the other hand, the confinement of electrons to a box between two tunnel junctions
with high enough resistance allows for the investigation of the Coulomb blockade without a
dissipative environment (the effect is still influenced by the surrounding fluctuations [44]).
The first observation was reported in the context of tunneling through small tin particles
M5]. In the meantime, controlled fabrication of small enough islands is possible and
allows for systematic investigations of the effect [I2, [[9]. In tunneling through ultrasmall
particles, using the tip of a scanning tunneling microscope to form one of the barriers,
the Coulomb blockade has been observed even at room temperature [22].

In a large part of the literature, the capacitance of a tunnel junction is treated as a
phenomenological parameter. Only few authors tackle the problem to justify the concept
of a capacitance starting from a microscopic quantum mechanical model [A6]. Corrections
to the classical value have been found {7, B8] within a path integral formulation of
tunneling between superconductors.

We investigate the question of the justification of the capacitance in very small quan-
tum systems by considering their dynamical properties. Using the frequency dependent
conductance one can define a capacitance of a tunnel junction modeled by a potential
barrier without referring to the Coulomb energy. We will demonstrate that in certain

15



16 Introduction

regions of Fermi energy Er and barrier parameters one can simulate the behavior of the
quantum system by a circuit involving resistors and a capacitor. The ‘dynamical’ capaci-
tance defined in this way is a genuine quantum feature. This is demonstrated by studying
the dependence of the ac—conductance on inelastic processes using a simplified model in-
volving electron—phonon coupling. The capacitive behavior is suppressed as temperature
is increased when inelastic scattering is present. A similar effect has been found recently
[49, B0, 5] using a semiclassical approach yielding the current—voltage characteristic at
zero frequency.

Transport properties of mesoscopic systems are particularly interesting in the context
of double barrier structure where Fabry—Perot like resonances are expected and observed
experimentally [52] if the phase of the electrons is conserved. We will show that this leads
to interesting phenomena in frequency dependent transport.



Chapter 1

Linear response theory

In the following we use quantum mechanical linear response theory. It provides a general
formalism for the calculation of the frequency dependent conductance that allows, at
least in principle, to treat inelastic processes and interactions in mesoscopic systems in a
systematic manner [53, 54].

The linear response theory for the electrical conductivity is presented in numerous
textbooks, e. g. in [5A, B66]. However, in mesoscopic systems the electric field is varying over
the spatial extension of the sample and geometrical confinement effects dominating the
behavior destroy the translational invariance of the problem. This requires a nonstandard
form of the Kubo formula [57]. For tutorial reasons, we derive the conductance formula
needed for calculating the frequency dependent conductance of mesoscopic systems in
linear response to an electric field applied to a finite part of the sample following the
references [58, BY] and [60].

1.1 General formalism

We start from the total Hamiltonian
Hiw = H+ H', (1.1)

where )
H= — 7 ) 1.2
2 (gt +V@) (12)

fully describes the system considered with the potential V' (Z). H' takes into account the
interaction with the electric field that will be assumed to be infinitesimally weak and shall
be treated in lowest order. The sum runs over all the electrons in the system. e and m*
are the charge and the effective mass of the electrons, respectively. Expressing the electric
field q( )

= 0A(Z,t

E(Z,t) = g (1.3)
via the vector potential, we use the Coulomb gauge VA = 0 and set the electrostatic
potential & = 0. The current density operator can be written in the form

- e

J@) = 3= S i 8@ = T, (14)

2

17



18 CHAPTER 1. LINEAR RESPONSE THEORY

where [...,...];+ denotes the antikommutator. We have to mention that we have omitted
a diamagnetic term which is of no importance for the dissipative conductance we're going
to calculate. This form of the current density operator leads to the usual result for the
matrix elements in space representation

—

Ful® = (0 17(0) 1) = o (0 (@) V45 (@) — 05 (7)) (15)

with the eigenfunctions of the unperturbed Hamiltonian ;. The lowest order term in the
vector potential entering the perturbing Hamiltonian is

e = =
H=-—— ;A + Ap; 1.6
- Z (B A+ Apy) (1.6)
and can be expressed as
H = — / B A7 0)5(7). (1.7)

To calculate the thermal expectation value of the current, we use the density operator p,
whose time evolution is governed by the Liouville-von Neumann equation
dp

Zha = [Htotap] : (18)

We assume adiabatic switching on of the perturbation by a monochromatic field

(= i (2w
A(Z,t) = w+mE(x)e L (1.9)

The (infinitesimal) imaginary part of the frequency in guarantees the vanishing of the
electric field at ¢ — —oo. Therefore, the appropriate initial condition at ¢ = —oo for the
solution of (L) is thermal equilibrium described by

po =S J(E) )i (1.10)

with the eigenstates | i) and the corresponding eigenenergies F; of the unperturbed Hamil-

tonian H, where
1

FE) =
M= ol By 1
is the Fermi-Dirac distribution function with the inverse temperature 5 = 1/(kgT) and

the Fermi energy Ew. Writing p(t) = po + p/(t), and keeping only terms linear in the
perturbation, the Fourier transform of ([CH) gives

(1.11)

hwp'(w) = [H, p'(w)] + [H'(w), po] - (1.12)
Solving for p’(w) in the basis of the unperturbed eigenstates, one finds the matrix elements

/ f(E]> - f(EZ) /
pij(w) = B, — B+ hi(w er)Hij(W)- (1.13)
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The thermal expectation value for the current density is the trace over the current density
operator weighted with the density operator

—

(&, 1)) = Tr (poj(Z, 1)) + Tr (p' ()5 (7, 1)) - (1.14)

The first (equilibrium) term can be shown to vanish and the evaluation of the second one

using (CI3) with (C7) and (CJ) gives the result
G@w) = [ @@, 7,0 B w) (1.15)
with the nonlocal and frequency dependent conductivity tensor

o SE) = (B Ju(@)E)
(=) 2 wHin  E;— Ei+hw+in)’

o(Z, 7, w) =

(1.16)

,J

This result containing two current density matrix elements representing a current—current
correlation function can be interpreted in terms of electron—hole excitations created at 2/,
propagating through the system and recombining at x. The full conductivity tensor can in
principle be used to discuss inductance effects. However, the evaluation of the imaginary
part of the current is highly nontrivial because of principal part integrals arising from
the energy denominator in the continuum limit. Only in very simple cases some results
have been obtained [61]. The dissipative conductivity can be defined using the density of
absorbed power averaged over one period

to+27 /w
p(Zw) = 2 /dtﬁ(f,t)g(f,t». (1.17)

to

Solely the real part of the conductivity contributes to the absorbed power. Thus, the
dissipative conductivity is

o(Z,7,w) = Relo(Z, 7', w)] . (1.18)

For any finite frequency, the real part of (ILIA) is given by

o(f,#w) =1 J5) " I 7 (#)7(@)5(E, — Es + hw) (1.19)

in the limit n — 0. This quite general formula will be applied below for a quasi—one
dimensional situation.

1.2 Definition of the conductance

To determine the conductance, the spatial shape of the applied electric field has to be
fixed. Then, the frequency dependent current can be calculated and related to the voltage
drop.
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We now consider a quasi—one dimensional wire and the electric field is always taken
in the longitudinal direction described by the coordinate z (¥ = (z,z,)). For simplicity,
the electric field

E(z,t) = EyO(1/2—|z]), cos(wt) (1.20)

where
1 for >0

Ox) = { 0 for <0 (1.21)

is the usual step function, is assumed to be constant on a finite interval [ of an infinitely
long wire and zero outside. The conductance is defined via the absorbed power [58, 63,
62, [67]

2P(w)
Mw) = T (1.22)
The energy absorption rate
to+2m/w
P(w) = 21 / dt /d:p Bz, 6){j(z, 1)) (1.23)
s

to

is an average over one period 7" = 27/w of the driving field and the voltage is U = Fjyl.
Inserting the general linear response relation ([CTH), we find our definition to be equivalent
to the spatial average of the real (absorptive) part of the conductivity

1 iz

TRy

I'(w) drdr'Red(z,2’;w) . (1.24)

The only space dependence in the real part of the conductivity is contained in the matrix
elements of the current density. Thus, we define the current matrix elements

12 12
, eh o; L0,
Sy [deis@) = 2 [da (ax %—m%). (1.25)
_i/2 _i/2

With (L), the average ([C24) gives

M) = %/dEf(E)—££E+hw)

x S |Jij|?6(E — E)S(E + hw — Ej), (1.26)
i,J

where the energy integral has been introduced together with a )—function for convenience.



Chapter 2

The single barrier model

We consider a quasi—one dimensional system confined by a parabolic potential in transver-
sal direction, without Coulomb interaction. A rectangular potential barrier of length b
and height V' in the longitudinal direction serves as a model for a tunnel junction (Fig-
ure ZT]). This description is more suitable for a discussion of the dependence on barrier
parameters than the extensively used tunneling Hamiltonian which was introduced in
the context of superconducting tunneling [66]. It allows to investigate also the regime of
high transmission where the tunneling Hamiltonian breaks down [67]. We shall solve the
Schrodinger equation

h2
<_2m* V2+V(x,xl)> U(r,z,)=EVY(r,z,) (2.1)
with the potential
1
V(z,z,) =VO(b/2 — |z|) + am*wixi , (2.2)

where ¥ = (z, 2, ). Since the potential term in the Hamiltonian is a sum of the longitudinal
and the transversal potential terms, the Schrodinger equation can be separated.

We assume the wire to be narrow enough (hw, > m*/2v3) to allow for the restriction
to the lowest band with transversal wave function

x(21) oc exp — (21 /20)?, (2.3)

V(zx), E(z,0)
Vv
Ey

r==|—=—1 -] —n

| |

| |

| |

12 _1/2 —b/2 b/2 1/2 K

Figure 2.1: Model potential and space dependence of electric field (dashed).
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where A = /h/(2mw) is the effective transversal width. y(x ) is the usual and well known
ground state wave function of the harmonic oscillator problem in transversal direction.
The total wave function is given by

Uz, zy) = ¥(z) x(zL) . (2.4)

2.1 Longitudinal eigenfunctions

For a system of total length L we calculate the exact longitudinal eigenfunctions ¢ (x)
using periodic boundary conditions at x = +L/2 and evaluate the conductance in the
limit L — oo. It is worth mentioning that the boundary conditions do not affect any
of the results of our calculations because we will always take the thermodynamic limit
L — oo first. In fact, a calculation using hard walls at x = +1/2 yields identical results
for the conductance in linear response.

For periodic boundary conditions, the longitudinal part of the Schrodinger equation
is solved by the set of symmetric and antisymmetric eigenfunctions

Asin(—kx + ¢3,) for z < —b/2
i (z) = ¢ Bj cosh(kx) for |z| < b/2 (2.5)
Asin(kx + ¢3,)  forx > b/2

and
—Asin(—kx + ¢%) for x < —b/2
Yi(x) =< Bpsinh(kz) for |z| <b/2 | (2.6)
Asin(kx + ¢3) for x > b/2

respectively, with the abbreviations
k = V2m*E/h
and K = \/m /h.
Imposing periodic boundary conditions

Ur(L/2) = ¢u(=L/2)

. IYx(z) . i ()
| = | 2.
zﬂg/%fo ox mﬁflg/l%o ox (2.7)
on the symmetric/antisymmetric wave functions yields the conditions
kL
cos (— + gbi) =0
2
kL
sin (7 + ¢Z> = O, (28)

being satisfied by wave vectors k solving kL/2 + ¢, = w(n + 1/2) and kL/2 + ¢} = 7n,
respectively, with n = 1, 2,..., co. The phases QSZ/ * modify the density of states due to
the presence of the barrier.
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However, in the continuum limit L. — oo their importance vanishes ~ 1/L at a given
k and one finds for both, symmetric and antisymmetric states the same density of states

L

k) = : 2.
o) = s (2.9)
Here, v(k) = hk/m* is the classical velocity corresponding to the wave number k.
In the limits kL — oo and L/b — o0, the normalization condition leads to
A=/2/L (2.10)
while the matching conditions at z = £b/2 yield
B/* =~"4 (2.11)
v (kb2 + 6})
sin + o,
;= 2.12
Tk cosh kb/2 (2.12)
e kb2 + 67
sin + of
0= ) 2.1
e sinh rb/2 (2.13)
The phases QSZ/ * are the solutions of the equations
k
tan(kb/2 + ¢}) = — coth xb/2 (2.14)
K
and .
tan(kb/2 + ¢;) = — tanh kb/2. (2.15)
K
2.2 Conductance
As shown in Chapter [I, linear response theory yields the general formula ([L26])
b T f(B) = f(E A hw)
Pw) = o5 [dE -
0
i,J
with the current matrix elements
o fowr 01
e A .
Ty = [do (SEv - w22 2.17
2im* Vo . (8:6 Vi Y 83:) ( )

In the continuum limit we can replace the sums over the eigenstates by integrals with the
density of states from (ZZ9) according to the rule

> — / dEip(E;) . (2.18)
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Then, one can perform the integrations due to the delta functions in (2I6). Inserting
the exact expressions () and (Z26) for the wave functions into the conductance formula
(2218), the calculation of the current matrix elements (217) is lengthy but straightforward.
The resulting expression for the conductance of our system is given by

Nw) = 2_};27dEf(E)_££}E+ﬁw)
0
) 7

ko, =/2m*(E + hw)/h. (2.20)

Jitk, are the current matrix elements between symmetrical states characterized by the
wave number k; and antisymmetric states that correspond to ky. For symmetry reasons,
the current matrix elements between two symmetric states must vanish as those between
antisymmetric states. This is due to integrating over a symmetrical interval in (2I7),
where all of the terms in the integrand become antisymmetric functions. For the case
[ > b, when the barrier is shorter than the region of nonzero electric field, we find from

ETD) with (ZH) and (28) using standard integrals [68]
eh

2
+

sa
‘]kk:w

sa
ka k

2) (2.19)

with

Ttk = 77 (Gt (D) = € (0) + 95,78k 1)) (2:21)
while the result for [ < b is
sa eh S a
Jklkg = m—*L%l’VkQCklkg(l)- (2.22)

Here, we have introduced the functions

Epke () = cos [k“x/Q + ¢—] kT — cos [k+x/2 N ¢+] -

Copko(T) = sinh [/ﬁx/Q] Kk~ /kT — sinh [Fa’x/Q} kK™ (2.23)
with
K12 = [2mV/R® —ki,)'?
Y = kit ks
KT = Ky T ko
ot = ¢, £, (2.24)

They arise from spatial regions inside the electric field without and with the presence of
the barrier, respectively, contributing to the conductance.
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Results

3.1 Numerical evaluation of the conductance

The evaluation of the formally exact expression (ZI9) can be done using a computer in the
general case. We did the energy integration numerically using Mathematica” routines
on IBM RISC workstations.

The conductance I'(w) at zero temperature is plotted in Figure Bl for various values
of the Fermi energy Er. For the lowest curves, Fr < V and the dc—current is strongly
suppressed by the tunneling barrier. Finite (not too high) frequencies increase the con-
ductance. Around Ep =~ V the behavior changes qualitatively. At Frp > V, the dc—
conductance is of the order of the quantum conductance e?/h and increasing frequencies
tend to decrease the absorptive conductance as in ideal quantum wires.

Similar results have been obtained for a two dimensional tight binding model with a
constriction acting like a tunnel barrier [62]. At low energy, a maximum in the conductance
appears at a frequency where roughly iw = 2(V — Eg). This can be understood from
the description of transport in terms of electron hole pairs being implicitly included in
the Kubo formula. A high conductance can be achieved when at least the electron can
propagate above the barrier.

3.2 Limiting cases
In spite of the complicated general result, analytic expressions can be found for some

limiting cases. It is instructive to consider the following situations.

3.2.1 Free quantum wire

The general result (22I9) contains the conductance of a free quantum wire. Setting b = 0
or V = 0 yields the simple current matrix elements

sa

eh
Jk'lk'2 = im*Lgkle (l) . (31)
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Inserting them into the general conductance formula, one finds the exact result

hopo f(E)— f(E+hw) 26 1
Tho(w) = — / dE
free () 22 Jo hw Ar2h? Kk,

(Z - Z: sin[(k — kwﬂ/?])Q i (]Z ; Zﬁ sinlk+ k‘”)l/Q])Q] |

At not too high frequencies, hw < Ff, the second term in big brackets can be neglected
as compared to the first one. Expanding k,, up to linear order in hw/Ew, the well known
[63, 64, 65] conductance of a free quantum wire

Thoe(w) = — <_Sin£ﬁgj: F)>

- (3.3)

in the regime hw < Ff is reproduced. This result shows a decreasing conductance with
frequency and oscillations at higher frequencies. These oscillations as well as the frequency
scale on which the conductance decreases, depend on the length of the irradiated region
of the sample and the Fermi velocity. The first minimum occurs at

. 2w (Ux

Wi = —— (3.4)

This frequency can be interpreted in terms of a ’traversal time’, an electron at the Fermi
edge needs to travel through the irradiated region. At wy,, the electron passes the length
[ of the wire in exactly one period 27 /w and the net effect of the field vanishes. Along
this line, all the further minima can be explained by using integer multiples of a period.
Studying other spatial distributions of the electric field [60), 63] it has been shown that
the conductance is determined by the autocorrelation function of the electric field.
By means of the Kramers—Kronig relation [69)

) = =2 P [ (=) 1), (3:5)

w —w
where P [ denotes a principal part integral, one obtains from the real (absorptive) part
(B3) an approximation for the imaginary (reactive) part

e 2up (o sin(wl/vr)

free(W) = 5> (1 W) (3.6)

which is correct at low frequenciesﬂ. The behavior of I'gee(w) and ', at low frequencies is

very close to the conductance of a classical resistance h/e? and an inductance (h/e?)l/3vp
in series. The dc—conductance, being determined by the resistor is just the quantum
conductance, while the decrease of the (absorptive) conductance is a consequence of the
presence of the inductance. The sign of the reactive part of the conductance describes
the phase shift between current and voltage induced by the inductance.

L After performing a decomposition into partial fractions, the remaining integrals leading to () can
be found in [68]
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3.2.2 Low barrier

In the case of a low barrier, lower than the Fermi energy, the behavior of a free quantum
wire is affected by the existence of the barrier. Nevertheless, some significant features
remain valid. The curvature of the conductance plotted over the frequency is always
negative at w = 0. The position of the first minimum of the conductance is altered. It
can be interpreted by using the time 7 the electron needs to travel through the region in
which the electric ac field is applied. 7; is increased in the presence of the barrier. We
want to emphasize, that this concept breaks down at higher barriers, when we have to
tackle a tunneling problem. It is not within the scope of this work to treat the problem
of tunneling times, which is a topic of intensive discussion [70, [7T], [72].

The exact conductance is plotted versus the frequency for different barrier parameters
in Figure B2 We see that the decrease of the conductance with frequency is not very
much influenced by the barrier width but by the length [ on which the field is applied. In
fact the heuristic formula for the time ’the electron stays in the field’ 7, = b/vg+ (I—b) /vp

with the 'Fermi velocity over the barrier’ vg = \/Q(EF — V) /m* gives with w = 27 /7 (at

this frequency, the electron passing through the field ’sees’ a whole period of the field) a
rough approximation for the first minimum in the graphs.

3.2.3 DC—conductance

To obtain the dc—conductance, we perform the limit w — 0 in the general expression for
the conductance (ZI9). At zero temperature, the term containing the Fermi distribution
functions collapses to a delta function centered at Fr — hw/2 and the energy integration
yields ,
h (m*L 1
Dl < Be) = o5 (522 ) g (Rl + i ) (3.7)
with the abbreviations

K+ = \/2m* (Bp £ hw) /h. (3.8)

Performing the lengthy but straightforward calculations of the limiting procedure w — 0
in the expression (B1) yields the dc—conductance of a single barrier

2
(&
e = ET(EF) , (3.9)

where

B AE(V — E)
"~ 4BE(V — E) 4+ V2sinh® kb

T(E)

is the well known transmission coefficient of a rectangular potential barrier [73].

The equation ([B3) is the 'two terminal’ Landauer formula. Some years ago, there
have been intensive discussions whether or not in the genuine four terminal’ Landauer
formula [75, 76, 7] G = (¢*/h) T /(1 —T) the denominator should be used. The different
formulas were found to correspond to different experimental setups [74]. While the latter
describes a disordered conductor connected via ideal one dimensional leads to reservoirs
and the voltage is measured across the sample without the leads, the first one corresponds

(3.10)
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to measuring both, voltage and current via contacts well inside the reservoirs. The "four
terminal’ Landauer formula has never been justified by a decent linear response calcula-
tion. In contrast, the two terminal” version (without the denominator 1 — 7") is nothing
but the dc—limit of linear response theory. This can be shown for very general situations
K9]

Due to the presence of quantum coherence, (B9) does not depend at all on the details
of the electric field applied and only the voltage drop between the reservoirs determines
the current. The result is independent of the region where the driving field is applied.
Even if the voltage drop occurs far from the barrier, () remains unchanged [78]. In
contrast, at finite frequencies, the conductance depends sensitively on the shape of the
electric field applied as well as on the relation between the irradiated region and the
barrier region.

3.2.4 Low frequency expansion

The behavior of the conductance at low frequencies is particularly interesting for the
discussion of the capacitive properties of the tunnel junction. We perform the expansion

[(w) = TPC + T'yw? + Ofw?] (3.11)

exactly up to second order in the frequency. Due to the complex dependence of the
conductance (ZI9) on the frequency in the general situation, we calculated the second
order coefficient I'y in the case b = [ using the program Mathematica’™ for algebraic
computations running on an IBM RISC workstation. The result is given in Appendix [Al
In spite of being quite lengthy and difficult to deal with, the expression is nevertheless an
exact result which can be plotted (see Figure B3).

The first of the interesting features is an increase of I'y starting just below Ep = V.
For not too low barrier length b, the coefficient I'y is positive at EFp < V. It will be
interpreted in terms of a dynamical capacitance of the junction in Chapter Ml

Above the barrier, at EFr > V', oscillations occur and the barrier no longer exhibits
the behavior of a genuine capacitor.

Very high barrier

For a nearly impenetrable barrier, keeping only the leading term in exp(—«b), we expand
B with respect to w for kp < kg and find

Mw) = 6—;T(EF) L ) ( (l b i>2 - (i)z (3.12)

27 h? k2 12 2 Ky K
1 I—b 1 2 kp K2\, A
+ 2 (COS [ka <T+H—F>] — cos [H—F‘|> +% w” + Ofw?]
A numerical evaluation of this formula in comparison with the exact result for the second

order term in the frequency (Appendix [A]) shows that the relative error of the coefficient
in (BT2) is less than 1072 if we choose kp/kp < 0.03 and kpb > 15. When the voltage
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drop occurs just over the length of the barrier, we can set b = [ in (BI2) and obtain the
much shorter expression
o2 e2(m*)? k2
Mw)=—T(E¢) + —=>——2w?+ 0w . 3.13

This is nothing but the 17th term in the exact result (A3]).

Setting b = [ intuitively seems to be a reasonable assumption not only when the electric
field is introduced by shining light onto the sample, but also if voltages are applied to the
reservoirs with not too high frequencies.
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CONDUCTANCE
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Figure 3.1: ac-Conductance of the one-dimensional system with a barrier of length b =
5h(2m*V)~1/2 and field length [ = 7A(2m*V)~/2 at zero temperature for various values
of Er (the curves are offset for clarity).



3.2. LIMITING CASES 31

I'[e?/n]

CONDUCTANCE

o

00 b

[

0
w[V/h]

1

5

7
9
11

. . , — 13
0.5 1 1.5 2
FREQUENCY W [V/h]

Figure 3.2: The ac—conductance of the system at high Fermi energy (Er = 2V) for
constant length of field irradiation (I = 10A(2m*V)~1/2) and different values of the barrier
width b (above) and for constant barrier width (b = 54(2m*V)~'/2) and different values
of [ (below). The lengths [ and b are indicated in units of 4(2m*V)~/2 at the right of the

curves, which are offset for clarity.



32 CHAPTER 3. RESULTS

, .1 COEFFICIENT
I, |€
2 [h VQ] 4|

2- b

: L
5

- 4

.
i~
I ENERGY

= | Er |V

Figure 3.3: The exact result for the coefficient of the w?-term in the low frequency
expansion of the zero temperature conductance for [ = b is plotted in units of (e?/h)(h/V)?
as a function of the Fermi energy Ep/V for different values of b which are indicated in
units of A(2m*V)(=1/2) The curves are offset by 0.5 (b — 3).
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Comparison to the behavior of a
classical circuit

It is well known from elementary classical electrodynamics [69], that the frequency de-
pendent conductance of a circuit containing coils and capacitors depends crucially on the
values of their inductance and capacitance, respectively. In the case of circuits which are
dominated by capacitors, an increase of the conductance with frequency is not unusual.
Since our quantum mechanical model is supposed to describe a tunnel junction which
can be interpreted in the de-limit roughly as a resistor and a capacitor in parallel |38, [79],
it is tempting to compare its frequency dependent conductance with a classical model and
to define its dynamical capacitance from the increase of the conductance with frequency.
The second order term in the frequency of (BI3) shall be interpreted in this direction.

4.1 Classical model

We propose a very simple classical system (Figure El) whose conductance will be com-
pared with our results for the tunnel junction. It consists of an ohmic conductor with
very low conductance I't in parallel with an ideal capacitor of capacitance C'. This ar-
rangement corresponds to the tunnel junction which behaves like a capacitor but has
nevertheless a low transmission at zero frequency. The leads are represented by the shunt
impedance Zy in series to the tunnel junction.

The complex conductance of the classical circuit (Figure EZ)) is

1 -1
FT —wC .
We take the limit I't < 1/|Zy| and expand the real part of ([EIl) for low frequencies.
Using for the impedance Zy the results for the free quantum wire (B3]) and (B8), we find

To(w) = |Zy + (4.1)

Rel(w) =T+ e—;;CQwZ + O[w?] . (4.2)

The imaginary part of Zy does not enter the lowest order terms and contributes only in
fourth order to (E2). To take the real part of the conductance corresponds to our way to
define the quantum conductance via the absorbed power ([L22).

33
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||O

I'r

Figure 4.1: Classical circuit with a low frequency behavior close to the properties of a
quasi—one dimensional tunnel junction

4.1.1 Dynamical capacitance

The comparison of the equations (f2) and (BI1]) yields the dynamical capacitance Cp =
(e2/h) I'y leading with (BI3)) to

e2m* kp 1

Cp=——"F_
P orh? kR b

(4.3)
which is valid in the regime of very high barriers.

One can see from Figure B3 that a well behaved capacitance can only be defined when
the Fermi energy is below the top of the barrier. Thus, a junction in which the electrons
do not have to tunnel cannot behave capacitively.

4.2 The role of electron—electron interactions

In order to decide whether or not the dynamical capacitance is the same as the static
capacitance needed to understand the Coulomb blockade, it is in principle necessary
to consider the influence of electron—electron interactions. While Coulomb interactions
are crucial at zero frequency, their importance for the conductance diminishes as w is
increased. This can be concluded [83] from the RPA result for the density—density cor-
relation function [55] of a quantum wire where the interaction induced corrections to the
noninteracting limit vanish as w=2.

A quantitative estimate of the frequency wy above which Coulomb interactions have

minor influence can be found using the tunneling Hamiltonian
H = Hy, + Hg + Hr + Hc, (4.4)

where Hy, and Hy describe semi-infinite wires on the left and right hand side of the barrier.
They are coupled by the tunneling term Ht and the Coulomb interaction is modeled by

He = A\(Q1 — Qr)*, (4.5)
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where ()1, and Qg are the operators of the total charge in the left and the right wire, and
A parametrizes the interaction strength.

Applying linear response theory for A = 0, one finds that the conductance consists of
two contributions. The first is Iy = (e?/h)(wl/4vp)? at low frequencies fiw < Ep and
kgl > 1 and is due to the motion of the electrons in the semi-infinite wires. Here, [ is
again the interval where the electric field is applied, vg and kp are the Fermi velocity and
wave vector, respectively. The second contribution is the dc—value (e?/h)T, which is due
to electrons tunneling through the barrier with transmission probability 7. Taking into
account the Coulomb interaction (A # 0), the first contribution remains unchanged and
H¢ results only in a constant energy shift.

The second contribution to I' arising from charge changing tunneling processes turns
out to be suppressed [R)]. We define wy as the frequency above which the unchanged
term ~ w? prevails over the (dc-) contribution at A = 0 that is influenced by Coulomb
interactions. While at low frequencies, interactions dominate the behavior [81], well above
this frequency, which is given by

wo = (4vp/OVT | (4.6)

the total conductance is dominated by the semi-infinite wires, independent of the strength
of the interaction A. For high frequencies w > wq the investigation of frequency dependent
transport properties of tunnel junctions neglecting electron—electron interactions should
be a good approximation for the system even in the presence of interactions.

Of course, the model () is a severe simplification of the realistic situation. The
interaction term does not take into account the decreasing charging energy when the
electron leaves the region of the tunnel junction. Therefore, in this model no resistance is
needed to observe the Coulomb blockade. Furthermore, for the critical frequency (E0) we
find a result that yields zero when the transmission of the contact vanishes. This would
mean that there is no influence of the interaction at any finite frequency which seems to
be somewhat unrealistic. Therefore, the investigation of more sophisticated models taking
into account tunneling and electron—electron interaction effects [A1] at high frequencies is
highly desirable but outside the scope of this work.

4.3 Discussion

Using reasonable values of the parameters, suitable for instance for GaAs—AlGaAs het-
erostructures [53], we find that a barrier of length b &~ 130 nm and height 0.75 meV has a
dynamical capacitance of the order of 107! F per conductance channel at Er = 0.05 meV.
Furthermore, we see that the critical frequency wg, below which the influence of electron—
electron interactions is of importance, is very small on the frequency scale V/h character-
istic for the ac—conductance at low frequencies. Therefore the low frequency expansion
remains valid well above wy.

For a wire of finite width the conductance is calculated from a sum over the contribu-
tions of the channels. The number of channels increases proportional to the cross—section
A of the wire, when the potential representing the tunnel junction is independent of the
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transverse coordinates. In the limit of many channels, one finds Cp ~ A/b as for a
classical parallel-plate capacitor.

Since Cp depends on the shape of the electric field applied along the wire and across
the barrier, we cannot conclude, that the dynamical capacitance defined above equals the
static capacitance determined by the voltage offset of the current—voltage characteristic
in a Coulomb blockade experiment [40), 82]. Nevertheless, if we require the capacitance of
a quantum system to be a genuine property, its effects on static as well as on the dynamic
properties should be the same. It is therefore highly desirable to investigate further the
frequency dependent conductance of single tunnel junctions including electron—electron
interactions and using a selfconsistent determination of the electric field dependence on
the space coordinates.

We want to emphasize that the capacitance discussed above describes the behavior of
the tunnel junction at high frequencies and is not a correction to the static capacitance
like the one due to quasi—particle tunneling in Josephson junctions as calculated in [&7].
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The influence of inelastic processes

To demonstrate that the capacitive behavior (BI3]) is of quantum mechanical origin we
investigate the influence of inelastic processes following the references [R0, K3, R4]. We
will see that they eventually lead to a vanishing of the effect.

We consider a simplified version of the above model, namely a barrier of the form

V(z) = Vod(z). (5.1)
The (retarded) single—electron Green’s function is [85]

Vo
1 —VGO(0,0;w)

G(a,a'sw) = Gz, 2';w) + (2, 0,0)G(0,25w),  (5.2)

where G is the Green’s function for V5 = 0. The simplest approach to take into ac-
count phase breaking processes consists in renormalizing G° by a self-energy ¥ caused by
electron—phonon (e—p) interaction. We assume that electrons and phonons are coupled
via a deformation potential [55], R6]

Veoplo) = —= 5 VaF(@u)explian)(og +al o) (5.3

with phonon wave vector @ = (¢, @), the deformation potential
Vol* = V51Q1/@b . (5.4)

Debye cutoff @Qp and coupling parameter Vp, Q being the total system volume (2 — o0).
The form factor

F(Q1) = (x| exp(iQLx1)[x) (5.5)

reflects the fact that although the phonons are three—-dimensional the e—p coupling is
affected by the confining potential.

In second order perturbation theory with respect to e—p coupling and close to Fg, we
can restrict ourselves to Im ¥(k, w), numerical evaluation yielding only weak k— but strong
w—dependence around Er similar to the results of Ref. [87]. Neglecting the k—dependence

37
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P(w) [e2/h] R

Figure 5.1: Conductance I'(w) for d—barrier strength kpVy/Er = 7 and kgl = 1000. Self-
energy parameters are (Vp/Er)? = 0.08 7, Qp/kr = 1,hwp/Er = 0.01 and kpA = 1. In
the inset, the resistance at w = 0 for §-barrier strength kpVy/Fr = 0,2,4,6 (from below)
is shown as a function of [/l;,. The figure is taken from [83].

of 3 around the Fermi wave vector krp we get

im*

G’ = —W exp(iy(w) |z —2'])
VW) = %%(hw 4 B — iTm Sk, w)) (5.6)

from which we calculate G and the corresponding spectral function —(1/7)Im G. Neglect-
ing vertex corrections, the dissipative nonlocal conductivity o of the one—channel system
can be calculated from the Kubo formula involving only products of the spectral functions
at different energies [8§].

From the general result (L24]) one finds the de—limit of the conductance. The e—p
interaction introduces an additional length scale, namely

It =2 TIm [2m* /R (Ep — i Im B(kp, 0))]*/? (5.7)

which is the decay length of the Green’s function G° without the barrier. We evaluate the
dc-resistance R = I'"1(0) as a function of I /I;, for kgT < Ep and kply, > 1 corresponding
to weak e—p coupling (Figure Bl). For l;, = oo we reproduce Landauer’s result, for
[/liy > 1 we have ohmic behavior with R proportional to the effective length [ of the
wire. In the intermediate region the behavior of R depends on the d—barrier strength V.
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The evaluation of I'(w) (Figure BII) at nonzero frequency is again simplified when
w < Ep/h besides kgT' < FEg. The increase of conductance with frequency for small
w can again be interpreted as a capacitive behavior. The oscillatory decrease of I'(w) is
similar to the free one—channel quantum wire (B3).

The most important result is the suppression of oscillatory and capacitive behavior
with increasing temperature as a result of the loss of phase coherence. Both effects are
destroyed by the e—p interaction showing that the dynamical capacitance is a quantum
mechanical property of the system.
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Chapter 6

Frequency dependent resonant
tunneling through quantum dots

In order to study the frequency dependent conductance of resonant tunneling systems, in
which the phase coherence is conserved throughout the sample, in this chapter we shall
treat a one dimensional double barrier model in linear response.

6.1 Double barrier model

We calculate the dissipative conductance of a system containing two rectangular barriers
of height V' and length b separated by the distance w, forming a quantum dot in between

(Figure G.1I).

6.1.1 The wave functions

For this highly symmetric model potential it is possible to find a complete set of orthonor-
mal eigenfunctions. As in the single barrier problem, they can be chosen purely symmetric

V(z), E(z,0)
v
Ey
r— -1 = B N R
| |
| |
| |
| | -
—1/2 1/2 v

Figure 6.1: Model potential and spatial dependence of the electric field (dashed) describing
a resonant tunneling system.
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and antisymmetric. We use

Asin(—kz + ¢},) forx < —w/2—b
B¥e"™ + C%e™  for —w/2-b<x < —w/2

Yy (z) = ¢ Dj cos(kx) for |z| < w/2 (6.1)
Bse " 4 C%e™ forw/2 <z <w/2+Db
Asin(kr +¢f)  forx >w/2+b

and

—Asin(—kz + ¢}) forx < —w/2—b
—B*"™ — C%e™™ for —w/2-b<z < —w/2

Yp(z) = ¢ Disin(kz) for |z| < w/2 (6.2)
Bre " 4 C?*e" forw/2 <z <w/2+Db
Asin(kz + ¢3) for x > w/2+0

with the abbreviations
k= V2m*E/h
and k = /2m*(V —E)/h.

From the matching conditions at x = +w/2 and x = £(w/2+b), and the periodic bound-
ary conditions at £L/2, one determines the coefficients. Introducing the abbreviation
y = w/2+ b, one finds

sin(ky + qﬁsk/a) — £ cos(ky + (bz/a)

Bs/a - A
2 exp(—ky)
oo oS00y + 0 + £ cos(hy + 61%) (6.3)
2 exp(ky)
psla — Asin(ky + ¢Sk/a) cosh(kb) — ECOS(k‘y + Cbsk/a) sinh kb
— cos / sin(kw/2)

and the normalization condition yields A = |/2/L in the limit L > b, w. The angles ¢Z/ B
satisfy the conditions

kk coth(kb) — V/2sin(kw)
V cos?(kw/2) — k?
k% — Vsin®(kw/2)

tan(kb + 94) = kk coth(kb) + V/2sin(kw) (6.4)

tan(kb + ¢}) =

6.1.2 The conductance
As in chapter B, we choose the spatial distribution of the electric field (Figure E1I)

E(z,t) = Ey©O(1/2—|z]) cos(wt) (6.5)

constant on a length [ of the system and zero outside. Experimentally this could be
realized by shining light on a sample through a mask exposing only a tiny fraction of the
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Figure 6.2: Plot of the conductance of a resonant tunneling diode with barriers of length
b = 2h(2m*V)~1/2 a length of the well w = 10A(2m*V)~Y2 between the barriers and
irradiated on a length [ = 20A(2m*V)~2. A rich structure can be observed showing
resonances at sharp frequencies over distinct regions of the Fermi energy.

system. Then, the (dissipative) conductance can be computed using the same formalism
as in Chapter 21

Inserting the wave functions (G1I) and (G2) into the expressions (ZI1), and doing
the integrals using standard tables [68] one finds quite lengthy analytical expressions for
the current matrix elements. With these results, we calculate the conductance using the
linear response formula (ZZI9), doing the energy integration numerically with the help of
Mathematica’™ on an IBM RISC workstation. The zero temperature result is presented
in Figure 6.2

The dc—conductance shows peaks, when the Fermi energy is in resonance with a quasi—
discrete level between the barriers. The width of the peaks is determined by the trans-
parency of the barriers and the temperature.

This region of finite conductance is flattened and broadened at higher frequencies.
At frequencies corresponding to energy differences between quasi—discrete states, there
is a very strong peak in the frequency dependent conductance, when the Fermi energy
lies between these two levels. Then, the lower one is occupied at thermal equilibrium
and the higher one is empty. Thus, at the right frequency, electron—hole excitations are
possible such that both, the electron and the hole can pass through the barriers resonantly
yielding a maximum in the conductance. These features are consistent with [89], where
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the same method was applied to a similar system. Important features like the resonances
at finite frequencies can not be found when restricting the problem to a single resonant
level between the barriers as in reference [61].

However, within this approach it is not obvious how to take into account the electron—
electron interactions that are of crucial importance for nearly impenetrable barriers and
low frequencies as well as inelastic processes destroying the phase coherence. Further,
a generalization to arbitrary transport voltages is highly desirable in order to describe
photon assisted tunneling [90].

In the second part of this thesis, a method allowing for the description of nonlinear
transport through quantum dots with very high barriers in the presence of phase breaking
processes is used. There, only the dc-limit is investigated in the regime of sequential
tunneling. The crossover between the theories would be very interesting to study.



Chapter 7

Persistent currents

7.1 Background

Persistent currents in mesoscopic rings are a topic of high interest and are controversially
discussed at the moment. These currents are equilibrium properties occurring in rings
with circumferences L that are smaller than the phase coherence length. The groundstate
of the electrons can carry a finite current depending on the magnetic flux threading the
ring. It is interesting to study how this current changes as a function of the disorder
and/or the electron—electron interaction strength.

The present situation is characterized by experiments on disordered gold rings [10, 91]
disagreeing with theoretical estimates of the persistent current by almost two orders of
magnitude. While the amplitude of the persistent current in clean rings is expected to be
of the order of evp/L [92], in the presence of disorder a suppression to evgl/L with the
mean free path [ = D /v and the diffusion constant D was predicted in the framework of
a theory ignoring electron—electron interactions [93]. Such a strong suppression has not
been found in the experiments.

Attempts to explain the discrepancy by including electron—electron interactions
[94, 95, 96, 7] have up to now not been completely convincing and do not yield the
large missing factor. Investigating persistent currents in the presence of Luttinger type
interactions even leads to a reduction of the current [98]. An interesting proposal [99]
tries to explain the discrepancy with grain boundaries in the samples suppressing the
persistent current considerably less than the conductance through a similar wire. Thus,
the mean free path, determined experimentally from measuring the conductance could
have been underestimated when assuming pointlike impurities as disorder.

In the clean regime, an experiment on a single ring defined in a semiconductor het-
erostructure [T1] yields results agreeing with the theory of noninteracting electrons in ideal
rings within the (very wide) error bars.

Here, we study the influence of tunnel barriers in the ring on the persistent current
within a theory of noninteracting electrons. We contribute results that could be checked
experimentally by introducing an electrostatic tunneling barrier in clean semiconductor
rings using an additional gate. Such an experiment is an extension of a recently performed
one [I1], and could be done in principle [T00)].
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7.2 Quasi—one dimensional ring

Persistent currents can be traced back to the dependence of the energy levels on the
magnetic flux penetrating the ring. At zero temperature, the current can be calculated
from

oF,
== 90 (7.1)

the sum running over all of the occupied single electron states of the system. At finite
temperatures, the contributions have to be weighted with thermal equilibrium occupation
probabilities.

We consider a one dimensional system of finite length L closed to a ring and threaded
by the magnetic flux ¢. The vector potential can be eliminated from the Hamiltonian by
introducing a gauge transformation resulting in the generalized boundary conditions

W(L/2) = (=L /2) exp(2mi). (7.2)

where ¢ = ¢/pg, ¢po = h/e being the flux quantum. It is easy to see, that the wave
functions in an ideal ring are

Ui ~ expl2mi(n — p)z/L)] (7.3)
with integer quantum number n. The energy of these states is given by
- 1 (n — ¢)?
B =op?—— I~ 7.4
=g (7.4)

Thus, the states carry the persistent current

i h(n —¢
Ip(?.n = 26%% (75)
7.2.1 Single rectangular barrier
As before, we introduce a rectangular barrier potential
V(z)=VO(b/2— |z ) (7.6)

for which one can calculate the exact single—electron eigenfunctions

Aetk® 4 Be~**  for x < —b/2
Yp(z) = ¢ ae™ + Be™  for |x| < b/2 (7.7)
Ce** + De=* for x > b/2

and the corresponding eigenenergies

h2k2
~omr

E

The parameter

k=y/2m*(V — E)/h (7.9)
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depends on the height of the barrier and becomes imaginary when the energy exceeds V.
Since this can be done at arbitrary magnetic flux one can find the contributions of the
states to the persistent current. The matching conditions at +b/2 and at £L/2 together
with the normalization of the wave function (7)) yield a system of equations determining
the prefactors. They have nonzero solutions only at particular wave vectors satisfying the
transcendental equation

V sinh(kb) sin(kL — kb)

2k = K[cos(2mp) — cosh(xkb) cos(kL — kb)] -

(7.10)

In this result the 2wy periodicity of the boundary conditions is reflected in the only flux
dependent term in the denominator. As a consequence, the general periodicity of the
persistent current is guaranteed.

7.2.2 Single delta—barrier

Simplifying the system further we take the limit V = §/b — oo yielding a delta—shaped
barrier with strength §. Then, (IZI0) takes the form
sin(kL)

2k = 7.11
gcos(27rg0) —cos(kL)’ (7.11)

where g = 2m*j/h*.

7.2.3 Two delta—barriers

Introducing two delta—barriers having different strength §; and g, at positions = + a/2,
we can even treat a problem containing two impurities. The method is as before and the
resulting transcendental equation in this case is given by

(91 + g2) sin(kL) — 42 [cos(kL) — cos(kL — 2ka)
cos(2mp) — cos(kL) ’

2k = (7.12)
reflecting resonances due to quasi-bound states between the barriers at g;, 9, >> k. It
is easy to check that by setting g; or go to zero, one recovers ([LI1l). For a = 0, (L)) is
reproduced with g = g1 + gs.

7.3 Discussion

Using the transcendental equations of the previous section, one can find approximate
solutions for the persistent current. A graphical solution is possible solving the equations
for ¢ and plotting them as a function of k2. Then, the slope of the branches of this plot
at the intersection with a line of constant magnetic flux is inversely proportional to the
contribution of the corresponding level to the persistent current. For the most simple
model with one d-barrier, one finds from (ZITI)

1 L
= - arccos {;{:—L sin kL + cos lfL} . (7.13)
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5 10 15 20 25 30
ENERGY (kL)

Figure 7.1: Plot of the flux ¢ from equation (LI3) at gL = 10. The energy is given in
units of A%/(2m*L?). Gaps in the spectrum appear connected with a suppression of the
persistent current.

We plot ¢ as a function of (kL)% = 2m*L?E/h* at gL = 10 in Figure [Tl The suppression
of the persistent current can be seen from the gaps in the spectrum. The effect is most
striking at very low energy while at higher energies only a slight suppression remains. Since
the persistent current depends mainly on the behavior of the highest occupied states, only
weak influence on the total persistent current is expected. The wave functions calculated
in the previous section can be used as a basis to study numerically the dependence of
persistent currents on the strength of the electron—electron interaction in the presence of
disorder, where the disorder is modeled by a single barrier [T0T].



Conclusions

We have calculated the frequency dependent conductance for a tunnel junction using a
quasi-one dimensional model containing a rectangular tunneling barrier.

In the de—limit, the transmission coefficient of the barrier dominates the conductance.
Finite frequencieslead to a quadratic increase of the conductance at low Fermi energies.
At higher Ep, the behavior changes qualitatively and becomes more similar to a free
quantum wire where the corrections due to nonzero frequencies lead to a decrease of the
(higher) dc—value.

We found that the ac—conductance of a quantum mechanical tunnel barrier can be
simulated in a certain range of parameters by a classical circuit. This correspondence can
be used to define a dynamical quantum mechanical capacitance of the tunnel contact.
The latter depends not only on geometrical parameters like a classical capacitance but
also on Fermi energy and effective mass of the charge carriers. Like the tunnel resistance
the dynamical capacitance is of quantum mechanical origin. This was demonstrated using
a model with electron—phonon interaction destroying quantum mechanical coherence.

We have further argued that the dynamical capacitance should not depend on the
Coulomb interaction above a critical frequency wg. Thus if the capacitance is a genuine
property of the system independent of the experiment which is used for its detection one
may conclude that the dynamical capacitance has to be the same as the static capacitance
used for the explanation of Coulomb blockade experiments. We want to mention that the
results are also relevant in the context of conductivity in the presence of impurities [102]

The frequency wq can also be considered to be an upper limit for the observation of the
Coulomb blockade effect and, important for practical applications, the limiting frequency
for turnstile devices [I5), 20] proposed as current standard. Reasonable parameter values
for GaAs—-AlGaAs structures [B3] (V' = 0.75meV, Er = 0.05meV, m* = 0.07m,, b =
130nm and [ = 1 um) yield wy &~ 1 GHz. This would limit the highest achievable current
in such a turnstile device with only one channel to about 25pA. Using the estimate
obtained in reference [20], w. = 27/RrC ~ T/C, one gets a frequency which is an order
of magnitude smaller. Thus, the frequency wy above which the Coulomb blockade is
lifted in a quantum coherent system is still higher than the classical RC—time of the
corresponding circuit.

Anyway, the achievable currents in turnstiles are very small and higher frequencies
cannot be applied without reducing the accuracy. For the application as a current stan-
dard, a huge number of turnstiles have to be operated in parallel.

The frequency dependent conductance of a double barrier structure was investigated
yielding sharp peaks at frequencies being in resonance with energy differences between
quasi—discrete states in the dot. They occur in the range of Fermi energy between the
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energies of the involved levels. The theory neglects electron—electron interactions as well
as inelastic processes but, in contrast to approaches using the tunneling Hamiltonian
yields a good description in the regime of highly penetrable barriers.

Finally, a contribution to the theory of persistent currents in the presence of disorder
could be made using simple quasi—one dimensional models with barriers. A suppression of
the persistent current with the strength of the barriers is found. At high Fermi energy, the
suppression is much less effective because of the dominating role played by the highest
of the occupied states and cancellations of the contributions of the lower levels to the
persistent current.
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Introduction

In the last ten years, progress in nanostructure fabrication led to the possibility to create
samples in which electrons are confined to very small spatial areas, the so—called quantum
dots. They can be considered as ’artificial atoms’ [TI3] with tunable parameters. Thus, it
is possible to study the properties of few correlated electrons systematically.

In such situations of few electrons in very small dots, the Coulomb interaction between
the electrons strongly influences the spectra. Spectroscopically investigating arrays of
ultrasmall dots in infrared absorption experiments [103, [T04, [105], dots with electron
numbers down to one can be studied. According to Kohn’s theorem [106] the effects of
correlations are very difficult to observe [,

Capacitance spectroscopy [107] has been used to investigate the spectra of ultrasmall
single quantum dots down to very low electron numbers. Here, only equilibrium properties
come into play and therefore, no information about excited states is obtained.

In contrast, using nonlinear transport experiments on single quantum dots, the full
spectrum can be investigated. When the quantum dot and the reservoirs are only weakly
coupled, the transport is dominated by the quantum mechanical properties of the isolated
dot. If the dots are small enough, the charging energy F¢ needed to add a single electron
can exceed the thermal energy kg7’ at experimentally accessible temperatures and lead to
a suppression of the conductance through the dot at low voltages known as the Coulomb
blockade effect [T9]. For small voltages, and at low temperatures the current is blocked
if for the chemical potentials py; and pgr of the reservoirs on the left and on the right
hand side of the dot, respectively, uy, = ur # Eo(n) — Eo(n — 1). Ep(n) is the ground
state energy of n electrons in the isolated dot and the difference between the ground state
energies of n and n — 1 electrons represents the chemical potential of the quantum dot.

On the other hand, if u;, ~ pur = Eo(n) — Ep(n — 1), the number of electrons inside
the dot can oscillate between the two values n and n — 1 (single electron tunneling (SET)
oscillations), and the conductance is finite. The resulting periodic oscillations of the
conductance through quantum dots [12, K2, [TOK, TT0] are well established consequences
of the charging energy. They can be observed at temperatures kgT < E¢ low enough
to suppress thermal smearing if the coupling to the leads (characterized by the tunneling
resistance Rr) is weak enough Rt > h/e? to avoid quantum smearing and therefore to
assure the electron number in the dot n to be a good quantum number on a long enough
timescale. The height and width of the peaks depends on temperature and the coupling

In parabolic confinement potentials center of mass excitations decouple completely from the relative
coordinates. Since in optical absorption experiments the perturbation couples to the center of mass only
and the dot potentials are nearly parabolic in these arrays, only faint effects due to slight nonparabolicities
can be detected.
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to the leads [I09]. In linear transport, the conductance oscillations are observed as a
function of the carrier density in the system.

In semiconductor based heterostructures consisting of GaAs and GaAlAs layers, a two—
dimensional electron gas of high mobility can be produced at the interface by properly
doping the different materials. Depleting this electron gas by applying negative voltages
to metallic gates on top of the sample which are separated from the electron gas by
insulating layers, ultrasmall islands or quantum dots being weakly connected to leads can
be formed [36]. Even the height of the barriers can be tuned by changing the voltages.

The electron density in semiconductors of reduced dimensionality is considerably lower
than in metallic systems and even the excitation energies for a fixed number of particles
can exceed the thermal energy at mK-temperatures which are available in 3He-*He dilu-
tion refrigerators. At bias voltages V larger than the differences between discrete excita-
tion energies within the dot, a characteristic splitting of the conductance peaks emerges
[24, 28, 29, B0, BT, B3, B4, B5]. We shall demonstrate unambiguously that this is related
to transport involving transitions between the excited states of n and n + 1 correlated
electrons. The shape of the peaks depends strongly on the coupling between the quantum
dot and the leads. Additional steps in the current occur when V' is increased. This allows
to investigate experimentally the spectrum of the energy levels of the excited states of a
quantum dot [28, 29].

However, the current is not necessarily increased when, by increasing V', the number
of transitions between n and n — 1 electron states increases. Spin selection rules can
suppress certain transitions and thus reduce the current. This happens if the electrons in
the dot are spin—polarized, and the total spin S = n/2 takes its maximum value. Then,
the electron number can only be decreased by simultaneously reducing the total spin [25].
Thus, regions of negative differential conductance occur due to a ’spin blockade’ which is
a consequence of the existence of excited states with different spins [25, 1T, 112, 113].
The existence of such regions has been seen in recent experiments [24, 29]. Transport
was investigated also in the presence of a magnetic field parallel to the current [24], 32].
Recently, negative differential conductances have also been found in the transport through
a two—dimensional dot with parabolic confinement in the fractional quantum Hall effect
(FQHE) regime without spin [I14], where the origin of the effect are excited states for
which the coupling to the leads is weaker than for the ground state.



Chapter 8

Model

8.1 The tunneling Hamiltonian

For systems in which particles can be in different spatial areas and where the coupling
between the areas is very weak via high and/or wide tunneling barriers (as indicated in
FigureBl), it was proposed to use the so—called tunneling Hamiltonian [66] which consists
of a sum of terms describing the particles in the classically allowed areas and operators
transferring particles between them. This kind of Hamiltonian has serious problems [67]
because it is not possible to deduce it unambiguously from first principles using a model for
the barrier potential. Only in lowest order in the tunneling some justification is possible.

However the tunneling Hamiltonian is very successful in describing situations with
weak couplings and it allows to treat the tunneling in standard time dependent pertur-
bation theory. Further, the different regions can be treated first as isolated problems
and it is possible to account for interactions only in some of them. This treatment is
an expansion in the small tunneling terms valid only for very weak coupling where the
Hamiltonian can be justified.

As a model for a dot which is connected weakly to two semi-infinite leads (Figures
and B2), we consider therefore the double barrier Hamiltonian

H = Hy, + Hg + Hp + H{ + H} + Hpp, + Hyp - (8.1)

8.1.1 The semi—infinite leads

The terms

L/R
Hyr = ng/ CE/R,k,aCL/R,k,a (8.2)
k,o

describes free electrons in the left/right lead. The operators ¢} Rk, and ¢ Rk CTEate
and destroy electrons with wave vector k and spin o in the left/right lead, respectively.

The leads are assumed to be always large enough to be considered as reservoirs and
we take them in thermal equilibrium described by the Fermi—Dirac distributions

1
o) = Bl 1 &
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left lead <2+ OT -2 right lead

e

Figure 8.1: Schematic picture of the quantum dot, the left/right and the gate electrode.
The tunneling junctions are modeled by the terms H' /R-

The chemical potential in the left /right lead is given by p,/r and § = 1/kgT is the inverse
temperature.

8.1.2 The effective Hamiltonian of the quantum dot

The general form for the effective Hamiltonian describing the interacting electrons with
spin 0 = £1/2 inside the dot is

Hp = Y (em—e®+gusBo)c), ¢, (8.4)

m,o

+ Z Vm1m2m3m4 0:11701 0;2702 CM3702cm4701 :
SR
Electrons in the noninteracting single—electron states m of the dot are created/destroyed
by ¢ o/Cmo- The magnetic field B is taken into account by the Zeeman term in the
first summation. The energies of the noninteracting electrons are €, and V,,,mymsm, the
matrix—elements of the spin independent Coulomb interaction.

The interactions between the electrons outside the dot are neglected. There, we assume
the electron density to be high enough that due to screening, we can effectively use a
single-particle picture. The interactions between electrons in the dot and electrons in the
leads and in the gate—electrode, respectively, are reduced to an influence of the voltages
applied to the electrodes on the electrostatic potential ® inside the dot (See Appendix
Bl). The simplified situation is visualized in Figure and seems to be a quite realistic
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Figure 8.2: The double barrier potential model. There are electrons at both sides of
the structure up to the chemical potentials pr,/r. In the dot, energy differences between
discrete states corresponding to subsequent electron numbers are indicated. Solid lines
stand for ground state to ground state energy differences while dashed lines involve excited
many-—electron levels.

model for recent experiments [28]. From the assumption that the gate as well as the leads
are capacitively coupled to the dot, we find the potential change in the dot due to the
gate—voltage Vi and the transport voltages to be

. C(;VG + CLVL + CRVR

)
Ce+CL+Cr ’

(8.5)

where the voltages applied to the leads are connected to the chemical potentials by puy, /g =
—eVi r and the transport or bias voltage is V' = Vg — V. The C’s are the capacitances of
the tunnel junctions and the gate capacitor, respectively. In the experiments, their ratios
can be determined from the relative changes of voltages when following one conductance
peak (see Section [ZT). In our theory their values lead to an influence of the chemical
potentials on the eigenenergies of the dot. For all our calculations, we set Cq = C, = CR.
Other values just lead to a renormalization of the voltage scales.

In this procedure, we have implicitly assumed the form of the electronic wave functions
within the dot not to be influenced by the applied voltages. This means that the voltage
between the leads drops in the barriers without changing the potential landscape and
only the electron number dependent energy —en® has to be added. This simplifies the
calculation of the energies of the dot states considerably, since the dependence on the
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DOT

CLa tL —_— CR, tR

Figure 8.3: Equivalent circuit for the experimental setup we have in mind. The dot region
is coupled capacitively to a gate. The tunneling barriers are assumed to behave as (weakly
transmissive) capacitors.

voltages becomes trivial and the computation of the interacting many—electron states has
to be done only once.
Formally, we can state that the Hamiltonian at ® =0 and B =0

HEY=0B=0 — > em c;,acm’a (8.6)
m,o

+ +
+ Z Vm1m2m3m4 Cm1701 Cm2702 Cmg,oz CWL4,01

mi,m9,m3,my
01,09,

commutes with both, the potential energy term

Hy = Y (@), 6y (87)
and the Zeeman energy term
Hp =) gusBoc, ¢, (8.8)

Therefore, the two latter contributions do not change the electronic eigenstates of the dot
but they do influence the eigenenergies. The full energy of the many—electron eigenstate
| ¥P) is then given by

Ei(®,B) = E;(®=0,B=0)—ebn; + gugBM; (8.9)

where n; is the number of electrons in the dot and M; the total magnetic quantum number
of the correlated state.
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8.1.3 Coupling to phonons

Further we couple the electronic system to a bosonic heat bath described by

1

Hpp, =Y hwy(afa, + 5) : (8.10)
q

A phononic heat bath and a Frohlich type coupling [55]

Hep = Z g(Qamme)c
q,m1,mz2,0

(a, +at,) (8.11)

mi 7O'C'I’)’LQ Nea

where /g is the coupling matrix element while a;r and a, creates and destroys phonons
with wave vector ¢, respectively, is a microscopic model leading to such a term. For
simplicity, we assume the product of the matrix element g(q,m1, ms) and the density of
bosonic states ppn(g) to be independent of ¢, m; and msy. This coupling to phonons allows
for transitions between the dot levels without changing the electron number.

Further, we assume that the phase coherence between the eigenstates of H is destroyed
on the time scale of the phase coherence time 7., which is much larger than the semiclas-
sical time an electron needs to travel from one barrier to the otherl. Thus, the motion of
the electrons inside the dot is sufficiently coherent to have Fabry—Perot like interference
effects and therefore to allow for the existence of quasi—discrete levels.

8.1.4 Tunneling between the leads and the dot

The barriers are represented by the tunneling Hamiltonians

HE/R - Z (T;{Yll%cﬁ/R,k,Ucm,a + hC) ) (812)

k,m,o

where T,i /R are the transmission probability amplitudes. Within WKB, their dependence

m

on energy might be approximated by

| T(e) [Pox exp {—Qbﬁm*(vmax —9) /n} , (8.13)

where m* is the effective mass of the electron, V., is the height and b the width of the
barrier. However, the barrier height should always be much larger than the energy of
the electron and we do not want to specify the properties of the barrier. To investigate
the effects that are due to properties of the dot, we assume the transmission probability
amplitudes in (8I2) to be independent of k, m and spin.

For simplicity, we take the tunneling rates through the barriers

k,m

/= 25 T s — )~ 2 [T ) (8.14)
k

Tt is well known that strong dissipation can suppress tunneling [124]. This choice for the phase

breaking rate 7! guarantees that the renormalization of the tunneling rates through the barriers is

o]
negligible.
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to be independent on energy E. The tunneling rates are a property of the barriers and in
the limit of high barriers that is taken always in this work, only a slight energy dependence
is expected. For simplicity and because we are not interested in the influence of this effect,
we fix them to constant values.

If they are small as compared to the phase breaking rate 7. ! the phase correlations
between subsequent tunneling processes need not to be taken into account. This is consis-
tent with neglecting the k—dependence of the tunneling matrix elements. In this case, the
nondiagonal elements of the reduced density matrix of the dot decay fast on the timescale
of the tunneling events. The time evolution of the occupation probabilities of the many—
electron states in the dot can be calculated using a master equation formalism taking
into account only the effective transition rates between their diagonal elements P instead
of the full von Neumann equation. The treatment of the von Neumann equation was
mentioned before [IT5H], but carried out only in special cases. In other words, our aim is
to deal with sequential tunneling which yields the main effects in some of the experiments
involving quantum dots. Our method is very well suited for this but does not allow us to
take into account resonant tunneling.



Chapter 9

Method

We trace back the electronic transport through a quantum dot to transitions between
many—electron eigenstates of the isolated dot corresponding to different electron numbers.
These transitions are due to the weak coupling to the leads, where electrons can tunnel
between the leads and the dot. Since the coupling is very weak, the transport properties
are governed mainly by properties of the isolated dot and we can treat the tunneling terms
in the Hamiltonian as a perturbation. They allow to transfer transfer electrons between
the leads and the dot and therewith for transitions between the quantum mechanical
eigenstates. These transitions are always connected with electron transport between the
leads and the dot.

Our strategy consists of several steps. First, we determine the spectrum of the isolated
dot. Then, we calculate the effective transition rates between the eigenstates of the
isolated dot Hp using lowest order perturbation theory in the tunneling terms H%/ ® and
the coupling to the bosonic heat bath H,. These rates strongly depend on temperature
and on the voltages applied to the leads and the gate.

Finally we determine the current through the system by counting the electron tunnel
processes out of the dot through one of the barriers and subtracting the tunneling processes
into the dot through the same barrier.

Selfenergy contributions due to the coupling to the leads which would appear in higher
orders in the tunneling term [53] and lead to a finite width of the conductance peaks at
zero temperature are not taken into account. This means that the lineshape of our peaks
is dominated by the finite width of the step in the Fermi—Dirac distributions which is
correct for tunneling rates lower than the temperature ht"/® < kgT'. This is consistent
with the assumption of weak coupling and the treatment of the tunneling terms as a
perturbation to the isolated dot. In addition, in the experimental situation it is possible
to tune the barriers such that the intrinsic linewidth due to the finite tunneling rate is
negligible as compared to the broadening due to finite temperature [12, 36].

This is similar to an earlier approach [I16] where linear transport properties and small
deviations from equilibrium are addressed without considering spin effects. In contrast
to [I17, 18], where changes in the occupation probabilities for one—electron levels were
considered, we take into account the populations P; of all possible many—electron Fock
states | UP) of Hp. This allows to use of a more realistic model than the phenomenological
charging model for the electron—electron interaction and to include spin selection rules
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directly.

9.1 Energy spectrum

We start from the isolated dot and determine first the many—electron Fock states | UP)
of Hp. Each of the states | UP) is associated with a certain electron number n;, with
an energy eigenvalue F; and eventually with the total spin .S; and the magnetic quantum
number M; of the electrons in the dot. To do this, we have to specify a model for the
quantum dot. The different models we use will be discussed in the following chapters
together with the corresponding transport properties.

To be specific, we will deal in Chapter [0 with a simple Anderson model, consisting
of two levels on one site with an on—site interaction term. Further, we shall discuss the
phenomenological charging model in Chapter [l where the electron—electron interaction
is reduced to an electron number dependent additional energy term in the Hamiltonian.
In these cases the determination of the dot spectra is easy.

To overcome the restrictions of the charging model, we will use a model of correlated
electrons in a quasi—one dimensional dot including their spins in Chapter For up to four
Coulombically interacting electrons, the corresponding Hamiltonian has been diagonalized
numerically [84), [TT9, 120] and the wave functions [I35)]. In the limit of low charge density,
the most important energetically low energy excitations of the dot can be understood
analytically in the framework of a pocket state description [I21] where results have been
obtained for up to six electrons. This method can also be applied to interacting electrons
in a square shaped quasi-two dimensional dot [I2I]. We deal with the corresponding
transport properties in Chapter [4l

In all cases we use the spectrum of the many—electron states in order to determine the
nonlinear transport properties.

9.2 Transitions between many—electron states and
electronic transport

Transitions between states with different electron number occur when an electron tunnels
through a barrier while transitions between states with the same electron number are
induced by the inelastic relaxation term H,, of the Hamiltonian (81I). Transitions between
dot states that are connected with a change in the electron number of the dot are directly
related to electronic transport. The electron that is added to or removed from the dot
tunnels between the dot and one of the leads. Transport occurs when electrons induce
transitions by entering mainly from one side and leaving to the other yielding a net
current.

From very general considerations one can find some conditions for a transition to
contribute to the current at 7" = 0.

e Energy has to be conserved (see Appendix [(J). Thus, an electron tunneling to the
dot has to carry the energy difference £ = E; — E; between the many-electron
states (n; = n; +1). The transition can occur only if the chemical potential in the
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involved lead is higher than E. Similarly, electrons that tunnel out of the dot need
an empty state in a lead. Such processes can happen if the chemical potential in
this lead is below F.

e In order to contribute to the current, transitions must be possible in the direction
of increasing electron number induced by tunneling electrons from one side and the
decrease must be possible by tunneling through the other barrier. At 7" = 0 this
yields the condition max(uy,, pr) > F > min(ur, pur).

e The transition between the ground states of the same electron numbers has to
be in the energy window between the chemical potentials. Otherwise, the system
will decay to one of the ground states and be blocked there. Only at very high
voltages outside the SET regime, when transitions to more distant electron numbers
are possible, also excited levels can be continuously occupied without significant
population of the corresponding ground state.

e The states involved in the transition must be reachable by allowed transitions start-
ing from one of the ground states of the corresponding electron numbers. Otherwise,
the transition is 'disconnected’ and cannot contribute to the current because none
of the states is ever occupied.

From these rules, a rough understanding of the behavior of the system can be achieved
and some of the effects can be explained qualitatively. It is nevertheless necessary to
perform a quantitative investigation in order to find all of the features.

9.3 Transition rates

Due to the smallness of H', simultaneous transitions of two or more electrons [122, 123
which are processes of higher order in HT are strongly suppressed. We neglect them
consistent with the tunneling Hamiltonian itself being an approximation for the behavior
of a tunneling barrier holding only for almost impenetrable barriers [67].

In lowest order in the tunneling Hamiltonian H™T, only one—electron processes occur.
Further selection rules will be specified below. The transition rates between states | UP)
and | \If?) with n; = n; + 1 are denoted by F%R’_ and F%R’Jr, depending on whether an
electron is leaving or entering the dot through the left/right barrier, respectively. Here,
Fermi’s golden rule or standard time dependent perturbation theory (see Appendix [)
yields the rates

_ 1 1 1 2
P%R’ = 3 (S, Mj, §,i§ | Si, Mi)oa| t%R[1 — JuR(E)]0nn;—1
1

1 2
Tt = §}<SiaMi> Ry (B)ons it - (9.1)

j?l

1
L | Sj, Mj)ca

57
The electron has to provide the energy difference £ = E; — E; between the energies

of the many—electron states and the Clebsch-Gordan coefficients (...)cq arise from the
consideration of the spin Hilbert space.
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They introduce new spin selection rules for transitions between the dot states, the
factor 1/2 accounting for the reduced density of states for a given electronic spin in the
leads. In particular, transition rates between states whose difference in total spin or in
the magnetic quantum number is not 1/2 vanish because the corresponding Clebsch—
Gordan coefficients are zero. The numerical values of the squares of the Clebsch—Gordan
coefficients are listed in Table T2Z2

The orbital part of the matrix element connected to the transition of the dot has
been neglected in (@1]), but the important and very general spin part, which does not
depend on the microscopic details of the sample, is kept and has crucial consequences
when considering the models of correlated electrons.

Assuming a bosonic heat bath to be weakly coupled to the electrons, the (inelastic)
transition rate between | WP) and | WP) (now states with the same electron number
n; = n;, the same total spin S; = S; and the same magnetic quantum number M; = M)
induced by H,, is given by (see Appendix [(J)

I = rfns(|E]) + ©(B)] 9.2)

where we choose the product » = g p,n to be constant for simplicity. This is the lowest
order result quadratic in the electron—heat bath coupling strength ,/g. Here, py, is the

boson density of states, and
1

exp(FE) — 1 53)

ng(E) =
is the Bose—FEinstein distribution.

The requirement of energy conservation during the tunneling process must not be
fulfilled exactly in the presence of a bosonic heat bath [124] but we assume the coupling
to the leads as well as to the phonons to be weak enough such that we can neglect the
modifications of the tunneling due to dissipation. In our case the energy is dissipated in the
reservoirs connected to the leads or due to electron—phonon processes in the dot. Thermal
equilibrium in the leads is implicitly assumed by writing a Fermi-Dirac distribution for
the occupation probabilities of the electronic levels there.

The full matrix of transition rates is the sum of all the contributions from the elec-
tronic tunneling processes through both of the barriers and the electron—phonon scattering

processes )
[ =74 4 TR+ 4 Pl TR in, (9.4)

9.4 Occupation probabilities and the current

With these transition rates, we can write the master equation for the time evolution of
the occupation probabilities P; of the many—electron dot states
d
%Pi = Y (Ii;P—T;P) (9.5)
3 (G#1)
where the solutions have to satisfy the normalization condition

> P=1. (9.6)
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This rate equation can be regarded as governing the propagation of one particle in a
network of sites that represent the many—electron states of the dot. The connections
between these sites are the possible transitions while the rates depend on the applied
voltages.

Setting the left hand side of (@H) to zero, and solving the system of linear equations

0= > (TP —T;;P) (9.7)
J (§#1)

for the occupation probabilities, one gets the stationary non—equilibrium populations P,
satisfying dP;/dt = 0.

Our method allows to determine the stationary non-—equilibrium populations of all
the states without further restrictions. While deviations from equilibrium linear in the
applied voltage have been mentioned in [IT6], we can calculate exactly the occupation
probabilities of all the many—electron states for arbitrary bias voltage.

In addition the exact many—electron states of the dot including spin can be taken into
account without being restricted to the conventional charging model. A similar method
was applied in the FQHE regime without spin [IT4].

However, the validity of the rate equation description (BH) depends crucially on the
presence of additional phase randomizing processes. They should provide the truncation
of the density matrix to its diagonal elements (which are the populations P;) on time
scales 7, shorter than the lifetimes (3-;T';;)~" of individual states.

One determines the dc—current

D L/R,— L/R,
=1 = (/e 3 BEY -Tg) (9.8)
i, (j#

by considering one of the barriers separately. The first term in (L8] contains only processes
where an electron leaves the dot through the left/right barrier, while in the second term
processes involving electrons that enter the dot through the same barrier are subtracted.

Since we calculated the stationary occupation probabilities of the dot states which
enter (LX) using the full matrix of transition rates, including the contributions of tunneling
through the other barrier, this equals the number of electrons that pass the system per
unit of time. In the stationary limit, no currents that charge or discharge the dot can
be flowing. Therefore the system is in dynamic equilibrium and the current through the
left barrier equals the current through the right barrier and thus the current through the
whole system.

9.5 Numerical solution of the stationary rate equa-
tion
The stationary rate equation (7)) is a system of linear equations. The number of equa-

tions D equals the number of many—electron states of the dot being taken into account.
Thus, for all but the simplest cases, () has to be solved numerically.
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We rewrite it in the form

D
0=S"5,,P, (9.9)
7=1
with the matrix 5
k=1

For physical reasons, there must exist a solution to (.9) with nonzero stationary popu-
lations. Thus, the rank of = is less than its dimensionality D.
We simply replace the first line of (@) by the normalization condition (.0) setting

=1, =1 (9.11)
and writing the new equation
D
o= > Zi; P (9.12)
j=1

instead of (9.

Then, the inhomogeneous system of equations (.12)) has an unique normalized solution
that is determined in a FORTRAN program using the NAG routine FO4ARF (Appendix
[D)). The computations have been performed on the CYBER 2000 supercomputer at the
PTB in Braunschweig and on the DEC ALPHA workstation at the university of Hamburg.

At very low temperatures, some of the transition rates are exponentially small. This
leads to numerical problems when the precision of the calculation no longer allows to
distinguish them from zero. In some parameter ranges, the numerical realization of = can
contain so many zeroes that a unique solution of (.I2)) becomes impossible. Then, some
of the states do not contribute and the method can be used after the truncation of the
basis to the important many—electron levels.



Chapter 10

Anderson Impurity

As a first step we consider the simplest nontrivial case of transport of spinless electrons
through an Anderson impurity [I26] which consists of two one—electron states and a
Hubbard like interaction term providing a ’'charging energy’ U when both of the levels
are occupied. Here, an analytical solution for the stationary occupation probabilities is
possible. It is very instructive to demonstrate our method to determine the nonlinear
transport properties using this simple example and therewith to generalize the results
of a previous investigation [53] which is dealing with the linear transport through an
Anderson impurity using a Landauer—type conductance formula.
The Hamiltonian for the dot region Hp is now given by

HA = (g1 — e®)cf ¢, + (62 — e®)cf ey, + Ucfe, cfe, . (10.1)

Here, cf/z and ¢, /2 Create and destroy spinless electrons in the state 1/2 of the impurity,
respectively. The parameter U accounts for the charging energy needed to overcome the
Coulomb repulsion when both of the single electron levels are occupied.

In principle it can be calculated as

U= [deda' Vi, o) | in(a) | va(@) P (10.2)

if the wave functions 1,,(x) of the single electron states in the dot are known and the
interaction potential in configuration space V' (x, z’) is specified. Since these details depend
on the specific realization of the sample, we will treat U as a phenomenological parameter.

10.1 Spectrum

First, we have to determine the many—electron Fock states and the corresponding energies
of the dot. This is easy because the Hamiltonian (1) contains only occupation number
operators of the single electron levels. Thus the many—electron eigenstates of [0l are
nothing but products of single electron states and the energies can be found immediately
from the Hamiltonian. All of the many—electron states for the Anderson impurity are

listed in Table M[O11.
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Table 10.1: Electron numbers n;, eigenenergies E; and the eigenstates | ¥P) of the four
states for the Anderson model (). The "vacuum state’ |0) denotes the empty dot.

L] ] E; [ 1D ]
110 0 0)
2|1 g — ed ci 10)
301 gg — e® c5 0)
412 |er+ea+U—2ed | cfcs|0)

10.2 Transition rates

Second, we have to find the transition rates arising from electron tunneling processes and
electron—phonon scattering. This can be done as described in the Appendix [l omitting
the spin dependencies. The matrices I'/®:* can have nonzero elements only for transitions
where one single electron enters the dot.

All of these possibilities are the transitions | UP) —| WD) | UP) —| ¥P) | ¥P) —|
UY) and | ¥P) —| WP). The transition from | ¥P) to | ¥7) involves an electron which
tunnels through the left /right barrier into the dot. Since the process has to satisfy energy
conservation, the electron has to provide the energy difference £ = E; — E; between the
states. Therefore, the probability to find an occupied state in the lead at energy E enters
into the transition rates via the Fermi-Dirac distribution. For the transition rates, we
find the expression

F;£R7+ = tL/RfL/R<E>5nj,m+1 ) (103)

where the tunneling rates t“/® contain all the information about the transmittivity of

the barriers and the density of states in the leads. The chemical potentials and the
temperature enter the Fermi-Dirac distributions fi g.

The matrices I'/®~ arise from processes where an electron leaves the dot through
one of the barriers. Here, only the inverse transitions from | \If?) to | ‘1/?) of the case
above can occur and the electron leaving the dot has to find an empty state in the lead.
Therefore, these matrices contain the Pauli blocking factors and read

L/R,—
Fi,]/ = tL/R[l - fL/R(E)](Sni,nj—l . (104)

We also have two different states with one electron in the dot between which inelastic
relaxation processes involving phonons are possible. The transition rate between these
states | UD) and | UD) is

I3y = rnp(E) (10.5)

for the phonon absorption process, where the population of the bosonic phonon states of
energy E is the Bose-Einstein distribution. We find

Iy = ring(E) + 1] (10.6)

for the process involving the emission of a phonon. The energy difference is £ = E3 — F,
which we take always positive.



10.3. STATIONARY OCCUPATION PROBABILITIES AND CURRENT 69

10.3 Stationary occupation probabilities and current

With these informations we can construct the full matrix of transition rates by summing
up the contributions from all of the possible processes and find

0 ¢ler) ¢(e2) 0
£(e1) 0 rlnp(e2 —e1) +1] ((e2+0U)
g(Eg) T‘TLB(€2—€1) 0 C(81+U) ’
0 §(€2+U) §(€1+U) 0

= (10.7)

where we have defined the functions

EE) = t"fi(E) +t" fr(E), (10.8)
C(EB) = 1= fu(B)]+ Y1~ fa(E)]. (10.9)

Now, we can write explicitly the master equation by inserting (L) into (LH)

0P /0t = —(To1+T31)Pr+1T12P+ T3P

0P, /0t = T91Pi— (D124 Ts524+Ty2)Po+To3Ps+ 4Py

OP3/0t = T31P +T32P — (I3 + T3 +1Ty3)Ps+T34P;

8P4/8t = F4’2P2 + F4,3P3 — (F274 + 1—‘374)P4 (10.10)

and set the left hand side expressions 0P;/0t to zero in order to obtain the stationary
occupation probabilities P;. In this case we have to deal with a system of only four linear
equations which can be solved analytically.

The nontrivial solution of the homogeneous equation contains a free parameter which is
fixed by the normalization condition 337 ; P; = 1 for the probabilities. After a lengthy but
straightforward calculation, the stationary populations P; with the property OP;/ot = 0
of the four dot states are found to be given by the analytical expressions

Py = (21y + 25) /%

P2 = y/E
1?3:1/2 (10.11)
Py = (z4y + 73)/2,
where the abbreviations
Y = mytaxe+ty+1+ay+ a3 (10.12)
r r r
y = 21T2 + 12423+ 1o3 (10.13)
Dsqixq + 13404 +1T'39
hgzy
W = 10.14
) oy +151 (10.14)
|
S (10.15)

i T Isq+T94

have been introduced.
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It can be shown that, independent of the inelastic relaxation rate, the stationary
occupation probabilities satisfy a Gibbs distribution

PS = (expl—B(E: — uni))) /2 (10.16)

)

in the equilibrium limit of zero voltage with p = u;, = pr and the inverse temperature
[ being equal to the one in the leads, while they can deviate drastically in the general
situation.

The final expression for the current

I = e|(T87 + T80 P+ (I —T550) P
+ (MY =T )P — (T8 + T Ay (10.17)

results from plugging (ILTT) into (.F).

10.4 Conductance peaks

As consistent with a recent calculation of the linear transport properties [53], in the (linear
response) low voltage limit we find conductance peaks for the situations py, = yg = p =
g1 —ed and p =9+ U — e®P, thermally broadened by the finite width of the step of the
Fermi functions entering the transition rates.

In reference [53], the current was calculated from a Landauer like formula involving the
density of states of the dot. The density of states was determined from the imaginary part
of the dot Green’s function which was calculated using an equation of motion technique
taking the coupling to the leads into account. This yielded a broadening of the peaks of
the isolated system due to a selfenergy term to the width it = ht" + htR®. At very low
temperatures, lower than the Kondo temperature and in the limit U — oo, Kondo peaks
in the density of states were found taking into account higher orders of the coupling to
the leads [T27]. However, it is questionable whether it is consistent to use the tunneling
Hamiltonian in situations where higher orders have to be considered.

Anyway, we are working in the parameter regime, in which the coupling to the leads is
the lowest energy scale in the system. Then, the Kondo temperature Tk o VUt becomes
very small and we will always have T > Tx. Also, at ht", At® < kgT the broadening
due to the finite coupling to the leads is negligible as compared to the effect of finite
temperature that leads to a width kg1 of the step at the chemical potential in the Fermi—
Dirac functions. In this regime, we can calculate the current through the system for
arbitrary voltages.

The conductance peaks as a function of the gate—voltage Vi which directly enters
in the electrostatic potential ® (BH), are broadened at finite transport-voltage V =
(ur, — pr)/e. Current can flow as long as a ground state to ground state transition energy
E for transitions between adjacent electron numbers in the impurity (here £ = Ey — E;
or E = E, — E5) is between the chemical potentials in the leads. In the other case,
the system remains in the stable ground state from which no transition is possible and
transport is blocked (Coulomb blockade). At finite voltage the condition

pL > E > pg (10.18)
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Figure 10.1: Conductance peaks in the transport through an Anderson impurity as a
function of the gate-voltage. The energies of the single-electron levels are ¢y = U and
g9 = 1.1U and the transmittivities of the barriers have been chosen symmetric ast = t, =
tr. The temperature kg7 = 0.01U is chosen considerably smaller than the level spacing.
The right chemical potential is fixed at ur = 0 and the bias voltage is eV = 0.02U and
eV = 0.2U for the solid and the dashed line, respectively. The current is given in units
of the total transmission rate ¢ = tL¢® /(% + t®). The results are shown for r = 0.

is fulfilled for a nonvanishing interval of gate—voltage.

If the voltage is in the range of the excitation energies of the dot, high enough that in
addition to the ground state to ground state transition also transitions between excited
states that correspond to different electron numbers can fulfill (TLIY), additional structure
appears. The value of the current changes as the number of available transitions is altered.

This can be seen in Figure [[01], where the conductance peaks are shown for different
voltages. Since in the simple example of the Anderson impurity, we have only two states of
the same electron number ny = ng = 1, the structure appearing at eV > E3 — E5 consists
of one additional step representing the added transition involving only the excited state
| UP). The first peak corresponds to the transitions between the state | ¥P) with n; = 0
electrons in the dot and the states | ¥D) and | UP) with ny = n3 = 1 electron. First
the ground state to ground state transition is moved between the chemical potentials and
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carries current.

The second step arises when the gate voltage is raised further and the transition to the
excited state enters the window ([II]). As soon as the transition between the ground
states is below the lower chemical potential, the system is blocked in the one electron
ground state | UD) although the transition involving the excited state still fulfills ([L1S).
There is no way to leave the state | D) until the gate-voltage is raised to a value for
which the transition to the two electron state | ¥P) becomes available for transport.

Since the ground state to ground state transition between | ¥D) and | ¥P) is energet-
ically higher than the transition involving the excited state | P) «—| UP) immediately
both transitions come into play and the current is increased to the maximum value. On
the other side of the peak, however, the current decreases in two steps because the transi-
tion involving the excited state is pulled out of the range between the chemical potentials
before the ground state to ground state transition leaves this window given in ([LT8)). For
the models of the quantum dot consisting of more single electron levels the conductance
peaks will show more structure due to different numbers of transitions involved.

10.5 Current—voltage characteristic

Figure shows the current-voltage characteristic obtained from the exact solution for
the current ([LI7) through an Anderson impurity. At temperatures low enough to resolve
the difference between the two one—electron levels, we observe finestructure in addition
to the usual Coulomb steps which occur when the states with the next electron number
become accessible.

The first step occurs when the lower of the states with n; = 1 can be occupied and the
transition between states | UP) and | D) is responsible for the increase of the current,
the transition energy Fo — E; lying now between the chemical potentials in the leads. If
the voltage is increased further, the transition between the states | P) and | ¥P) can
come into this range too and therefore contribute to the current. Since the empty dot can
now be filled in two ways, the rate to add an electron from the side where the chemical
potential is high enough is enhanced and a second step appears in the current.

The second Coulomb step appears when the transitions between the states with one
and two electrons become accessible. First, the transition | ¥P) —| ¥P) involving the
excited state is opened and contributes to the current because the corresponding energy
difference is lower than for the ground state to ground state transition. Then, the higher
step announces the occupation of the (ground) state for n = 2.

10.6 Influence of the inelastic relaxation rate

It is tempting to define a voltage—dependent effective inverse temperature

_ In(7/P))
Ej —F; — Meff(”j - nz)

Bij (10.19)

of the dot from the assumption that for the stationary occupation probabilities a Gibbs
distribution holds with an effective chemical potential peg. However, in general this
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Figure 10.2: Current—voltage characteristic for the transport through an Anderson impu-
rity. The parameters are chosen as in Figure[[{L1l The chemical potential in the right lead
and the electrostatical potential are always fixed at ug = ® = 0 while the left chemical
potential is varied. Temperatures are kg1’ = 0.005U and kg7 = 0.05U for the solid and
the dashed line, respectively. While the latter curves show the situation for » = 0, the
dotted line represents kg7 = 0.005U and r = 50t.

procedure does not lead to a unique temperature [128] Beg = (12 = (23 = [s34. It can
be shown only in the limit of zero voltage that the dot is in thermal equilibrium with
Bt = 3 and peg = p1, = pr. The different effective temperatures usually increase with
the transport voltage. However, exceptions to this rule have been found for some of the
possible arrangements of the chemical potentials with respect to the single particle levels.
Only for the effective temperature 353, which is defined via the two one—electron states,
the equilibrium temperature can be reestablished even at high voltage. This happens,
when the inelastic relaxation rate r between the two states becomes much larger than
the tunneling rates through the barriers. Then, fast equilibration by the coupling to the
bosonic heat bath leads to an equilibrium ratio of the populations. In the limit r /¢ — oo,
the effective temperature o3 tends towards the temperature of the bosonic heat bath.
The only influence of the inelastic relaxation in the current—voltage characteristic
appears at the second Coulomb step. The first finestructure step is due to the transition
between the states | WD) and | UP) while after the second step, the transition between
states | UD) and | ¥P) yields an additional contribution because it is possible to access
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to the doubly occupied dot from two different initial states.

If the relaxation rate is very high as compared to the tunneling rate through the
barrier connecting the dot and the lead with the lower chemical potential, the system
relaxes to the lower one—electron state | UD) after the first electron has entered the dot.
This happens very fast on the timescale of the tunneling out of the dot. Therefore the
excited state | W% is almost never occupied on the average. Consequently, the state | ¥D)
which can only be reached by transitions starting from | ¥?) in the range

Ey— B3 < max(up, ur) < By — By (10.20)

cannot be occupied neither. Thus the contribution of the transition between the states
| UP) and | UP) which is responsible for the first finestructure step is suppressed by the
influence of the inelastic relaxation in the dot (Figure [1.2).



Chapter 11

The charging model

As a second tutorial example we consider the spinless phenomenological charging model
[TT1] for B = 0 used before [116, [[T7, [T18] for N single-electron levels, where

VM1m2mgm4 = (U/Q)(Smlﬂ”fmémz,ms . (11'1)

This means that the electron—electron interaction is taken into account via an enhanced
energy depending solely on the number of electrons inside the dot. While in the case
of an Anderson impurity the electron—electron interaction is taken into account exactly
by enhancing the energy of the only two—electron state, here the parameter U should
depend on the electron number in the dot and on the single electron levels between which
the interaction is described. Furthermore, the exchange terms are ignored. Only for the
metallic case where the electron density is very high and the charge distribution is a
structureless function in configuration space, this can be justified. Indeed, the behavior
of metallic samples can be very well described using the charging model with a continuum
of single—electron levels inside the dot [T9].

Taking the interaction matrix element to be constant is a rough approximation for
low electron numbers, but nevertheless some of the characteristic features of the behavior
can be observed using the charging model which allows to determine the many—electron
states trivially. The dot Hamiltonian reads now

N
Z —ed)che, +— > o o (11.2)

m1 #mo

and describes spinless electrons that can occupy N different single electron levels and a
phenomenological charging energy term which accounts for the electron—electron interac-
tions between the electrons in the dot.

The transport properties have been investigated within this model using rate equations
for the occupation of the single electron levels. While in the first work [T17], it was assumed
that the relative occupation probabilities of the single—electron levels equal the equilibrium
value for states with the same electron number, the populations were calculated correctly
in a subsequent paper [I18]. Our treatment can be shown to be equivalent to the one
in the latter work and has been used before in the same context [IT6] and in the FQHE
regime [IT4]. It was pointed out that the populations of the many—electron states can
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deviate from equilibrium at finite transport voltage V' and deviations linear in V' have
been mentioned [IT6]. We calculate the populations numerically at arbitrary voltage
and present various results for the current—voltage characteristic and the splitting of the
conductance peaks.

11.1 Spectrum

Since the dot Hamiltonian still contains only occupation number operators and the in-
teraction term commutes with the term of kinetic energy, the many—electron states can
be constructed easily from the single—particle states as Slater determinants. The many—
electron state | UP) is characterized by the vector of single—electron level occupations

pm(i) (m = 1,2,...,N) which are either one or zero. Therefore, there are 2V different
states.
The many—electron state can be written in the form
oD P (i)
[o?) = T1 (1) 10) (11.3)
m=1

and the eigenenergy of the state is
N
Ei =3 pu(i)(em — e®) + ni(n; — 1)U/2, (11.4)
m=1

while the electron number is given by

n; = lem(i). (11.5)

We see explicitly, that the charging energy in this model Ec(n) = n(n — 1)U/2 depends
only on the number of electrons in the dot and not on the specific levels being occu-
pied. Thus, the charging model represents a simple and trivially soluble model in which
quantization and charging effects are contained in the energy of the many—electron states.

11.2 Transition rates

The values for the transition rates are calculated in the same way as the ones between
the states of an Anderson impurity (IL3ITA). As a reasonable selection rule, we take
into account only transitions between states that differ in the occupation p,, of only one
single—electron level. Transitions involving the rearrangement of electrons among the
single—electron levels are omitted. That means that an electron which tunnels into the
dot can occupy only empty states while the other electrons remain unaffected. In the
same way, tunneling of an electron out of the dot is only possible by taking an electron
from an occupied one-electron state in the initial arrangement without influencing the
remaining electrons. These selection rules arise from the consideration of the transition

matrix element
(W | ch | wp) (11.6)
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between the many—electron dot states which correspond to adjacent electron numbers (see
Appendix [O).

Therefore, we get the transition rates

Dy = R R (B)dn, 101, 50) 50002
L/R,—
Fz§ = tL/R[l — fL/R(E)]0n;m;—101,(56)-50))2 » (11.7)

where the energy I = E; — E; is the energy difference between the eigenstates of the
isolated dot Hamiltonian (TT2).

11.3 Stationary occupation probabilities

The stationary (but non—equilibrium) solution of (@) is obtained by solving numerically
the system of 2% linear equations [TT1].

At zero bias voltage, the stationary state is the equilibrium state and the occupation
probabilities of the n—electron states are given by a Gibbs distribution

PE = (exp[-B(E; — umy)))/ 2 (11.8)

with the constant chemical potential p = pu;, = pr. With Z, we denote the grand
canonical partition function. It can be shown that PS solves the rate equation ({LH) for
arbitrary inelastic relaxation rate r.

For temperatures lower and voltages higher than the level spacings, the stationary
occupation probabilities P; deviate from their equilibrium values PS. For r >> /R
when the dot states decay fastly on the timescale of the tunneling events via electron—
phonon scattering, the ratios P;/P; can be satisfactorily approximated using the Gibbs
distribution by PS¢/ PjG for fixed electron number n; = n;. This can be seen in Figure [Tl
where the data points for In P; versus E; for a given n; lie on straight lines with slope —f.
This confirms the assumptions of a Gibbs distribution among states with given electron
number in [I16, [[17] in this parameter regime.

For different electron numbers n; # n;, P;/P; can be far from equilibrium. It is
impossible to scale all of the points onto one common curve by defining an effective
chemical potential for the dot. The linear correction to the Gibbs distribution calculated
in [I16] vanishes for the case shown in Figure [Tl We show exact results valid for
arbitrary transport voltages.

11.4 Current—voltage characteristic

The current—voltage characteristics (Figure [T.2)) for temperatures lower than the level
spacing shows finestructure in the Coulomb staircase consistent with recent experiments
[24, 29] and earlier theoretical predictions using a slightly different approach [117, [TT§].
To avoid artifacts arising from the finite number of one—electron levels we do not plot the
part arising from states with n > 3 and discuss only the realistic case n < N.

Intra—dot relaxation (~ 1) suppresses the lowest of the finestructure steps because
the electron that contributes to the current at the n—th Coulomb step has to enter the
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Figure 11.1: Stationary occupation probabilities P; for a dot containing N = 6 one-
electron levels. Electron numbers are n; = 1 (O), n; = 2 (A), n; = 3 (¢) and n; = 4
(O). Weused t¥ =8 & =0, up, = 1.5U, pur = —0.3U and p = (g, + pur)/2. Energies
of the one—electron levels are ¢1 = 0.1U, e9 = 0.2U, e3 = 0.3U, ¢4 = 0.4U, 5 = 0.5U
and g¢ = 0.6U. Inverse temperature is 3 = 25/U and the relaxation rate r = 100¢. This
figure is taken from [TTT].

n—th or a higher one—electron level when the strong relaxation leads to the situation with
all the lower states occupied. For r > t“/® the n — 1 other electrons occupy with high
probability all of the lower one—electron levels.

Asymmetric coupling to the leads changes the height of the steps in the I-V curve.
This can be explained for the nth Coulomb step as follows. If t& > t® (u;, > ug) the
stationary occupation probabilities favor the n—electron levels, while for t* < t® the
(n — 1)—electron states are preferred. Since there are more n—electron levels than (n —1)—
electron levels, the probability for an electron to escape is reduced in the former case as
compared to the probability for an electron to enter in the latter case. These processes
limit the current. They lead to a reduction and an enhancement of the current in the first
and second case, respectively.

The occurrence of regions of negative differential conductance in the experiments [24)
29], however, cannot be explained within the charging model.

11.5 Conductance peaks

For fixed V, the conductance shows peaks when Vi and consequently the electrostatic
potential ® is varied. The linear response limit simply reproduces the periodic conduc-
tance peaks in agreement with [53]. For finite bias voltage, eV = puj, — ur, larger than the
level spacing, transitions involving excited states can occur. The number of levels that
contribute to the current varies when V(g is changed. This leads to the splitting of the con-
ductance peaks observed experimentally and explained qualitatively in [29, B0, B4, B5]. A
fit of the ortodox theory within the charging model [TT7, [TT8] to experimental data yields
quite good agreement [34), B5].
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From the quantitative treatment of the charging model using (&3) for 7 = 0, i.e.
only constant nonvanishing or vanishing I'; ;’s, we obtain that the number of transitions
contributing to the current according to the rules given in Section varies with Vg
as 0 —6 —4 — 12 —4 — 6 — 0 in the specific example shown for finite temperature in
Figure Taking into account the stationary P;’s the sequence of current values is
0—-3/2—4/3—2—4/3—-3/2—0 [129]. If the difference Fy(n) — Eq(n — 1) between the
energies of the many electron ground states lies outside the interval [ug, ur,) the transport
via other energetically allowed transitions is Coulombically blocked. While the relaxation
rates have almost no influence on the conductance, asymmetric coupling to the leads
changes the shape of the peaks considerably.

We propose to explain the slight asymmetry observed experimentally [29, B0] by the
asymmetry of the barriers and we predict that the asymmetry in the finestructure of the
observed conductance peaks will be reversed if the sign of the bias voltage is changed.
This has been observed experimentally in [30]. Such asymmetric conductance properties
can be used to construct a mesoscopic rectifier. Similar effects were inferred earlier from
the high frequency properties of mesoscopic systems containing asymmetric disorder [130].
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CURRENT
I/(et)

5 ! 2 3
eV/U
TRANSPORT-VOLTAGE

Figure 11.2: Current—voltage characteristic of a dot represented by N = 6 one-electron
levels. Model parameters are as in Figure [Tl Inverse temperature is § = 100/U and
pur = 0, @ = 0 was chosen. Dashed lines: results for » = 0 and equal barriers, dotted and
solid lines: t®/t"% = 0.5 and 2, respectively. Shaded regions: suppressions of steps induced
by relaxation r/t = 100 at t“ = t®. The Figure is taken from [TTT].
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Figure 11.3: Current versus Vg for up, = 0.26U and pug = 0 through a dot represented by
N = 6 one—electron levels. Model parameters are as in Figure [Tl Inverse temperature
is /=100/U. V = 0.26U/e is between the double and the triple of the bare level spacing
such that the conductance peaks are modulated as explained in the text. Dashed lines:
results for r = 0 and equal barriers, dotted and solid lines: t®/t% = 0.5 and 2, respectively.
The Figure is taken from [TTT].
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Chapter 12

Correlated electrons in quasi—one
dimension

The charging model is a severe simplification for interacting electrons, neglecting many
important features especially for systems with reduced dimensionality and low electron
density. Therefore, we consider now as a third example a model of Coulombically inter-
acting electrons where the correlations are fully taken into account.

12.1 Dot spectrum

Theoretical calculations of electronic spectra which include correlations are restricted to
very low electron numbers. In two dimensional dots with parabolic confinement, sit-
uations with two electrons [I31] and even effects of nonparabolicity [132] and magnetic
fields [T33] have been investigated analytically. For few electrons, numerical investigations
demonstrate the importance of correlation effects [134].

For our purpose, reliable data for several different electron numbers are necessary.
Therefore we use here a quasi—one dimensional (1D) square well of length L as a model for
the dot and include the spin degree of freedom. For this system, numerical results for up to
four electrons are available [84, [[T9, [[20]. In the low density limit, an analytical solution
exists [I21] which describes the lowest excitations for even higher electron numbers. This
system is described by the full dot Hamiltonian (K4

_ +
Hp = D (em —e®+ gusBo)c, ¢, (12.1)
m,o
+
+ Z Vm1m2m3m4 Cmy 01 Cma,02Cms,00 Cma,on -
mi1,mg2,m3,my
91,92

The exact eigenvalues E; [84} [TT9, [T20] and the corresponding n—electron eigenstates | ¥P)
[T35] for up to n = 4 electrons in this correlated electron model have been calculated
numerically. The interaction potential

Viz,o') oc ((z —2')2 4 A2)71/2 (12.2)
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was chosen to be Coulombically for large spatial separations and cut off at small distances
|  — 2’ |< X in order to avoid divergences in the interaction matrix elements

le,m27m3,m4 - / dl’ dl‘/ V(l’, x/)w;knl,al ("L‘)w;knlag (x,)d}mfﬂ,ag ("L‘/)wm4,0'1 ("L‘) . (123)

The cutoff parameter A (<« L) is due to a lateral spread in the lowest transversal state
of the electronic wave functions v, corresponding to one—electron states in the well. It
allows the particles to pass each other due to the finite height A= of the Coulomb barrier.
Only if such processes which involve electrons interchanging their position in the line are
possible, the fermionic nature of the particles plays a role. These processes are crucial
for the understanding of the energetically lowest excitations [I21]. If, on the other hand,
the particles are ordered on the only relevant spatial degree of freedom and their order
cannot be changed due to impenetrable Coulomb barriers, the statistics of the particles
is irrelevant. We shall deal with genuine fermions.

Since the interaction (Z3J) is spin independent, the n—electron total spin S and its
projection onto one spatial direction M, the total magnetic quantum number, is conserved
during electron—electron scattering events and therefore is a good quantum number for
the classification of the states of the interacting dot.

This feature of the model is realistic with respect to experimental situations if spin—
orbit scattering processes and other effects which are able to violate the conservation of
spin, are slow on the timescale of the inverse tunneling rates. In the experiments [24, 29],
the order of magnitude of the current through the dot is 1nA. This means that about
101° electrons pass the dot per second. Thus, the lifetime of the spin has to be larger
than 100 ps in order to allow for using a spin conserving model. There is no evidence for
shorter spin relaxation times in semiconductor based quantum dots. Only in the presence
of inhomogeneous magnetic fields induced by magnetic impurities nearby or when ESR
radiation is applied, the spin conservation might be violated affecting some of the most
striking results presented below.

Within our model, the total spin and the magnetic quantum number of the dot can
only be changed by electrons tunneling through the barrier. The spin of the total system
including the leads is conserved during tunneling processes, but the spin carried by the
electrons is transported into or out of the dot.

The properties of the correlated states and the energy spectrum are discussed in detail
in the references [84, [[T9, [T20]. For not too large electron densities L/(n —1) > ag, when
the mean separation of two electrons becomes larger than the Bohr radius ag, the charge
density in the dot develops n distinct peaks and indicates a tendency towards Wigner
crystallization [84, [135]. The few correlated electrons in the dot then form a "Wigner
molecule’. The charge density distribution is shown in Figure [2] (taken from [135]) for
three electrons and different system lengths L.

In the limit of very dilute electrons, L/(N — 1) > ag, the ground state energy is well
described by a model of equidistant classical point charges on a line of length L [84]. In
the intermediate regime, the excitation spectrum (Figure [Z2) consists of well separated
multiplets, each containing 2" states.

The energetic differences between adjacent multiplets decrease algebraically with elec-
tron density. They correspond to vibrational excitations of the Wigner molecule. The
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Figure 12.1: The charge density p(x) in a quasi—one dimensional dot for the the ground
state of n = 3 electrons in the dot. The corresponding system lengths L are indicated
in units of the Bohr radius ag. Clearly, for larger systems (— lower densities), there
are strong deviations from the purely kinetic behavior and the interaction effects lead to
distinct peaks with regions of zero charge density in between. This figure is taken from
[135].

considerably smaller intra—multiplet energy differences decrease exponentially. They are
due to tunneling between different configurations of the n electrons in the well. The wave
functions of individual levels within a given multiplet differ in symmetry and S.

In the limit of low density, the excitation energies in the lowest multiplet can be
calculated analytically [T21] starting from a pocket state basis that already takes into
account the peaked structure of the interacting many—electron wave functions. The ex-
citation energies depend only on one tunneling integral ¢,, (Table [Z1]) between adjacent
configurations of the n electrons. This tunneling integral can be calculated in principle
and depends heavily on the cutoff parameter \ [T21]. We have chosen reasonable values
leading to excitation energies that can be compared with the experimental situation.

For the explicit numerical calculations of the current we estimated the values of the
tunneling integrals to be t; = 0.03Ey, t3 = 0.07Ey and ¢4, = 0.09Ey (Fy = eZ/aB is
the Hartree energy) . The ground state energies of the isolated dot were determined
numerically for n € {1,2,3,4} and L = 15ap [I36]. The resulting energy values of the
states in the lowest multiplet are given in Table

In summary, two different energy scales characterize the n—electron excitations. We
will demonstrate that they can in principle be detected by nonlinear transport experi-
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Table 12.1: Spin and energies of low lying excitations of the correlated electron model at
sufficiently large mean electron distances s = L/(n — 1) > ag. The tunneling integrals
t,, decrease exponentially with rg.

210 0
21 2ty
31/2 0

3 1/2 2t

3 [3/2 3ts
410 0

411 | (1=vV2+V3)y
411 (1+V3)t
410 (2v/3)t4
411 [ 0+vV2+V3)L
41 2 (3+V3)t,

ments.

Neglecting the effect of space dependent electrostatic potentials due to the electric
fields, we use the results for the properties of the dot states at arbitrary transport voltage
by adjusting the eigenenergies of the many—electron states according to the potential
change ® in the dot induced by the voltages applied to the electrodes (Appendix [BI).

12.2 Transition rates

In this section the full expressions for the transition rates ([1]) are important. They are
calculated in Appendix [ and read

1
27

1 1
5 E5 | Sj, Mj)ca

1 ’
rw/R— _ ) ‘<Sj> M;, tL/R[l — Jur(E)]bnn;-1

1,J

1
ié | Siy Mi)ca

1 2
PL/R7+ - 5 ‘<Sﬂ Mi) tL/RfL/R(E)(SnJ'vnH'l : (124)

3t

The rates contain Clebsch—Gordan coefficients. The probability factor entering the tran-
sition rates is the square of the Clebsch—Gordan coefficients listed in Table They
account for the combination of the spin of the incoming or leaving electron with the spin of
the initial dot state to generate the spin of the final dot state and introduce spin selection
rules. The quantum numbers S and M, denoting the total spin and the total magnetic
quantum number of the correlated electrons in the dot, respectively, can be changed only
by £1/2 when one electron enters or leaves. These spin selection rules are a consequence
of using the exact correlated many—particle states in the rate equation ((L3).

This is a drastic restriction for the transitions and completely different from the se-
lection rules used within the charging model, where only processes are allowed, in which
electrons enter or leave one—electron states. Here, the correlated many—electron states
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Table 12.2: The squares of the vector coupling Clebsch—Gordan coefficients (S;, M;, ;, :i: |
S;j, M;)ce for the combination of the total spin S; and magnetic quantum number M; of
the dot state, with the spin 1/2 of an electron needed to form a final dot state with spin
S; and magnetic quantum number M;. For S; — S; # £1/2 or M; — M; # £1/2, the
Clebsch—Gordan coefficients vanish.

Mj:Mi+1/2 (Si+Mi+1)/(25i‘|‘1) (SZ—MZ)/(252+1)
M;=M,—1/2| (S —M;+1)/(25;+1) | (S;+M,;)/(25;+ 1)

are linear combinations of many noninteracting basis states with contributions of all the
one—electron levels. Thus, it makes no sense to introduce selection rules for the occupation
of one—electron levels.

If the exact eigenstates are known, one can determine the overlap matrix element of
a one—electron creation operator applied to a n—electron dot state with an n + 1—electron
dot state [I38]. These matrix elements

(U5 | o | 97) (12.5)

with n; = n; + 1 enter the transition rates (see Appendix [() weighted with the transition
tunneling matrix elements. They depend strongly on details of the microscopic realization
of the dot such as impurities and the geometrical form, while the spin effects yield very
general selection rules. In a first approximation, we ignore the influence of the spatial
effects of the correlated wave functions by using solely the selection rules induced by the
Clebsch—-Gordan coefficients which arise from the consideration of the spin Hilbert space
and discuss the influence of the full transition matrix elements in Section 2.8

Anyway, the correlations play an important role for the transport properties. The
order of the states with different spins on the energy axis is strongly influenced by the
electron—electron interactions and leads to highly nontrivial new effects. Together with
taking into account the spin selection rules it influences not only quantitatively but also
qualitatively the transport properties. In addition to the Coulomb blockade, further
blocking mechanisms occur as will be discussed in the following.

12.3 Effective master equation

At zero magnetic field the problem is completely isotropic with respect to spin and the
states with different magnetic quantum numbers M; are perfectly degenerate. Thus, their
stationary population does not depend on M; but only on their total spin. Therefore
one can consider transitions between states of total spin and arbitrary magnetic quantum
number in the rate equation (LH). We define the total occupation probability

+Sa

Z Py =254+ 1)Pyn, (12.6)
7504
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where the index a contains all the quantum numbers needed to characterize the state
except the magnetic quantum number M. Then, the master equation (BH) becomes

d
—Py = Y (IosP; —T;.PY) (12.7)

o
dt 8 (57)
where the total transition rates

+54 +5p

FCV 1; 2
Ts= X X 5657 (12.8)

My=—Sq M2=—Sg
are an average over the transition rates between the individual levels. Since the states
with different M are degenerate, the only dependence on the magnetic quantum number
is contained in the Clebsch—Gordan coefficients such that the total transition rates are
given by

TER™ = a0t 1 — fi/r(E)]0nyma-t,
Fiy/,};,+ = 70‘76 tL/RfL/R<E)5na,n@+l ) (129)

with the effective spin dependent factors

1 1
V8,2 = Z Z 5 ’<Sa, M,, 5, :t§ | Sg, Mﬁ)CG . (12.10)
Mi=-S, M2=7S@

Evaluating the sums using the values from Table one finds

5,41 S

T 99 1 SeSatl/2 + 257:1555,5‘@—1/2 (12.11)

VB,
that has been used in reference [25]. These effective spin dependent factors favor an
increase of the total spin in the case of correlated electrons.

Transitions due to electron phonon scattering events conserve both, total spin and
magnetic quantum number as well as the number of electrons inside the dot. Therefore,
there are not many transitions available for this kind of processes and the influence of
inelastic processes is even weaker than in the framework of the charging model. In all of
the calculations, we will use r = ¢.

12.4 Current—voltage characteristics

The stationary occupation probabilities are similar as for the charging model but modified
by spin effects.

The Current—voltage characteristic calculated by using the excitation energies given
in Table is shown in Figure First of all, we observe that the lengths of the
steps in the Coulomb staircase and accordingly the distances of the conductance peaks
are no longer equal since the exact n—electron ground state energy is not proportional to
n(n—1) for small €,,,’s as in the charging model. The deviation from the classical behavior
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Table 12.3: The values used in the actual calculations.

[ [na] So [ Ea/Bu |
1707 0 0
2 [ 1 |1/2]0.0225
312 0 |02972
412 1 ]03572
51 3 | 1/2 0.9654
6| 3 |1/2| 1.1054
713 |3/2]| 1.1754
8 4| 0 | 21480
9| 4| 1 | 22666
104 | 1 | 23939
11| 4| 0 | 24598
12| 4| 1 | 25212
134 | 2 | 25739

is related to the inhomogeneity of the quantum mechanical charge density of the ground
state [84, 120, 135]. Second, the heights of the finestructure steps are more random as
compared to those in Figure due to the non-regular sequence of total spins (cf. Table
[[ZT)) and the spin dependent factors in the transition rates. In certain cases finestructure
steps in the I-V characteristic may even be completely suppressed.

12.5 Spin blockade type I

Strikingly, regions of negative differential conductance occur in Figure 23 They are
related to the reduced possibility for the states of maximal spin S = n/2 to decay into
states of lower electron number via the transitions

n;S —n-1;95. (12.12)

If S=n/2, 5 =S5 —1/2is the only available spin at the lower electron number n — 1.

Since this effect is due to spin selection rules we call it 'spin blockade’. In the context
of the spectrum of the quasi—one dimensional model we shall discuss the spin blockade
of type I related to states with maximum spin being highly excited within the lowest
multiplet. The second kind of spin blockade is due to states with high (not necessarily
maximum) spin being the ground state or energetically close to the ground state. Such
situations occur for correlated electrons in two dimensions and will be discussed in Chapter
4

Within the quasi-one dimensional model, the states with maximal spin occur only
once in each multiplet for given electron number. Therefore only one finestructure step
with negative differential conductance can occur within each Coulomb step. The peak in
the I-V curve becomes less pronounced if t* < t&, because then the dot is mostly empty
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and the (n — 1) — n transitions determine the current. The spin selection rules reduce
the probability for some of the n — (n — 1) transitions (especially important for t& > ¢%)
and the negative differential conductance becomes more pronounced (Figure [23).

To illustrate this, we concentrate on the first region of negative differential conductance
in the third conductance peak around the voltage of about eV/Ey = 0.8. This voltage is
high enough to allow for all the transitions between the states with lower electron numbers
0 < n < 2 and the finestructure steps in Figure occur when the voltage is raised
to values that open a transition between two states with n = 2 and n = 3, respectively.
Then the transition can contribute to the current through the system. This can be verified
by plotting the stationary occupation probabilities of the corresponding states together
with the current as a function of the transport voltage V' (Figure [Z4). Every step in
the current is accompanied by a change in the stationary occupation probabilities of the
many-—electron states involved.

In order to understand the steps, we sketch the energy levels of the dot for n = 2
and n = 3 and the transitions allowed by the spin selection rules (Figures and [Z24).
The chemical potential in the right lead is kept fixed at ug = 0 such that at T" = 0
electrons can leave the dot to the right side with any positive energy. This means that all
the decays to lower electron number are possible by tunneling of an electron through the
right barrier. The chemical potential in the left lead is raised making electrons available
at energies up to pp. A transition between an n—electron state with energy E, and an
n+1-electron state with energy /3 > I, can contribute to the current when the chemical
potentials are such that the transition can occur in the direction of increasing electron
number by tunneling of an electron through one lead and in the direction of decreasing
electron number by tunneling through the other lead.

While the ’exit’ to the right is possible for all of the transitions, the ’entry’ through
the left barrier is opened one after the other by increasing the left chemical potential to
the value py, = Eg — E,. At low py, only the states with n < 2 can be occupied. As
soon as the voltage is high enough (eV/Ey =~ 0.6) to allow for the n = 2 — 3 transition
that needs the lowest amount of energy in the lead, u;, = E. — E},, the lowest state with
n = 3 (c) appears with a finite stationary population. This happens at the expense of
the highest state for n = 2 (b) which is depopulated by this process. In the same time,
the n = 2 ground state (a) slightly gains occupation probability because the ground state
with n = 3 (c) can decay into this state of lower electron number. At the next step, the
ground state to ground state transition becomes accessible in both directions. Then, at
the step around eV /FEy = 0.75, the transition from state b to d comes into play, further
decreasing the population of the excited n = 2 electron state b and populating the first
excited n = 3 electron state (d). All these steps are accompanied by increasing values of
the current.

For voltages slightly higher than eV// Eyy & 0.8, the transition to the energetically high-
est state with n = 3 (e) becomes available and this state attracts considerable stationary
occupation probability at the expense of all the other populations. Strikingly, the current
is decreased. There are two or three possible transitions to states with another electron
number starting from any but the state e with highest spin for n = 3 (The transitions
to states with n = 4 are disregarded in the moment, because the voltage is not high
enough to allow for them). Thus, due to the spin selection rules the system has a reduced
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probability to leave the state e lowering the electron number. Therefore, the lifetime of
this state is exceptionally large leading to the high population and the spin blockade of
the current because the total number of transitions per unit of time is decreased when
state e can be occupied.

For asymmetric barriers, when the tunneling rate through the right lead t® is lower
than t", electron number decreasing transitions are relatively slow. Thus, the transition
into the 'dead end’ e becomes almost a 'one way road’ and the spin blockade is drastically
enhanced (Figure [ZZ3). If, on the other hand, electron number decreasing processes
are fast (t® > ), the state (e) loses its trap-like properties and the spin blockade is
suppressed .

Negative differential conductances can in fact be seen in the experimental data |24, 29]
but certainly need much more elaborate further investigations. They can in principle be
used to construct a mesoscopic oscillator. The influence of asymmetric coupling to the
leads [30] is consistent with our results.

12.6 Splitting of the conductance peaks

The splitting of the conductance peaks (Figure [Z7) shows similar effects as for the
charging model. The regularity of the peaks is lost due to the more irregular sequence
of total spins on the energy scale and the unequal transition rates. We expect that for
higher electron numbers, n ~ 20, the more regular shape could be reestablished. The
dependence on the asymmetry of the barriers discussed in Section [[{L4 however remains.

12.7 Transport spectroscopy

The spectra of quantum dots have been investigated using infrared absorption spec-
troscopy [103], T04, [T05] on samples containing an array of many dots in order to get
observable signal intensity. The wavelength of the radiation needed to probe the spec-
trum is very long as compared to the spatial extension of the dots. Thus, the perturbing
radiation couples only to the center of mass coordinate of all the electrons and does not
affect the degrees of freedom corresponding to other excitations. According to Kohn’s
theorem [I06] the center of mass motion decouples completely from the other degrees of
freedom in perfectly parabolic confinement potentials.

The Hamiltonian for the center of mass motion however is identical with the one—
electron Hamiltonian in the given potential and the excitation energies detected with
optical methods do not show signatures of the electron—electron interactions entering
only the difference terms. Due to deviations from parabolic confinement potentials, weak
signals of the almost forbidden transitions can be detected.

In contrast, nonlinear transport experiments are a powerful tool to investigate the full
spectra of interacting electrons in quantum dots. The current is determined by transitions
between all the states of the dot, including excited ones and the influence of the electron—
electron correlations on the spectra is crucial for the results. The addition spectrum
can in principle be deduced from the experimental data [24] B6] opening a way to study
interacting few—electron systems systematically.
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To gain more insight on the structure of the conductance peaks, we shall plot the dif-
ferential conductance 01 /0V as a function of the transport voltage V' and the gate voltage
Va. Such a representation of the experimental data [24] together with the investigation of
the magnetic field effects could allow to get informations about the spectrum of quantum
dots in the experiments if the relation between the peaks in the differential conductance
and the properties of the spectrum is known.

12.7.1 Expected peaks

The transition rates are the only quantities that enter the rate equation and the current
formula. The stationary occupation probabilities are determined as a function of these
rates. Therefore, the current can change only when at least one of the transition rates
changes.

The transition rates between two different many-electron states | ¥P) and | ¥?) of
the quantum dot have a simple dependence on the voltages applied to the leads. The
voltages are assumed to capacitively influence the energy of the many—electron levels and
therefore change the energy difference associated with the transition. The only factors in
the transition rates depending on this energy difference ¥ = E; — E; are the Fermi-Dirac

distribution functions 1

exp[B(E — prr)] +17

depending also explicitly on the chemical potentials in the leads.

At zero temperature ( — o0), they are particularly simple and jump discontinuously
from unity to zero at E' — py g = 0. This means that the rate for the electron number
increasing transition (o< f) drops to zero while the rate for the electron number decreasing
transition (o< [1 — f]) becomes nonvanishing. A transition between many—electron levels
can contribute to the current if it is open for transitions in both directions. This means
that the energy difference must be smaller than one of the chemical potentials and larger
than the other

Jur(E) = (12.13)

min(ur, pr) < E < max(ur, 4r) - (12.14)

Thus, the current can change, if one of the lines in the V-V plane, given by
up, = F (12.15)

and
ur = E, (12.16)

respectively, is crossed. At zero temperature the differential conductance 01 /9V can be
nonzero only on these lines. In the experiment [24, B6], the chemical potential in one
of the leads is kept constant while the other is swept through. To account for this, we
choose p;, = 0 and the transport voltage is eV = u;, — ur = —pr. Using the explicit
dependence of the energy of the many—electron states on the electrostatic potential due
to the voltages in the leads (B9) together with (8X), the conditions (CZTH) and (CZIH)
yield the explicit formulae

e

s (CeVe +CRV) = E) — E} (12.17)
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and
e

s (CeVe— (CL+Co)V) = E) — E7, (12.18)

respectively, where E? = E;(® = 0,B = 0) is the eigenenergy of the many—electron
state | UP) at zero electrostatic electric potential and tero magnetic field, and Cyx =
CL, + Cr + Cg is the total capacitance between the dot and the environment. They
describe the lines in the V-V plane on which we expect significant nonzero values of the
differential conductance at low temperatures due to the transition between the many-—
electron states | ¥p) «| U?) with different electron number n; = n; + 1.

The slopes of the lines depend only on the properties of the circuit (the ratios of
the capacitances) while the position of the intersection with the Vg—axis, which is the
same for both of the lines, is determined by the energy eigenvalues of the isolated dot
and the gate capacitance. We can see immediately from ([ZI7) and ([ZI8) that the
slopes of the lines depend on the capacitances of the barriers in the model circuit (Figure
R3). They are intrinsically asymmetric, even for completely symmetric barriers with
equal capacitances. This is due to the asymmetric way of applying the transport voltage.
In all our calculations, we use C;, = Cr = Cg. Different values lead to nothing but a
renormalization of the voltage scales.

All the lines arising from considering all of the states listed in Table taking into
account the spin selection rules are schematically shown in Figure [CZ8

12.7.2 Differential conductance

The overall behavior of the differential conductance versus gate— and transport—voltage,
Vi and V, is shown in Figure in a greyscale representation. Along the V' = 0 axis
the linear conductance peaks [I08] can be observed with the intervals of the Coulomb
blockade in between. Lines that intersect at the positions of the peaks of the linear
conductance correspond to ground state to ground state transitions. The regions of the
Coulomb blockade are the diamond shaped areas between these lines. The lines parallel to
the edges of the Coulomb blockade areas reflect the dot spectrum [36], 1T2]. Qualitatively
similar features have been observed experimentally [24, 36]. In Figure the energy
spectrum of a 1D quantum dot with values according to Table has been used.

When either Vi or V' are changed, the set of the dot states that are involved in the
transport changes. At zero temperature, T = 0, this leads to jumps in the current.
In general, a finite transport voltage V' broadens the conductance peaks and leads to
finestructure which is characteristic for the dot spectrum and is in general asymmetric
129, 34, 135].

The asymmetry is reversed when reversing the voltage [IT1] if the barriers are not
equally transparent, in agreement with experimental findings [30]. Bright regions that
correspond to negative differential conductances occur preferably when the lower chemical
potential is attached to the less transmitting barrier and the transitions of the type (212
limit the current.

In Figure [2ZI0, results for different ratios of barrier transparencies are shown. Transi-
tions through the less transmitting barrier lead to more pronounced steps in the current,
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including the features of the spin blockade. This is consistent with experimental findings
[36].

12.8 The influence of the orbital transition matrix
elements

Having neglected the orbital part of the transition matrix elements in the previous part
of this chapter, we shall treat the tunneling to and from the dot more precisely in this
section. In a recent work, the total tunneling rate to and from a one-dimensional Wigner
lattice was calculated within a path integral approach [I37]. However, we need all the
individual matrix elements between all of the many electron states.

For the model of correlated electrons in quasi—one dimension discussed in this chapter,
the orbital part of the exact transition matrix elements between dot states of different
electron number which enter the transition rates (see Appendix [C) have very recently
been calculated numerically [I38]. For a regular barrier that allows for the assumption
Ty m =T in the tunneling Hamiltonian, the relevant quantity is

2

Z<‘I’? | ¢fio | TRy (12.19)

m

The spin part of this matrix element was used throughout this chapter. The corresponding
spin selection rules were discussed above. They led to striking effects in the transport
properties.

The orbital part has been neglected so far. In contrast to the spin part, it depends sen-
sitively on the microscopic realization of the sample and the shape of the wave functions.
In our example, there are strong fluctuations in the values yielding 'weak selection rules’
in addition to the spin selection rules. Thus, some of the lines corresponding to transitions
between many—electron states of the dot are additionally suppressed. Such effects have
been proposed [144] to explain the low number of transitions observed in the experiments
[24] in the framework of rotational symmetric dots. At present, the importance of the
orbital part of the transition matrix elements is not completely clear.

Including the orbital part in our calculations, we can no longer use the effective master
equation ([CZ7) but have to consider all of the individual states. Using the full description
of equation (@H), we find that the main features of our results are unaffected.

One can see from Figure [CZTT] that the orbital part of the transition matrix elements
reduces the structure in the plot by suppressing some of the lines. Nevertheless, the
qualitative aspects remain unchanged. In particular, the occurrence of negative differential
conductances is still due to the spin blockade effect induced by the spin selection rules.
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Figure 12.2: The excitation spectrum of a quasi-one dimensional dot for up to four
electrons in a dot of length L = 9.45a. For n > 2 the low lying eigenvalues form
multiplets containing a total number of states being equal to the dimension of the spin
Hilbert space 2". The lowest multiplets are magnified in order to resolve the individual
states which are labeled according to their total spin. The figure is taken from [84].
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Figure 12.3: Current—voltage characteristic (ug = 0, ® = 0) of a dot described by the

quasi—one dimensional correlated electron model with energy values from Table for
inverse temperature 5 = 200/ Ey and r = . Dashed, dotted and solid lines correspond to
different ratios of coupling to the leads with t®/t% =1, 0.5 and 2, respectively.
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Figure 12.4: The most prominent feature in Figure for t* > t® is enlarged. The
current in units of et (dotted) and the populations of the most relevant dot states a :
n=29=0b:n=2 59=1c:n=3,5=1/2 (ground state),d: n=3, 5 =1/2
(first excited state), e : n =3, S = 3/2 versus bias voltage are shown. The populations
shown here do not sum up to unity because of the occupation of other states.
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Figure 12.5: Dot states for n = 2 and n = 3. The total spins S of the states are indicated
in brackets next to the lines representing the level. Transitions being allowed by the
selection rules are sketched. In linear transport, only the ground state to ground state
transition (solid line) contributes to the conductance. At finite transport voltage, addi-
tional transitions between excited states contribute. Since the transition to the highest
state (dotted—dashed) is a ’dead end’, the current is reduced when the voltage is raised
to a value that allows the system to enter state e.
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Figure 12.6: Dot states for n = 2 and n = 3, versus total spin and energy. The lines
represent transitions being allowed by the selection rules. Since the transition to the
highest state is a 'dead end’, the current is reduced when the voltage is raised to a value
that allows to enter the highest state.
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Figure 12.7: The splitting of the fourth conductance peak at p;, = 0.3Ey and ug = 0 of
a dot described by the correlated electron model (parameters as in Figure [2Z3)). Dashed,
dotted and solid lines correspond to t®/t% =1, 0.5 and 2, respectively.
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Figure 12.8: The lines corresponding to the energetic distances between the many—electron
levels in the V-V plot. Thick lines represent ground state to ground state transitions
while thin lines involve excited levels. The numbers at the left indicate the states (ac-
cording to Table [[2Z3]) between which the corresponding transition takes place.
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Figure 12.9: Differential conductance versus gate— Vi and transport—voltage V' in units

of Ey/e for symmetrical coupling to the leads. The zero value inside the diamond shaped

Coulomb blockade regions corresponds to grey. Dark and bright parts indicate positive
and negative differential conductances, respectively.
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Figure 12.10: Differential conductance versus gate—voltage Vi and transport—voltage V

in units of Ey/e. The zero value inside the diamond shaped Coulomb blockade regions

corresponds to grey. Dark and bright parts indicate positive and negative differential

conductances, respectively. The couplings between the dot and the leads have been as-

sumed to be unequal ¢, = tg/2 (left) and t;, = 2tg (right). Thus, the transitions through

the left/right barrier limit the current and bright regions occur mainly when the less
transmitting barrier is attached to the lower of the chemical potentials.
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Figure 12.11: The differential conductance through a quasi-one dimensional quantum
dot is calculated taking into account the exact transition matrix elements between the
many—electron dot states and plotted as a function of the gate— and the transport—voltage
in units of Fy/e (left). For comparison, the result using only the spin Hilbert space part
in determining the transition rates is shown (right). Only transitions between states with
2, 3, and 4 electrons in the dot have been taken into account.



Chapter 13

Magnetic field effects

Investigating the influence of a magnetic field can provide more informations about the
electronic states in the system. In particular, the Zeeman effect changes the energies of
states with different magnetic quantum numbers and allows to compare the predictions
of the spin blockade theory with the experimental data.

Since we are dealing with a one dimensional model, the magnetic field can influence
solely the magnetic moments of the electrons only and is accounted for by a Zeeman term
in the Hamiltonian. This is a reasonable model for the situation in the experiments of
reference [32] if the effects of spin—orbit coupling can be neglected. There, the dots are
quasi—two dimensional. In contrast to experiments, where Landau levels emerge [35] and
even tunneling between them can be observed in a strong perpendicular magnetic field
[T40], the field is applied in a direction parallel to the plane of the interface in which the
two dimensional electron gas is formed. A magnetic field parallel to the 2D plane has
only weak influence on the spatial part of the dot electron wave functions if the magnetic
length remains large as compared to the thickness of the 2D electron gas.

The main effect, a Zeeman splitting of the quantum dot levels is observed [24], 32, 136]
by nonlinear transport spectroscopy, where two slopes can be seen in the dependence of
the dot excitations on the magnetic field [24, B32]. If Zeeman and finestructure energies
become comparable in magnitude, level crossings change the spin values of the ground
states. This may occur either in the n or in the n — 1 electron ground state leading
to oscillatory motions of the linear conductance peak with magnetic field as observed in
reference [33]. In this particular experiment, the dot has been defined under a gate tip and
its geometry is quite unclear. Nevertheless, the measurements suggest, that the Zeeman
splitting is the main effect of the magnetic field at least for low fields.

However, the quantization energy connected with the constriction in the transversal
direction of the two—dimensional electron gas depends on the magnetic field in the plane
[T41] causing the main effect in the experiment of references [32, 36]. We take into account
only the influence of the interaction of the spin of the electrons with the magnetic field.
The only effect of the magnetic field in the Hamiltonian of the dot (B4 can be written
in the form of the additional Zeeman term

Hy = gusBM;|07) (07|, (13.1)
where ¢ is the Landé factor, ug is the Bohr magneton, B the magnetic field and M; the
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magnetic quantum number of the many—electron state | ¥P).

This term leads to a splitting of the energy levels of the many—electron states which
differ only in the magnetic quantum number and are degenerated in the absence of a mag-
netic field. In the reservoirs, outside the quantum dot, the influence of the magnetic field
changes slightly the density of states at the Fermi energy for the different spin directions
but the Fermi energy itself which is determined by the externally applied voltages is not
modified. In the experimentally relevant regime Er > gupB, this effect of the magnetic
field on the densities of states can be neglected.

13.1 Linear Transport

For linear transport, only the many—electron ground states are relevant. Now, depending
on the magnetic field, the energy of the states changes according to

Ey(B) = E,(0) + gupBM,; . (13.2)

States with high spin and negative magnetic quantum number eventually become lower
in energy than the ground state at zero magnetic field. According to a theorem by Lieb
and Mattis [T45], the ground state is a state with lowest total spin.

A schematic view of the dependence of the energies of the two—electron states and the
three—electron states on the magnetic field is shown in Figure [[3l Several level crossings
occur and it can be seen how the ground state to ground state transition energy depends
on the magnetic field. This is reflected in the numerical result of Figure where we
calculated the differential conductance as a function of the gate—voltage and the magnetic
field at zero bias—voltage.

The result shows oscillatory behavior of the peak position as a function of the mag-
netic field as observed experimentally [33]. At high magnetic fields, the spin polarized
states are ground states for all electron numbers leading to a decreasing energy difference
with increasing magnetic field. Since in one-dimensional correlated systems the ground
state spin at B = 0 is zero or 1/2 depending on the parity of the electron number, the
energy difference between ground states decreases with low increasing B when the lower
electron number is even. If, on the other hand, the lower of the two electron numbers is
odd, the energy difference increases with increasing magnetic field and the corresponding
conductance peak moves to higher values of the gate—voltage. This parity effect can be
seen in the numerical data presented in Figure [3.2

13.2 Finite Voltage

At finite voltages, not only the ground state to ground state transitions occur. Between
the lines which appear when the ground state to ground state transition energy crosses
the chemical potential in the left and right lead the transitions still lead to structure even
when one of the states is no longer the ground state for the given magnetic field.

The results are shown in Figure [[33. Plotting the differential conductance as a func-
tion of gate— and transport—voltage at different magnetic fields shows how the energy
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Figure 13.1: The energy dependence of dot states for n; = 2 (e) and n; = 3 (A) on
the magnetic field (schematically). The Zeeman splitting leads to level crossings and
therewith changes the ground state.

differences E; — E; which correspond to transitions between (excited) eigenstates | ¥P)
and | \If?) of the dot with different electron numbers n; = n; 4+ 1 change with the Zeeman
splitting.

In our model, the shift of the lines with nonzero differential conductance is directly
connected to the differences in magnetic quantum numbers AM = M; — M; = £1/2.
For AM = +1/2, the energy difference is increased and the line corresponding to the
transition is shifted upwards in the direction of positive gate—voltage. For AM = —1/2,
the contrary is the case and the line of resonance is shifted to lower gate—voltages.

Since the change in the energy of an eigenstate of the dot induced by the magnetic
field depends on the magnetic quantum number of the state, the field influences the order
of the states with different spins on the energy scale. Therefore, the weight of some of the
transitions is changed. The most spectacular effects of this kind are transitions entering
the Coulomb blockade regime which consequently become completely suppressed as can
be seen in Figure

Furthermore, the spin blockade leading to negative differential conductance is sup-
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Figure 13.2: Differential Conductance at zero bias voltage as a function of the Zeeman
energy gugB and the gate—voltage in units of Fy and Ey/e, respectively.

pressed by high magnetic fields. As soon as the component of the state with maximum
spin n/2 becomes the ground state for a given electron number, the ground state to ground
state transition is among the ones that contribute only poorly to the current. Then the
increase of the voltage opens the transitions to other (excited) states which can contribute
more and do not lead to a decrease of the current occurring only if the added transitions
are weaker than the transitions that were present before. A series of greyscale plots of
the differential conductance at different magnetic fields is shown in Appendix [El

As expected the negative differential conductances decrease considerably when the
Zeeman energy exceeds the level spacing. This is consistent with recent experiments
[36], where, due to the two—dimensionality of the dot, the states with highest spin are
not the energetically highest states at zero magnetic field and the negative differential
conductances appear quite close to the linear voltage regime [24]. Therefore, the Zeeman
splitting needed to suppress the regimes of negative differential conductance is lower in
their situation.
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Figure 13.3: Differential Conductance at bias voltage V' = 0.1 Fy as a function of the
Zeeman energy and the gate—voltage in units of Ey and Fy/e, respectively.
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Chapter 14

Two—dimensional square shaped dots

The basic mechanism of the spin blockade effect was discovered by using a one—dimensional
(1D) model to determine the electronic spectrum of the quantum dot [25] as described in
Chapter

In this chapter we consider square quantum dots in order to investigate the influence of
the dimensionality on this blockade effect. The spectrum of two dimensional square shaped
dots shows qualitative differences as compared to the one dimensional model. We present
novel results which are associated with low lying excited states that do not necessarily
have maximum spin. We show that even in the linear transport regime the current may
be suppressed by spin effects, namely if the total spins of the ground states of successive
electron numbers differ by more than 1/2. This leads to characteristic temperature and
transport—voltage dependences of the conductance peaks. Finally, we demonstrate that
negative differential conductances can occur close to a conductance peak already at very
low transport—voltages, if an excited state with large (not necessarily maximum) total
spin lies energetically close to the ground state.

14.1 Spectrum of correlated electrons in two dimen-
sions

There are several papers treating correlated electrons in two—dimensional systems. Most
of them are dealing with dots having rotational symmetry and are restricted to very low
electron numbers as e.g. [I47] or the investigations of ground states only [146].

In the low density regime the low lying excitation spectrum can be calculated for
Coulombically interacting electrons including their spin degree of freedom in square
shaped quantum dots using the pocket state approximation [121]. There, results for
up to five electrons are available. Roughly speaking, this approach takes into account
the quantum corrections arising from tunneling between different minimum energy con-
figurations of classical point charges. The low energy excitation spectrum for interacting
electrons in a square shaped dot with hard wall boundaries calculated in the low electron
density limit [T21] is listed in Table [ZIl The ground state energies can be estimated
in this limit using point charges in the clasically most favorable configurations. For the
numerical calculations of the conductance, we used Ey(1) = 0.23 Ey, Ey(2) = 0.30 Ej,
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Table 14.1: Analytical values [I21] for the fine structure excitation spectrum E, — Fy(n)
of a square-shaped quantum dot in the low electron density limit for n < 5. S refers to
the total spin. The energy units ¢, (tunneling integrals) are explained in [I21]. In some
cases, states with different total spin are degenerate due to the high symmetry of the
problem.

‘ Ng ‘ Sy ‘ E, — Ey(n) ‘
2 0 0
2 1.1 2,
2 0 4t
3 1/2,1/2, 3/2 0
3 [1/2,1/2.1/2,1/2, 3/2, 3/2 2;
3 1/2,1/2,3/2 it
4 0 0
4 1 2ty
4 1.1,0 it
4 2 614
5 3/2 0
5 1/2,1/2,1/2 5
5 1/2,1)2 3t
5 3/2,3/2, 3/2 i,
5 5/2 Bts

Ey(3) = 0.97 By, Ey(4) = 1.90 Ey and Ey(5) = 3.40 Ey for the ground state energies. The
tunneling integrals have been estimated to be t, = 0.015 Fy, t3 = 0.04 Ey, t4, = 0.05 Fy
and t5 = 0.065 EH

14.2 Spin blockade type 11

The ‘spin blockade of the first kind’ has been discussed in chapter It is related to
the occupation of states with maximal spin S = n/2. They occur as excited states both
in 1D [I20] and in 2D [I21] quantum dots. This spin blockade phenomenon appears at
transport—voltages of the order of the excitation energies of the S = n/2 states.

The ‘spin blockade of the second kind’ occurs if the total spins of the ground states
that correspond to successive electron numbers n and n + 1 differ by more than 1/2. It
can even be observed in linear transport, namely when

(n, ground state, S) — (n + 1, ground state, S’) with |S—S5'|>1/2. (14.1)

Then the dot is blocked in the n— or the n—1-electron ground state and the corresponding
peak in the linear conductance is missing at zero temperature. At finite temperatures
and/or transport—voltages excited states with appropriate spin values can be occupied.
This can lead to the recovery of a spin forbidden conductance peak with temperature that
was indeed observed experimentally [33]. The spin blockade of the second kind (IZ1)) is
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specific for 2D quantum dots. In 1D the Lieb and Mattis theorem [I45] guarantees that
the spins of the ground states are always 0 or 1/2 (depending of the parity of n). Thus
in a ‘slim’ quantum dot no linear conductance peak should be missing in contrast to 2D
dots.

Figure 4T shows the grey scale plot of the differential conductance through a square,
hard wall quantum dot. One prominent feature is the missing of the linear conductance
peak corresponding to the transition between n = 4 and n = 5 electrons. The reason is
that the spins of the ground states are S =0 (n =4) and S = 3/2 (n = 5). Either finite
transport voltages or finite temperatures can reestablish the conductance via transport
through excited states with spins S =1 (n =4) and S = 1/2 (n = 5). The voltage- or
temperature-induced recovery of the conductance is shown in Figure [Z2

In addition, states with high spin but not necessarily completely spin—polarized
(S =n/2), which are energetically situated close to the ground state, can cause blocking
phenomena. This is demonstrated for the transition between n = 3 and n = 4 in Figure
[Z3k. In contrast to the spin blockade of the first kind, ([Z1]) can lead to negative dif-
ferential conductances even close to the linear conductance peak. The reason is that the
n = 3 ground states for S = 3/2 and S = 1/2 are (almost) degenerate in a square dot.

The most important levels are shown schematically in Figure [Z4l Within the
Coulomb blockade region all transition rates that increase the electron number are expo-
nentially small. At V' = 0 the system is in thermal equilibrium and the three electron
ground states are populated according to their degeneracies. Already a slightly increased
voltage changes the ratio between them by orders of magnitude, thus favoring the occupa-
tion of the S = 3/2 state b (cf. Figure [[Z3b). This is due to a delicate interplay between
multiple transitions that connect eventually the n = 3 ground states via at least three
intermediate states. There is a competition between processes like a—d—c—e—b trans-
ferring the system in the spin polarized ground state with the process b—e—a. Direct
transitions from the S = 3/2 state to the n = 4 ground state are spin forbidden which
causes the pronounced negative differential conductance at low voltages.

Since this degeneracy is an artifact of the high symmetry of the model considered, we
can lift it by enhancing slightly the energy of the lowest n = 3;S = 3/2 state. Figure
shows (a) the differential conductance and (b) the stationary occupation probability
of this state.

Now, the region of negative differential conductance is shifted in V' by the excitation
energy of the S = 3/2 state b. When the (n = 3;S = 3/2) state starts to contribute
to the transport, it attracts a large portion of the population at the expense of the
(n = 3;S = 1/2) ground state a. This suppresses the ground state to ground state
transition. Only at even higher voltages the S = 3/2 state can again be depopulated
and the line corresponding to transport involving the ground states is recovered. Striking
features like this can also be detected in the greyscale representations of the experimental
results [24], B6].
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Figure 14.1: Differential conductance versus gate-voltage Vi and transport—voltage V in
units of Fy/e. The spectrum for a 2D square—shaped dot is used. The transition between
the ground states for n = 4 and n = 5 is forbidden by the spin selection rules and the
corresponding lines that should cross on the Vg—axis are missing.
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Figure 14.2: Current versus gate voltage for a square-shaped quantum dot containing
few electrons. In a) the transport voltage is increased. According to the thickness of the
lines, it takes the values V' = 0.04,0.06,0.1,0.2Ey/e. In b) the temperature is increased.
Thin to thick lines correspond to SEy = 100, 80,60, 40,20. The missing peak in linear
conductance corresponding to oscillations between n = 4 and n = 5 electrons is recovered.
The peak corresponding to the transition between n = 3 and n = 4 electrons behaves
un—normally because the ground state to ground state coupling is very weak and the
increased temperature/voltage allows to involve many excited levels.
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Figure 14.3:

a) : Region around the transition be-
tween n = 3 and n = 4, magnified and
with the energy of the S = 3/2 state be-
ing degenerate with the n =3 S =1/2
ground state. At low but finite trans-
port voltage the S = 3/2 ground state
becomes populated. Transitions to the
n = 4 ground state are spin forbidden.
Negative differential conductances ap-
pear.

-0.7 a Q0.7
TRANSPORT-VOLTAGE

b) : Same region as in a) but now show-
ing the relative population of the n = 3,
S = 3/2 state (b in Figure [Z 4 in dark.
If the transport voltages are sufficient
to occupy the S = 3/2 state it is easily
populated but depopulation is difficult.
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Y

Figure 14.4: Some dot states for n = 3 and n = 4. The total spins S of the states
are indicated in brackets next to the lines that represent the level. The lines represent
transitions that are allowed by the selection rules. Note that the transition between one
of the three electron ground states (b) to the four electron ground state d is forbidden.
The unusual behavior in the vicinity of the corresponding linear conductance peak is due
to these five levels. It is necessary to include them all to find the main features of Figure
Whether or not one includes further states in the calculations does not change the
result qualitatively.
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Figure 14.5:

a) : Region around the transition be-
tween n = 3 and n = 4, magnified
and with the energy of the S = 3/2
state b being slightly increased so that
the degeneracy of the n = 3 ground
states is lifted. At low but finite trans-
port voltage the ground state to ground
state transition is blocked because state
b attracts almost all of the stationary
occupation probability. Thus, negative
differential conductances appear.
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b) : Same region as in a) but now show-
ing the relative population of the n = 3,
S = 3/2 state (b) in dark. If the trans-
port voltages are sufficient to occupy
the S = 3/2 state it is easily populated
but depopulation is difficult.



Summary and conclusions

In summary, we have investigated nonlinear transport through a small quantum dot being
weakly coupled to reservoirs taking into account Coulomb interactions, spin, magnetic
field and in particular non—equilibrium effects. The studies have been carried out in the
parameter regime where charging and geometrical quantization effects coexist.

For different model Hamiltonians occupation probabilities, current—voltage character-
istics and conductances versus gate—voltage at finite bias voltage have been calculated
using a master equation approach.

Within the conventional charging model, we investigated thermally induced intra—dot
relaxation processes. They lead to a suppression of the n lowest finestructure steps in
the n—th Coulomb step of the I-V curve. At finite bias voltages, the intra—dot relaxation
results in thermal equilibrium only among the states with equal dot electron number. We
have demonstrated explicitly that the stationary non—equilibrium populations cannot be
described by a Gibbs distribution. Consistent with previous studies we find additional
steps in the Coulomb staircase corresponding to transitions involving excited levels when
the temperature is lower and the transport voltage higher than the excitation energies.
We find pronounced asymmetries in the conductance peaks versus gate—voltage caused by
asymmetric barriers, consistent with experimental findings.

Taking into account the quantum mechanics of Coulombically interacting electrons in-
cluding their spins, we have demonstrated that spin selection rules can strongly influence
the transport properties of semiconducting quantum dots where electron correlations are
important. The excitations of the n—electron system cannot be described by the occupa-
tion of single electron states, and the spins of all electrons are influenced by the entering
or leaving electrons. The transition amplitude between spin states is proportional to the
square of the vector coupling (Clebsch-Gordan) coefficients. The corresponding selection
rules lead to a spin blockade effect and explain in a natural way various experimentally
observed features which qualitatively cannot be accounted for within the charging model
where excitations are treated like single particle excitations.

We have proposed two qualitatively different types of spin blockades. They influence
the heights of the linear conductance peaks and lead to nonlinear differential conductances
which may even become negative. While the spin blockade of the first kind is connected
with highly excited spin—polarized states, the spin blockade of the second kind is a more
general mechanism which leads to qualitative changes even in linear transport, and is
particularly relevant for 2D quantum dots.

The effects of an in—plane magnetic field have been discussed and are in agreement with
recent experiments [24, 32 33], B6]. The positions of the conductance peaks on the gate—
voltage axis change with magnetic field and exhibit a parity depending behavior at low
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fields in quasi-one dimensional quantum dots. Level crossings lead to oscillating positions
with magnetic field. The typical spin blockade phenomena disappear at sufficiently high
magnetic fields when the spin polarized states of the dot become the ground states.

All of the theoretically predicted features described above are qualitatively consistent
with experiments [24 28, 29, B0, BT, B4, 35, B3]. Thus, the spin blockade effect is very
likely to be the mechanism which causes negative differential conductances. Further
experiments, in particular using ‘slim quantum dots’, are however necessary in order to
clarify the quantitative aspects.

In experimental situations where the total spin of the electrons in the dot is not
stable over timescales being long as compared to the tunneling time, the spin blockade
is expected to disappear. Introducing an inhomogeneous magnetic field in the dot region
(e.g. using type II superconductors on top of the structure) or irradiating the sample with
the proper ESR frequencies might be a way to confirm unambiguously the relevance of
the spin blockade mechanism for transport. Such experiments are highly desirable and
can in principle be carried out [T48)].



Appendix A

The coefficient of the second order
term in the low frequency expansion
of the conductance

The formally exact expression (ZI9) for the frequency dependent conductance of a single
rectangular barrier is calculated in chapter [l For b = [, the expansion with respect
to the frequency has been performed using the algebraic formula manipulation program
Mathematica™ on an IBM RISC workstation. The zero temperature result for the
coefficient of the second order term is

zz%(%+%+%), (A1)
where
Zy = 4V k3 kE cosh®a — 20 ki k2 cosha sinha
+2b° ki kg cosha sinha — 8b ki k& cosh® a sinh a
—b* K ki sinh® @ — 8b ki cosh® a sinh® a
+4 0% K3 k2 cosh? a sinh* a + 4 b? kp kf cosh® a sinh?a (A.2)

Zy = —240* K8k cosh®a + 3b* kS S cosh®a
—120* kS k. cosh® a + 20" K% k. cosh®a
4240 kY cosh® a — 24 b k3 kS cosha sinha
—24b® k% kg cosh® a sinh a — 306 k3 k% cosh® a sinh a
+96 b k3 kg cosh® a sinh a — 12 0% k1 k. cosh® a sinh a
—9b% kg kS sinh® a — 20" kS kS cosh? a sinh® a
+48 0% K% k2 cosh® a sinh® a + 36 b k% ki cosh® a sinh®a
—4 0" K8 kp cosh? a sinh? a + 7202 ki kS cosh® a sinh® @
—48 ki k cosh® a sinh® @ — 6 b k3 k% cosha sinh®a
196 b 13 kS cosh® a sinh® a — 24 6% k3 kS cosh® a sinh® a
—8b* kS kS cosh? a sinh* a + 60 b k% kS cosh? a sinh? a

—4b* kp kS cosh? a sinh® @ — 96 k2 kS cosh® a sinh® a
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—120% K3 kS cosha sinh® a — 48 kS cosh? a sinh®a (A.3)

6 b kp kp cosh® a sinh a + 100° k3 k% cosha sinha

+6 b k3 k2 cosh® a sinh a + b* k% ki cosh® a

—2b* k% ki cosh® a sinh® @ — 16 b* k% k2 cosh® a

—3b* Kk k2 sinh® @ — 20" ki k2 sinh*a (A.4)
2

256 kp cosh®a (H% k2 + (/i% + k%)2 cosh? @ sinh? a) (A.5)

—3072 k' k% cosh® a (k% cosh® a + k% sinh? a)

X (/{12: cosh? a + k2 sinh? a)3 (A.6)

3
—1024 cosh®a (k% cosh? a + Kk sinh? a) (/i% cosh? a + k2 sinh? a) . (A7)

For brevity, we have set e = 2m* = h = 1 and used the abbreviations

a = b—

ke = \/Er
Rp = \/V—EF. <A9>

We want to stress again that this is an exact result within linear response theory.



Appendix B

Interactions between the electrons in
the structure

In this appendix, we start from the Hamiltonian taking fully into account the interactions
between all of the electrons in the structure. We give some rough arguments for the
reduction of the problem to an effective Hamiltonian where only the interaction between
the electrons in the dot remains in its explicit form. The interaction with the electrons in
the leads is reduced to an electrostatic potential for the dot electrons and included in the
Hamiltonian of the dot. Being interested in the behavior of the system in the presence of
very weak coupling to the leads, we treat the tunneling in lowest order perturbation theory
and therefore do not have to take the tunneling terms into account in this investigation
concerned with properties of the unperturbed system.

B.1 Full Hamiltonian of interacting electrons

The full Hamiltonian for all the electrons in all of the electrodes including the gate and
the dot reads (without tunneling terms)

H = H} + Hy + H + HY + H*™®, (B.1)
where H} /R HZ and HY describe noninteracting electrons in the left /right lead, the gate
and in the dot, respectively. The situation is shown schematically in Figure Bl The

electron—electron interactions between all of the electrons in all the parts of the structure
are represented by

H®=Hpy + Hi .+ Hyg + Hoe + Hip' + Hep + Hép + Hi*+ Hie + HigS, (B.2)
which consists of many parts that are classified with respect to the electrodes in which

the interacting electrons are located (Hyy® includes all the interactions between electrons
in X and electrons in Y).

B.2 Interactions inside the leads

We assume to have very high electron densities in all of the electrodes such that they
can be considered to be metallic regions of the sample where effective screening takes
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place (see e.g.[86]). Therefore the ’'diagonal’ terms HyyS, X € {L,R, G} emerging from
the interactions between electrons in the same electrode lead to a Fermi-liquid picture of
effectively noninteracting particles with a slightly modified dispersion relation which will
be described by the Hamiltonians

Hyx = Hy + Hyy (B.3)

with

Hx = ng,oc;g,k,ocx,k,o- (B.4)
k,o

Therefore it makes sense to speak about single particle levels in the leads. The chemical
potentials there can be modified experimentally by applying external voltages.

B.3 Interactions inside the dot

In the dot, the electron—electron interactions are very important and lead to qualitative
effects. Therefore, we take them into account exactly with the full Hamiltonian of the dot

_ 0 e—e
Hp = Hp + Hpp (B.5)
where the explicit form is
_ + + +
HD - Z gmcm,ocm,O’ _'_ Z Vm1m2m3m4 Cm1,0’1 Cmg,ogcmg,ogcm4,01 <B6>
m,o mi,mg,m3,my

71,92,

with the single particle energies ¢, determined by the external confinement potential and
the Coulomb matrix elements Vi, momsm. -

B.4 Interactions between electrons in different spa-
tial areas

The last three terms in (B:2)) deal with interactions between electrons in different elec-
trodes. They determine the capacitances between the electrodes and therefore the energy
needed to establish the stationary state corresponding to the given voltages by charging
these capacitors. Since, in contrast to time dependent problems [125], this effect is not
relevant for our problem, and the distance between the different electrodes is large as
compared to the distance between the dot region and the electrodes, we neglect these
terms.

The interactions between electrons in the dot and electrons in the electrodes are how-
ever very important for the behavior of the structure. They are represented by the Hamil-
tonians

e—e __ XD + +
HXD - Z Vrmmzklkg CX k1,01 Cmi,00Cma,00CX k2,0 <B'7>

m1,mg9,k1,ko
01,09,
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with the Coulomb matrix elements which can be written in spatial representation as

Q/J;E,kl ('T)wX,kg () ¢$,m1 ('r/)anng (z') .

|z — ']

(B.8)

mimokiko —

VD =¢? / dx dz’
zeX
z/eD
Here, e & —1.6 x 107"9C is the elementary charge and iy ;(z) is the wavefunction in
spatial representation in the electrode X corresponding to the wavevector k. Since the
distance |x —z'| is very large on the scale of the Fermi—wavelength, the interaction is weak
and the matrix elements with m; # my or ky # ko can be neglected as compared to the
diagonal elements leading to the classical result

x x

Hyy =e / dx dx’ px(x) po(@') : (B.9)

e |z — 2|

where pp and px are the electron densities in the dot and the electrode X, respectively.
If we assume the charge density in the dot to be of spherical symmetry with center at

xp, we can perform the integration over 2’ in (B3) and obtain

- px ()
HSE = Ne? / dz XL |x et (B.10)
where N is the number of electrons in the dot. The integral in ([B-I0) now depends solely
on the electron distribution in the lead X. We assume the shape of px(x) to be depending
only on the geometry of the lead being controlled by the chemical potential px, which
introduces a prefactor

px(x) = fx(ux)px (). (B.11)
The factor fx(ux) is a monotonic function which may be assumed to be linear over
reasonable parameter ranges. Further, we neglect the influence of the electron number in
the dot and of the charges on the other leads on the charge distribution in the lead X.
Linearizing the function

Ix(px) ~ 'YXP?((:E) ) (B.12)
we find
HEY = Ne*puxyxIx (B.13)
where
Iy = / da B.14
X |x — ZL‘D| ( )

is an integral depending on the form of the electronic distribution function in the lead.
We include all of these energies arising from interactions involving the electrons inside the
dot in an effective dot Hamiltonian

Hp = HY+HH5 + > HEY
X

= Hp+ Hppy + Neé? [payale + ety + pryrlr] - (B.15)

Comparing this result with the one of classical electrostatics for the potential on an island
between capacitors (Fig. B3), we can identify the parameters with the capacitances
Cx

2oy = =— B.16
€ IXIX Oy’ ( )
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where

Cs = Cq + Cy, + Cr. (B.17)

Since the interaction terms with the leads contain only the electron number in the dot, one
can include these terms in the single particle term of the dot Hamiltonian. We therefore
rewrite the effective dot Hamiltonian in the form

HD = Z(Em - ecl))C:I,acm,a + Z Vm1m2m3m4 C:n,al C:mz,agcmg,agcm4,01 ) (B18>

m,o m1,mg,m3,my
71,09,
where CeVe + CLVi + Cui
& — aVa + 0LV + CRVR (B.19)
Ca+CL+CRr
is the electrostatic potential introduced by the voltages Vx = —pux/e applied to the

electrodes.



Appendix C

Transition rates between the
many—electron eigenstates of the
isolated system

In this appendix, we show in detail how the transition rates (B.I]) between the many—
electron Fock—states of the correlated electrons in the dot are calculated using standard
time—dependent perturbation theory in lowest order in the tunneling terms. The same
method can be applied to determine the rates in the case of the Anderson impurity

(AM03) and the charging model (ITT1).

C.1 Time—-dependent perturbation theory

Time-dependent quantum mechanical problems are described by the time-dependent
Schrodinger—equation

L0

thoy [ 0(t) = H | ¥(1)), (C.1)

where | W(t)) is the time-dependent state—vector of the total system. The time—evolution
of the statevector can be written in the form

| U(ty)) = Ully, i) [ W(t:)) - (C.2)

An integration of ([CJ]) directly leads to the formally exact expression for the propagator

Uty t) = expl—i [ dt H(t)/), (C.3)

t;
which reduces to
U(tf, t;) = exp[—iH(tf —t;)/h] (C4)

if the Hamiltonian is not explicitly depending on time. However, ((C4)) contains an opera-
tor in the exponent and the expression is defined only via the expansion of the exponential
function in powers of the argument. In general, it is a very difficult task to evaluate the
propagator directly.

127



128 APPENDIX C. TRANSITION RATES

If one can split up the Hamiltonian into two parts,
H=H,+H,, (C.5)
where the stationary Schrodinger—equation of the time-independent first term H,
Hy | v)") = B | 07 (C.6)

can be solved exactly, yielding the eigenstates | \IIZ(O)) and the corresponding eigenenergies
Ei(o), a systematic expansion of the propagator in terms of the second part of the Hamil-
tonian is possible in the basis of the eigenstates of Hy. The part H}, is then treated as a
(weak) perturbation to the system which leads to a (small) coupling of the eigenstates of
Hy.

Standard time-dependent perturbation theory (see e.g. [142]) yields the total propa-
gator in the form of a series

Uity = Uttt + 3 (57) Uil ©1)
where
Uo(ty, t;) = exp[—iHy(ty — t;)/h] (C.8)

is the propagator of the unperturbed system and
Un(ty, ti) = (C.9)

ty t to
/dtn/dtn_l . -/dtlUO(tf, t ) Hy (£ Uo (ts toy ) Hy (tar) - . . Hy(80)U(t1, 1)
ti t'L t'L

the n—th order correction due to the presence of the perturbation. If the perturbation
(e.g. the matrix elements of H,,) is small, and the time-evolution in short time periods is
considered,

() | 1y | i)t~ 1) /h <1, (C.10)

the series ([C7) converges very fast and can be approximated by the lowest terms.

Since our goal is to treat the tunneling as a perturbation to the isolated dot and the
leads and we always assume the tunneling terms to be very weak as compared to all the
other energy scales in the problem, we proceed now by considering solely the first order
term in Hy. Further, our perturbation does not explicitly depend on time such that the
propagator depends only on the time difference ¢ =ty —t;.

We start by considering the probability amplitude A(t) for the event, that the system,
which is in the initial state | ¥'”), is found after the time ¢ in the final state | \IJSCO)). The
general expression for this quantity is

Api(t) = (U [ U(t) | 0. (C.11)

Acting on an eigenstate, the unperturbed propagator ([C.8), which is the 0—th order term
in the perturbation, generates only the trivial time—dependence

|0 (1)) = exp[—iE”t/h] | 1 (0)). (C.12)
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and does not allow for transitions between the eigenstates of Hy. We are interested in the
transitions between different eigenstates and from now on, we imply ¢ # f for the rest of
this section. From ([C7) and ([C3), keeping only the first order term in the perturbation,
the lowest order result for the amplitude is

t
1
AR = (0 | = [ anUo(t — 1) HyUo(tr) | 1) (C.13)
0

Using ((C8), and performing the integration over ¢;, one gets

1

AN () = Mpy—5——
7 () 5 E}O) _ g0

(eXp[—iE}O)t/h] - exp[—iEi(O)t/h]) (C.14)

(2

with the matrix element of the eigenfunctions of the unperturbed Hamiltonian with the
perturbation
0 0
My, = (00 | H, | 0. (C.15)

The probability Wﬁ) (t), that the perturbation has caused the transition from the initial
to the final eigenstate within the time interval ¢ (in lowest order in the perturbation) is
the absolute square of the transition amplitude ([CI4)

12-2 COS[(E}O) — Et/n]
N (0 O VLI

Wi (t) =| My, |” (C.16)

For times that are long as compared to i/ (Ej(fo) — EZ(O)), the last fraction can be approxi-
mated by

2—2 cos[(E](cO) — Et/n)
(B — E)/n]?

~ 218 ((EY — B /h)t (C.17)

and guarantees energy conservation.

The condition of long enough times reflects the uncertainty relation between time and
energy. On the other hand, the time ¢ must be short according to ([CI0). We have chosen
the parameters for our system such that the mean time between tunneling events is many
orders of magnitude longer than % over the energy difference between the discrete levels
of the dot Hamiltonian. Therefore we can satisfy ((CI0) and consider energy conservation
on an energy scale that is much smaller than the energy differences of the dot at the same
time.

Thus, we get for the transition rate, which is defined by

YVii = %g% Weai(t)/t (C.18)

the final result
27
Vi = My |° 35(E}0) —EY). (C.19)
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C.2 Effective transition rates between the many-—
electron dot states

Now, we specify the model to calculate the transition rates from the general expression
derived above. We integrate over the lead states to find effective transition rates for the
transitions between the eigenstates of the dot Hamiltonian.

First we have to remember that the state—vector used in the previous paragraph de-
scribes the whole system. In the unperturbed problem given by Hy = Hp+ Hy,+ Hg+ Hpy,
the dot, the leads and the heat bath are completely decoupled and the Schrodinger—
equation can be separated. Then, the total state—vector

() =] wg) | vy ) e (C.20)
is given by a product of the state-vector of the dot | U?) and the ones describing the
left /right lead | \Ifb/rlj”> and the phonons | U5"). The energies satisfying

Hp | W) = Eg|¥g)

Hum | Wij) = By | W00

l/ri l/ri
Hpy | 95" = EOM| 950 (C.21)
are additive yielding
BEY =EP +EP + E® + ESY. (C.22)

The small tunneling terms and the weak electron—phonon interaction in the Hamiltonian
(BI2) are considered as the perturbation H, = H{ + Hj} + H,, allowing for transitions
between the eigenstates of the isolated dot and the reservoirs. Since they lead to different
transitions changing the state of different leads, we can treat the tunneling to and from the
different leads and transitions involving no electron tunneling but phononic excitations
separately. The tunneling terms can be written as a sum of two parts H\ m =M LT/’;{JrH LT /E

where the first,
TL/R
L/R > T, / . OB o Crmso (C.23)

k,m,o

describes tunneling of electrons out of the dot and the second part

HI’];/’EZ Z (Tligj)*cjz,acL/R,k,a (C24>

k,m,o

corresponds to electrons entering the dot. These parts contain a sum over all the one-
electron states in the leads and in the quantum dot while the conservation of the spin
of the tunneling electron is assumed as experimentally verified for not too wide barriers
[143).

The electron—phonon interaction terms can be written as a sum of two terms He, =
HZ, + H where the first,

(C.25)

+
g(Qv mi, mQ)le,ocmg,oa’q

q’ml 7m2 70-
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describes the absorption of a phonon and the second part

g(q, my, ma)c

(C.26)

+

C a_
mi,0"m2,0 q
q,mi,m2,0

corresponds to the emission of a phonon. For simplicity, we assume the prefactor to be
independent of all the parameters g(q, my, my) = g.

C.2.1 Transitions with a reduction of the electron number in
the dot

First, we treat the case of a transition in which an electron tunnels from the dot to the
left /right lead. These transitions occur due to the first part of the tunneling Hamiltonian
(C23), which we insert in the expression for the transition matrix elements ((CIH) and
using ([C20), one gets the matrix elements

M}I;/R,— _ (C.27)
L/R
SO TR | (WE [ (TR [ (D | 6 g O | TR [ URY [ T)) | W52

k,m,o

This expression contains a product of an operator acting on the left/right lead Hilbert
space only (cf/R ro) and an operator acting exclusively in the dot Hilbert space (c,,,)-
We can write the matrix elements in the form

L/R — L/R ~— L/R,— R/L Ph
ZZT Ddf dl,mUAl/rf,l/ri;k,o Br/lf,r/li CQf,Q¢ <C28>

m,o k

as a product of four matrix elements, where

Dczf,di;m,g = < D | Cm | \I/dD>
L/R,— _ L/R L/R
Al/rf,l/ri;k,o = (v lrs | CL/RkU | \Ill/r¢>
R/L _ R/ R/
rflgr/ls T < r/lf | \Ilr/llr)
Ph
Cora. = (g, | 9G) (C.29)

are the terms which are connected to the different Hilbert spaces involved. The spin
summation in ([C28) runs over the values 0 = +1/2 of the magnetic quantum number
of the tunneling electron. Since the matrix element connected to the dot Hilbert space
contains also a Clebsch—Gordan coefficient for the coupling of the spin of the initial dot
state with the spin of the tunneling electron to the spin of the final state, it can be nonzero
only if the difference between the magnetic quantum numbers My, — My, = +1/2 and the
selection rule 0 = — := My, — My, is fulfilled. Therefore, [C28) can be simplified to

L/R L/R - L/R,— R/L Ph
ZZT Ddf dism, UAl/rf,l/ri;k,—6 Br/lf,r/li CQf,Q,’ : (C3O>

To obtain the effective rates for transitions between the dot states

F;fydi =< Z 7;,2‘ > th(ls,ri,Qi) > (C'3l>
lysry:Qr
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we sum over all the final states of the leads which are assumed to be coupled to reservoirs
and the phonons. Matrix elements of the initial states of the leads and the phonons are
evaluated assuming thermal equilibrium denoted by < --- > r,.0,). Using (CI9) and

(C30) with (M), one gets
Tia = 57 < 22 2 Z( L/R) L/Rf (Dif,di;m—&)*DJf,di;m',—o

ly,ry,Qp mm' kK

L/R L/Ry 1 L/R L/R
X [<\Ill/r¢ CL/R K —G | ‘I’l/rf>< Urs | CL/Rk 5| \Ill/ri >}
R/L R/L R L R/L
SERA VAR G v R T PR | WE) >0
x 8BV —E). (C.32)

Since the set of orthonormal eigenfunctions | W / " of the lead Hamiltonian Hy g is
complete, the sums over the final states of the leads give identity matrices and the two
last factors in < --- > yield unity reflecting the fact that neither the right/left lead nor

the phonons are affected by the process at all. Using the equilibrium expression

L/R
< < l/r ‘ CL/R k!, — ~CL/Rk -G | “I’z//r > > th(l/r) = [1 - fL/R<5k 0)]5]? K (C-33>

for the occupation number operator, where the Fermi—Dirac distribution function

Jur(e) = (explBe — pm)] +1)7 (C.34)

contains the temperature and the chemical potential of the reservoir, and using ((C22),
which yields
0 D L/R
EY - EP =ED + /5 - B (C.35)

7

in the argument of the Delta—function in ([C:ﬂ) selects the value k = kg for the wave—
vector in the left /right lead. We finally find

2T

2
_ L/R ~— PL R(E)
Fdf,di = f TkE/,def,di;mﬁ& 7/2 [1 - fL/R<E)] (C-36>

with the energy of the tunneling electron £ = E’(D) ngj) and the density of states in

the left /right lead pr/r. A factor of 1/2 arises because of the reduced density of states
for a given electronic spin.

C.2.2 Transitions with an increase of the electron number in
the dot

Now, we deal with an electron that tunnels from the left/right lead into the dot. Such
transitions are due to the presence of the tunneling term ((C24)). The calculation of the
rates is analogous to the case of an electron tunneling out of the dot. Inserting ((C24)) in
(CI3H) using ([C20), one gets the matrix elements for the increase of the electron number
in the dot

L/R+ L/R L/R,+ R/L h
Z Z ( ) Dc—}_f,di;m,é Al/rf,l/n-;k,& Br/lf,r/li CQPf,Q,’ <C37>
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with
D:lrf,di;m,a = <\I[c]l)f ‘ C+ ‘ \I[D>
L/R,+ _ L/R
Al/rf,l/ri;k,o = < l/rf | CL/R ko | \I[l/ri ) (C.38)

Again, we proceed by calculating the effective rates for transitions between the states of
the dot and using now

gL/R
<(¥ l//r | CL/R k' 5CL/R k& | \I]l//r ) Zth(l/ri) = fL/R<5k)5k,k/a (C.39)

one finds the result

”L/R( rnlE) (). (C.40)

2T
Lda =%

L/R
Z kg,m df di;m,6
m

C.2.3 Approximations

For the sake of simplicity, we neglect the dependence of the tunneling matrix elements on
the electronic states involved and put

Tt =1t (C.41)
and introduce the abbreviations

2T 2
fU/R - 75 o (E), (C.42)

neglecting the dependence of the density of states on the energy.
Thus, the effective transition rates between the eigenstates of the isolated dot take the
simple form

[L/R 2
Tipa, = 5 |2 Dapaims| |1 fum(B))

[L/R " 2
P:lrfvdi - 9 ;D;f,di;m,a fur(E). (C.43)

Further, we extract the spin part of the state—vector describing the quantum dot,
which is of very general nature and yields rich structure. From the consideration of the
spin Hilbert space we find the squares of the vector coupling Clebsch—Gordan coefficients
‘<Sdf, My,, %, j:% | S;, Z\/[Z->CG‘2 for the combination of the initial spin (Sy,, My, ) with the
spin of the tunneling electron (1/2,+1/2) to the spin of the final state (Sq,, My,) (for
the values, see table (CZZ). To determine the orbital part of the matrix elements D*/~,
we have to go back to a microscopic model of the dot to calculate the orbital part of the
many—electron wave—functions of the dot states, where the results will depend strongly on
the details of the model. In principle, this can be done [I35, [T38], but in a first approach,
we neglect this influence and approximate the dot matrix elements by

+/-
> D dims

m

2 2

1
Gy - (C.44)

= ’<Sdf7Mdf7 57

+/ -7 | Si,Mi>
CG
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C.2.4 Transitions between dot states with the same electron
number

The electron—phonon coupling leads to transitions between the dot states which do not
change the electron number in the dot. Nevertheless, the state of the correlated electrons
can be affected by the emission or absorption of a phonon.

We start with electron absorption processes which are due to the presence of ((C25).
Inserting (C20) in ([CIH) using ([C20), one gets the matrix elements for this process

Ph,— Ph,—
My = V/gDija, Bira By Catal (C.45)
with
l)clz)fh,dZ = Z <\Ilde | le ocmg o | c]l32>
h,—
Corg, = (WG a, |95 (C.46)

q

The thermal average over the initial states of the phononic heat bath yields
< <\ng | a;raq, | q]g};> >h(@i)= 1B (lwy)dqq , (C.47)

due to the bosonic nature of the phonons and one finds the result

2T
i =59 | Dt P pur(E)ns(E). (C.48)

The processes of phonon emission are induced by ([C26). Inserting (C20)) in (CIH)
using ([C20), one gets the matrix elements for this process

Ph + Ph,+
\/_Ddf d Bll;c l T’f T Qf,Qi <C49>
with
Ph,— Ph Ph
Cora Z(llle a; | Ug,) - (C.50)
q
Now using
< <‘1’5}f | g a’(—; | 1115}» >im(@n= [1 + 1B (hwy)]dgq , (C.51)
one finds the result
27
Lol = =9 | Dyt P pum(E)[L +np(=E)], (C.52)
where the energy difference due to the phonon emission £ = —hw, is now negative. The
rates ([(C48) and (C52) can be cast into one expression

in 27

Capa = 39 | Daga, [* peu(E)ns(| E ) + O(=E)]. (C.53)

We neglect the dependence of the rate on the particular shape of the dot wavefunctions
and the phononic density of states. For simplicity we set r = (27 /h)gppy and | D |*= 1.

The general case of the results (C36]), (C40) and ([C.53) is known in the literature as
Fermi’s Golden rule.



Appendix D
The FORTRAN source code for the

numerical solution of the master
equation

The master equation () was solved numerically for all the models except the Anderson
impurity.

For different situations, we have used different versions of the program. Here we
append the most general form taking into account the full master equation in presence of
a magnetic field. The spectrum of the dot is read from the file ENERGY.DAT and the
Mathematica”™ readable results are written to the file MOUTBDI.DAT. The parameters
are read from MINBDI.DAT. The program runs on the VAX-Cluster at the university of
Hamburg and in particular on the DEC ALPHA workstation.

D.1 FORTRAN source code

program MEXBDI

stk ok ok ok sksk sk ok ok ok ok sksk sk sk sk ok sk sk sk sk sk ok sk ok ok sk sksksk sk sk sk ok sk sk sksk sk sk sk sk ok ok ok ok sk sk sk sk sk
* Program for the computation of the differential
Conductance including a magnetic field.

Input of energy levels from ENERGY.DAT.

Input of parameters from MINBDI.DAT.

Output of Mathematica readable results to MOUTBDI.DAT.
A greyscale plot can be generated with ListDensityPlot.
Dietmar Weinmann 6.4.1993

The program is based on an earlier version written by
Walter Pfaff.

skeskskok ok ok ok sksk sk ok sk ok ok sksk sk sk sk ok sk sk sk sk sk ok sk ok ok sk sksksk sk sk sk ok sk sk sksk sk sk ok sk ke ok ok sk sk sk sk sk

O 0O o0 o0 o0 o0 0 o0 o0 o000
* X X X ¥ X X X
* X X X X ¥ X X ¥

parameter (MaxDim=200) ! dimension of matrix

parameter (MaxPVolt=120) ! Number of plot-points
Integer NumbO, nnO(MaxDim)

135
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Integer IFail, Numb, nn(MaxDim), diff
C skokokskok stk sk stk sk sk ok sk sk sk sk ok sk sk sk sk sk sk sk sk sk sk ok sk sk ok sk sk sk sk sk sk sk sk ok ook ok ootk stttk sokokok ok ok

c sorkokokokokokskskkokkok VARTABLES  skokokokokskokokok sk sk ok sk skok ok sk o ok sk sk ok sk ok sk o sk ok ok ok ok ok
c *xxx Tlinks : Current through left barrier *okok
c *xkx*x TL/TR : Tunneling rate through left/right barrier *xx
c *x*x* CL/CR : Capacitance of the left/right junction ook
c xxxx (CG : Capacitance to the gate *okok
c *xxx C3 : total Capacitance *okok
c *xxx G : Coupling to phonons *okok
c *¥x*xx Beta : inverse temperature *kk
o *xxx B : Magnetic field *kk
c *¥%*x  VoltLinks : Voltage applied to the left lead *okok
c *xxx VoltRechts : Voltage applied to the right lead *okk
c *xxx VG : Gate-voltage *okok
c *x*xx* VGAnf/End : Begin/end of gate-voltage loop Kok ok
c *kx% VoltLinksAnf/End : .. of left voltage loop *okok
c *xxx  VoltLinksMitt : Average of left voltages *kk
c **xx deltaVolt : voltage difference for difference *okok
c *xxx 580, ss : total spin of the levels *okok
C **xx e_nuO, e_nu, e_nul, e_nu2 : energy of the levels **x
c **kk ms : magnetic quantum number *okok
c *xxx gtr : current at differnt voltage positions Kok

real Ilinks

real TL, TR, G, CL, CR, CG, CS, B

real VoltLinks, VoltRechts, VG, VGAnf, VGEnd, Beta

real VoltLinksAnf, VoltLinksEnd, VoltLinksMitt

real deltaVolt

real ss0(MaxDim), e_nu(MaxDim), e_nuO(MaxDim), str(2)
real ms(MaxDim), ss(MaxDim), e_nul(MaxDim), e_nu2(MaxDim)

** P(.) population of many-electron states **x
c ** Pein(.) population entering NAG Routine *x*x
double precision p(MaxDim)
double precision pein(MaxDim)
*kkkk%%  Total Rates Sq for transitions *kkkkx
*kkkkkk  Different rates kkkkkxk
double precision GammaSq(MaxDim,MaxDim)
double precision Gammal.(MaxDim,MaxDim)
double precision GammaR(MaxDim,MaxDim)
double precision GammaIn(MaxDim,MaxDim)
c *¥x%x*x Reduced matrix for normalization s kkikskskxk
double precision MatrLeq(MaxDim,MaxDim)

** computation array for nag-routine fO4arf *x*
double precision rechenv(MaxDim)
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o o o o0

[e eSS

skkkokkk CommONDLOCKS  kkoksksk sk ok skskok ok sk sk ok sk sk ok ok ok ok o ok ok sk ok ok
Common /Kapazitaet/ VoltLinks, VoltRechts, beta
Common /Widerst/TL,TR,G

Common/Gamms/Gammal., GammaR, GammaIn, Numb

*kkckkkckkkoRkok Main Programm skskskkkskokskskkskkokskkokkkokkokokkokk ook ko

print *,” °

print *,’Master equation for exact energy levels’
print *,’with relaxation and magnetic field’
print *,’Version 2.1’

>k 5k %k 5k k Readj_ng of the parameters kkkkkskskskofokkokkokkokokokokkok
print *,’Reading of data from MINBDI.DAT’
open(12,file="MINBDI.DAT’,status=’o0ld’)
sk ok o ok ok ok ok sk K K ok ok ok ok sk K K ok ok ok ok sk K ok ok ok sk K K o ok ok sk sk K K o ok ok ok ok K K ok ok ok sk K ok ok ok
*%* in MINBDI.DAT the parameter beta, TL, TR, CL, CR, B, G,*
**x%x VGAnf, VGEnd, CG, VoltLinksAnf, VoltLinksEnd, *
**x*x VoltRechts, deltaVolt have to be given. *
sk sk o ok ok ok ok sk K K ok ok ok ok sk 3K K o ok ok ok ok sk K ok ok ok sk K K o ok ok ok sk K K ok ok ok ok sk K ok ok ok ok ok Kk ok ok
read(12,*)beta
read(12,*)TL
read(12,*)TR
read(12,*)CL
read(12,*)CR
read(12,%)B
read(12,%)G
read (12, *)VGAnf
read (12, *)VGEnd
read(12,*)CG
read(12,*)VoltLinksAnf
read(12,*)VoltLinksEnd
read(12,*)VoltRechts
read(12,*)deltaVolt
close(12,status="keep’)
*x* Reading of the energy levels *x*x
print*,’Reading the data from ENERGY.DAT’
open(13,file="ENERGY.DAT’ ,status=’0ld’)
Kk ok ok ok ok ok K KK K o ok ok ok ok K KK K o ok ok ok sk sk K K o ok ok sk K K K ok ok ok sk K K K ok ok ok sk K K ok ok ok sk ok K ok ok ok
*%x* in ENERGY.DAT the energy levels have to be given in thex
*x* form electron number, total spin, energy *
sk o ok ok ok ok sk K K ok ok ok ok sk 3 K ok ok ok ok sk K ok ok ok sk K o ok ok ok sk K K o ok ok ok sk K ok ok ok ok sk K K ok ok ok
do 198 ii = 1, 200
read (13,*,END=888) nn0O(ii), ss0(ii), e_nu0(ii)
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198 Numb0 = ii ! <-—-----7---——- Remember number of levels !
888 close(13,status=’keep’)
c **%*x Write the parameter of the states with the
*** magnetic quantum numbers.
i=0

do 199 ii = 1, NumbO

do 201 s=-ss0(ii), ss0(ii)
i=i+l
e_nul(i)=e_nu0(ii)
nn(i)=nn0(ii)
ss(i)=ss0(ii)

ms (i)=s

201 continue

199 continue
Numb =i ! <-——-———-———- Remember the total number of levels

open(11,file="MOUTBDI.DAT’,status=’0LD’)
write(11,%*)’ (x Modell using exact levels+phonons’
write(11,*)’ The differential conductance ist given as a’
write(11,*)’ funktion of gate- and transport-voltage.’
write(11,*)’ This file was created by MEXBDI.FOR.’
write(11,*)’beta=’,beta
write(11,*)’TL=",TL
write(11,*)’TR=",TR
write(11,*)’CL=",CL
write(11,*)’CR=",CR
write(11,*)’B=’,B
write(11,%*)’CG=",CG
write(11,%*)’Phonon Coupling G=’,G

write(11,*) ’VGAnf=",VGAnf
write(11,*) ’VGEnd=",VGEnd
write(11,*)’VLAnf=’,VoltLinksAnf
write(11,%*) ’VLEnd=’,VoltLinksEnd
write(11,*)’V Rechts=’,VoltRechts
write(11,x*)’delta V=’,deltaVolt

write(11,x*)’ %)’
write(11,*)’{{’

rpkkokkookkk Total capacitance #kxkskkkskkkkkkkkkkkkkokkokokkokkk
CS=CL+CR+CG

**xx Include the Zeeman energy and write the **x*
***x parameters for the states *okok
do 203 i = 1, Numb
e_nu2(i)=e_nul(i) + B*ms(i)
203 continue
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c sk ok ok sk 3k >k ok ok k Loop gate—voltage >k 3k 3k sk sk 3k >k 5k 5k 5k 5k 3k >k >k >k 5k k
do 2 ivolt=0,MaxPVolt-1
VG = VGAnf +(VGEnd-VGAnf)=*ivolt/MaxPVolt

*x%xk Loop transport-voltage s ¥kkkx
do 3 ibias=0,MaxPVolt-1
VoltLinksmitt = VoltLinksEnd
1 -(VoltLinksEnd-VoltLinksAnf)*ibias/MaxPVolt
vb=VoltLinksmitt-VoltRechts
stk ok ok ok ok ok sk ok ok s ok ok K ok ok 3k ok K ok ok s ok K sk ok sk ok sk 3 ok s ok ok sk ok sk ok ok o ok K ok ok sk ok sk ok ok 3 ok K sk ok ok ok ok ok ok
* For the differential conductance, two values for the *
* current at voltages separated by deltaVolt are computed. *
stk sk ook sk ok ok ok ok ok ok sk ook sk sk ok ok ok ok sk sk ok ook sk ook ok sk sk ok ok sk ok ok sk ok sk ook ok ok ook sk ok ok ok ok ok ok ok
do 4 diff=1,2
VoltLinks=VoltLinksmitt +(diff-1.5)*deltaVolt
**x* Take into account the gate-voltage and the capacitive
**x*x influence of the transport-voltage. *x*x
*x**x (Elektrons have negative charge) **x*
do 205 ii = 1, Numb
e_nu(ii) = e_nu2(ii)
1 - float(nn(ii))
1 *(VGxCG-VoltLinks*CL-VoltRechts*CR)/CS
205 continue
C *x*x*xx Determination of the different transition rates **x*x
xxxxxx CALL subroutine gammas kkkkkokkokkokkkkk
call gammas(nn,ss,e_nu,ms)
*x Calculation of GammaSq between many-particle states *x
xkkxkkkkxk Initialize all Gamma’s | kkskkkskksk
do 7 i=1,MaxDim
do 8 ii=1,MaxDim
GammaSq(i,ii)=0.
8 continue
7 continue

O o o0 o0

wkkkkxk Vary final level ito skksxkskkkkokkkksk
do 9 ito=1,Numb
C ffkkkkk Vary initial level ifrom skkskssskkokkokskskskskok
do 12 ifrom=1,Numb
if (ito.eq.ifrom) then ! continue for ito=ifrom
Goto 211
endif
c *¥xxk generate the effective matrix *kkkkk
GammaSq(ito,ifrom) =
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1 GammaL(ito,ifrom)+GammaR(ito,ifrom)+GammaIn(ito,ifrom)
GammaSq(ito,ito) = GammaSq(ito,ito)
1 -GammaL (ifrom,ito)-GammaR(ifrom,ito)-GammaIn(ifrom,ito)
211 continue

12 continue
continue
c *xxkkkk MatrLeq runs from 1. to Numb dokkkkx

do 18 i=1,Numb
do 19 ii=1,Numb
MatrLeq(i,ii)= GammaSq(i,ii)

19 continue
18 continue
c **x*x Normalization condition in the first line *x*x

do 20 ii=1,Numb
Matrleq(1,ii) = 1.
20 continue
*xx Replace the left hand side of the matrix equation by **
*xx Pein (1,0,0,...) *%
do 234 ii=1,Numb
Pein(ii)=0.
234  continue
Pein(1)=1.

c kkkkkkkkkkk CALL of the NAG routine sckskskskskskskokoksksksksk
IFail =1
call FO4ARF( MatrLeq, MaxDim, Pein, Numb, P,
* Rechenv, IFail )
if (ifail.eq.1) then
print*,’Matrix singular at VG=’,VG

endif

kkkkkokkkk Calculation of the current s kskskkokkskskk
c *kkkkkkxkx Current through the left barrier *xxx

Ilinks=0

do 31 ito=1,Numb
do 32 ifrom=1,Numb
if (ito.eq.ifrom) then
goto 32
endif
Ilinks=Ilinks
* +GammaL (ito,ifrom) *P (ifrom)* (nn(ito)-nn(ifrom))
32 continue
31 continue
str(diff)=Ilinks
continue
C fxkkkkkk Evaluate the difference skxx*xx
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diffcond=(str(2)-str(1))/deltaVolt
IF (abs(diffcond).lt.1E-6) THEN
diffcond=0.
END IF
c sokropkokk QUEPUT okkskskskkorosokskokomodkokkotookkokotofkokkokofskokok ok
IF (ibias.gt.(MaXPVolt—l.S))THEN
write(11,’(F8.4)’)diffcond
ELSE
write(11,’ (F8.4,A1)’)diffcond,’,’
ENDIF
3 continue
IF (ivolt.gt.(MaXPVolt—l.S))THEN
write(11,*)’}}’
ELSE
write(11,x*)’°},{’
ENDIF
2 continue
close(11,status="keep’)
end
sk sk ok sk ok sk ok sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok sk ok sk ok sk ok sk ok ok ok ok sk ok sk ok stk ok sk ok ok ok sk ok ok ok ok ok
Kokokkokkokk END main program s¥sskkkksskskkkkskokkokomsokkkokoddokokk
sk sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ook ok sk otk ok ok stotok otk ok ok kokok ok

>k 3k 3k 5k >k 3k 3k 5k >k 5k 3k >k >k 5k 3k >k >k 3k 3k >k >k 5k 5k >k 5k 5k 3k >k >k 3k >k >k 5k >k 3k 5k >k >k >k 5k %k %k 3k >k >k >k >k >k >k >k >k %k >k >k %k >k >k k >k k

kkskskkkkkk Function Fermi distribution skekosksksksksksksk sk sk sk sk sk ok sk sk kokokok
3k 3k ok Sk 3k ok ok 3k sk ok Sk 3k sk ok Sk sk ok ok Sk sk ok Sk 3k sk ok Sk sk sk ok Sk sk sk ok ok Sk sk sk ok Sk sk sk ok ok Sk sk ok ok Sk sk sk ok ok sk sk ok ok sk sk ko

O o o0 o o0 o0 o0

real function Fermi (x)

real x
real beta
Common /Kapazitaet/ VoltLinks, VoltRechts, beta

o xxxxxx Cut off at high energies *¥kkkk
if (betaxx.gt.32) then
Fermi=0.
return
endif
Fermi = 1/( exp(betaxx) +1)
end

KoK ok oK o o K KoK oK oK oK o o K KoK oK ok oK o K K oK oK ok oK ok o o K K 3K KoK ok ok ok o o K K K sk ok ok ok oK ok o K K Kok ok oK ok
xxkkkkkkx Function Bose distribution —sksksksskskskskskskskskskskskokkkkkokok
skok ok ok o o ok ok sk ok ok ok o koK ok ok ok ok o ok sk sk ok ok ok ok o o ok ok sk sk ok ok ok ok o ok sk sk sk ok ok ok ok ok o ok sk sk ok ok ok ok

O o0 o0 o0

real function Bose(y)

141
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real vy, X
real beta
Common /Kapazitaet/ VoltLinks, VoltRechts, beta

*kkxx%x Cut off at to high exponents *xxxxxx
X = beta *x Y
IF (ABS(X) .LT. 3E-04) THEN
BOSE = 1. / X
RETURN
END IF
IF (X .GT. 32.) THEN
BOSE = 0.
RETURN
END IF
IF (X .LT. -32.) THEN
BOSE = -1.
RETURN
END IF
BOSE = 1. / (EXP(X) - 1.)
RETURN
END

>k >k >k >k >k >k sk >k 3k 3k 3k 3k 3k 5k 5k 3k ok 5k 3k 3k 3k 3K 5K 3K 5k >k 5k 5k >k 3k 3k 5k 3k 3k 5k 3k 5k %k >k >k >k 3k 3k 5k 5k 5k 5k 3k >k %k %k >k %k 5k %k %k >k >k >k k k

*Subroutine ’Gammas’ for the computation of transition rates*
skesk ok ok ok o ok ok sk sk ok ok o ok sk sk sk sk sk ok ok sk sk sk sk sk sk sk o ok sk sk sk sk sk sk sk o sk sk sk sk sk sk sk sk o ok ok sk sk sk sk sk ok

O o o o0

SUBROUTINE Gammas (NN,SS,E_NU,MS)
parameter (MaxDim=200)
integer NN(MaxDim)

real SS(MaxDim), E_NU(MaxDim), MS(MaxDim)
double precision Gammal (MaxDim,MaxDim)
double precision GammaR(MaxDim,MaxDim)
double precision GammaIn(MaxDim,MaxDim)
Common /Kapazitaet/ VoltLinks, VoltRechts, beta
Common /Widerst/TL,TR,G
Common/Gamms/Gammal., GammaR, GammaIn, Numb
DO 90 I1 =1, Numb
DO 90 I2 =1, Numb

Gammal.(I1,I2) = O.

GammaR(I1,I2) = 0.

90 GammaIn(I1,I2) = 0.

DO 100 Ifrom = 1, Numb
DO 100 Ito =1, Numb

IF (ito .EQ. ifrom) THEN



D.1. FORTRAN SOURCE CODE 143

GOTO 100
END IF
C  kokokskokakskokokokok ook skok ok ok ok ok ok sk sk ok ok sk o ok ok sk sk sk ok sk sk sk ok sk ok sk sk sksk sk sk ok ok sk ok sk sk sk ok sk ok
c calculation of the transition rates considering the *
c Clebsch-Gordan coefficients *
c

steokofokok ook ok ok ok ok ok ok ok ok sk ok sk sk sk sk skt stk ok ok sk sk ok ook otttk tokokok ok ok ok sk ok ok sk ok ok ok ok sk sk sk ok ok
IF (NN(Ifrom)-NN(Ito) .EQ. 1) THEN
IF (ABS(SS(Ifrom)-SS(Ito)-0.5) .LT. 1E-08) THEN
IF (ABS(MS(Ifrom)-MS(Ito)-0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((SS(Ifrom)+MS(Ifrom))/(2.*%SS(Ifrom)+1.)) *
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltLinks))
GammaR (Ito,Ifrom) =
TR * ((8S(Ifrom)+MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltRechts))
ELSE IF (ABS(MS(Ifrom)-MS(Ito)+0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((8S(Ifrom)-MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltLinks))
GammaR (Ito,Ifrom) =
TR * ((SS(Ifrom)-MS(Ifrom))/(2.*%SS(Ifrom)+1.)) *
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltRechts))
END IF
ELSE IF (ABS(SS(Ifrom)-SS(Ito)+0.5) .LT. 1E-08) THEN
IF (ABS(MS(Ifrom)-MS(Ito)-0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((SS(Ifrom)-MS(Ifrom)+1.)/(2.*%SS(Ifrom)+1.))*
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltLinks))
GammaR(Ito,Ifrom) =
TR * ((SS(Ifrom)-MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))x*
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltRechts))
ELSE IF (ABS(MS(Ifrom)-MS(Ito)+0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((SS(Ifrom)+MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))x*
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltLinks))
GammaR(Ito,Ifrom) =
TR * ((SS(Ifrom)+MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))*
(1.-Fermi(E_NU(Ifrom)-E_NU(Ito)-VoltRechts))
END IF
END IF
END IF
IF (NN(Ifrom)-NN(Ito) .EQ. -1) THEN
IF (ABS(SS(Ifrom)-SS(Ito)-0.5) .LT. 1E-08) THEN
IF (ABS(MS(Ifrom)-MS(Ito)-0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =

* ¥
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TL * ((SS(Ifrom)+MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
Fermi(E_NU(Ito)-E_NU(Ifrom)-VoltLinks)
GammaR(Ito,Ifrom) =
TR * ((SS(Ifrom)+MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
Fermi(E_NU(Ito)-E_NU(Ifrom)-VoltRechts)
ELSE IF (ABS(MS(Ifrom)-MS(Ito)+0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((SS(Ifrom)-MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltLinks)
GammaR (Ito,Ifrom) =
TR * ((8S(Ifrom)-MS(Ifrom))/(2.*SS(Ifrom)+1.)) *
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltRechts)
END IF
ELSE IF (ABS(SS(Ifrom)-SS(Ito)+0.5) .LT. 1E-08) THEN
IF (ABS(MS(Ifrom)-MS(Ito)-0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((SS(Ifrom)-MS(Ifrom)+1.)/(2.%SS(Ifrom)+1.))*
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltLinks)
GammaR (Ito,Ifrom) =
TR * ((8S(Ifrom)-MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))x*
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltRechts)
ELSE IF (ABS(MS(Ifrom)-MS(Ito)+0.5) .LT. 1E-08) THEN
GammaL (Ito,Ifrom) =
TL * ((8S(Ifrom)+MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))x*
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltLinks)
GammaR (Ito,Ifrom) =
TR * ((SS(Ifrom)+MS(Ifrom)+1.)/(2.*SS(Ifrom)+1.))*
Fermi (E_NU(Ito)-E_NU(Ifrom)-VoltRechts)
END IF
END IF
END IF
IF (NN(Ifrom) .EQ. NN(Ito)) THEN
IF (ABS(SS(Ifrom)-SS(Ito)) .LT. 1E-08) THEN
IF (ABS(MS(Ifrom)-MS(Ito)) .LT. 1E-08) THEN
GammaIn(Ito,Ifrom) = G * ABS(Bose(E_NU(Ito)-E_NU(Ifrom)))
END IF
END IF
END IF
100 CONTINUE
RETURN
END



Appendix E

Differential conductance at different
magnetic fields

In this appendix, we present plots of the differential conductance 91 /0V through a quan-
tum dot represented by the correlated model in quasi-one dimension (Chapter [2) as a
function of the transport— and the gate—voltage (in units of Ey/e) at different magnetic
field values. The structures that appear are shifted towards higher or lower gate—voltages,
depending on the difference in total magnetic quantum number of the states involved. At
high magnetic fields when the spin polarized states become ground states, the spin block-
ade effect is suppressed. One observes decreasing structure in the plots when the magnetic
field is increased. Gaps appear between lines that correspond to transitions between ex-
cited states. These features can also be detected in the experimental data [36].
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GATE-VOLTAGE

i 0 1
TRANSPORT—-VOLTAGE

Figure E.1: The differential conductance as a function of the transport— and the gate—
voltage is shown for symmetric barriers and zero magnetic field.
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GATE-VOLTAGE

=, 0 1
TRANSPORT-VOLTAGE

Figure E.2: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Fy = gugB = 0.01 Ey.
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GATE-VOLTAGE

-1 0 1
TRANSPORT-VOLTAGE

Figure E.3: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy by = gugB = 0.02 Ey.
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GATE-VOLTAGE

i 0 1
TRANSPORT—-VOLTAGE

Figure E.4: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Fy = gugB = 0.04 Ey.
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GATE-VOLTAGE

-1 0 1
TRANSPORT-VOLTAGE

Figure E.5: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Fy = gupB = 0.06 Ey.
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GATE-VOLTAGE

—1 0 8
TRANSPORT-VOLTAGE

Figure E.6: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Ey; = gupB = 0.08 Fy.



152 APPENDIX E. PLOTS AT FINITE MAGNETIC FIELD

GATE-VOLTAGE

TRANSPORT-VOLTAGE

Figure E.7: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy by = gugB = 0.1 Ey.
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GATE-VOLTAGE

~1 0 1
TRANSPORT-VOLTAGE

Figure E.8: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Ey = gupB = 0.12 Fy.
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GATE-VOLTAGE

—1. 0 1
TRANSPORT-VOLTAGE

Figure E.9: The differential conductance as a function of transport— and gate—voltage at
Zeeman energy Fy = gugB = 0.14 Ey.
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GATE-VOLTAGE

—1 0 8
TRANSPORT-VOLTAGE

Figure E.10: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy Ly = gugB = 0.18 Ey.
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GATE-VOLTAGE

-1 0 1
TRANSPORT-VOLTAGE

Figure E.11: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy Ly = gugB = 0.22 Ey.
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GATE-VOLTAGE

—1 0 1
TRANSPORT-VOLTAGE

Figure E.12: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy Ey = gupB = 0.26 Ey.
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GATE-VOLTAGE

i 0 1
TRANSPORT-VOLTAGE

Figure E.13: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy Ey = gugB = 0.3 Fy.
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GATE-VOLTAGE

TRANSPORT-VOLTAGE

Figure E.14: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy 'y = gugB = 0.4 Fy.
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GATE-VOLTAGE

-1 0 1,
TRANSPORT-VOLTAGE

Figure E.15: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy EFy = gugB = 0.5 Fy.
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GATE-VOLTAGE

—: 0 1
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Figure E.16: The differential conductance as a function of transport— and gate—voltage
at Zeeman energy Fy = gupB = 0.7 Ey.
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